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Generalized Hypergeometric Functions and
Associated Families of k-Uniformly Convex
and k-Starlike Functions

H. M. Srivastava

Abstract

In this lecture, we aim at presenting a certain linear operator
which is defined by means of the Hadamard product (or convolu-
tion) with a generalized hypergeometric function and then investi-
gating its various mapping as well as inclusion properties involving
such subclasses of analytic and univalent functions as (for exam-
ple) k-uniformly convex functions and k-starlike functions. Relevant
connections of the definitions and results presented in this lecture
with those in several earlier and recent works on the subject are also

pointed out.
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k-uniformly convex functions, k-starlike functions, parabolic starlike func-
tions, mapping and inclusion properties, coefficient inequalities, fractional

calculus operators, Gauss summation theorem.

1. Introduction, Definitions and Preliminaries

As usual, we denote by A the class of functions f normalized by
W CEES S
n=2
which are analytic in the open unit disk
U:={2:2€C  and |z] < 1}.

We also denote by S the subclass of A consisting of functions which are also
univalent in U. Furthermore, we denote by k-/CV and k-S7 two interesting
subclasses of S consisting, respectively, of functions which are k-uniformly
convex and k-starlike in U. We thus have

(2)

k-UCY = {feS:S‘i(lJrZ;”(iZ))) >k Z]{i((;))' (z € U; O§k<oo)}
and
(3)
k-ST = {feS:D%(ZJ{/(S)) >k z}f/(g) —1‘ (» € U; O§k:<oo)}.

The class k-UCV was introduced by Kanas and Wisniowska [12], where its
geometric definition and connections with the conic domains were consid-

ered. The class k-S7 was investigated in [13]; in fact, it is related to the
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class k-UCYV by means of the well-known Alexander equivalence between the
usual classes of conver and starlike functions (see also the work of Kanas
and Srivastava [11] for further developments involving each of the classes

k-UCV and k-S7T). In particular, when k = 1, we obtain
(4) 1-UCYy =uUcy  and 1-87 = SP,

where UCV and SP are the familiar classes of uniformly convex functions
and parabolic starlike functions in U, respectively (see, for details, Goodman
([9] and [10]), Ma and Minda [14], and Renning [22]). In fact, by making
use of a certain fractional calculus operator, Srivastava and Mishra [27]
presented a systematic and unified study of the classes UCYV and SP.

A function f € A is said to be in the class R (A, B) if it satisfies the
following inequality:

f'(z) -1

? (=B - B -1~

(zeU; 7eC\{0}; —1<B<AZ1).
The class R™ (A, B) was introduced earlier by Dixit and Pal [2]. Two of the
many interesting subclasses of the class R™ (A, B) are worthy of mention
here. First of all, by setting

T=e "cosn (—g<n<g), A=1-28 (0=£p8<1), and B=-1,

the class R (A, B) reduces essentially to the class R, () studied recently
by Ponnusamy and Regnning [18], where

™

Ry (B) == {fEA:%<ei”(f'(z)—ﬁ))>O(z€U; 5

<n<g; 0§ﬁ<1)}.
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Secondly, if we put
7=1, A=p3, and B=-p (0<p=<1),

we obtain the class of functions f € A satisfying the following inequality:

L)_llw (€U, 0<f<1),

®) )11

which was studied by (among others) Padmanabhan [16] and Caplinger and
Causey [1].

Next we introduce the classes 8§ and Cy by (cf., e.g., [18] for the class
8)

o £ i x ewasol

(7) Sy {feA. 1B <A (z€U; A>0)

and

(8) CA::{feA: Zf//(z)’<)\ (zeU;)\>O)},
/' (2)

so that, obviously,

(9) f(z) el zf'(2) € S} (A>0),

which is analogous to the aforementioned Alexander equivalence (see, for
details, the monograph by Duren [3]).

Finally, we recall a sufficiently adequate special case of a convolution op-
erator which was introduced earlier by Dziok and Srivastava [4] by means of
the Hadamard product (or convolution) involving generalized hypergeomet-

ric functions. Indeed, by employing the Pochhammer symbol (or the shifted
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factorial, since (1), =n!) (A), given, in terms of the Gamma functions, by

(10)

AA+1)---A+n—-1) (neN:={1,2,3,...}),

a generalized hypergeometric function ,Fj, with p numerator parameters

a; € C (j=1,...,p) and ¢ denominator parameters

B; € C\ Zy (Zy :={0,-1,-2,..}; j=1,....q)

is defined by (cf., e.g., [19, p. 19 et seq.])

oy (2) = JFy (aq, ... ap 01, ..., By 2)

) =3 (o), 2

(p,q e Ng:=NU{0}; p<qg+1 and ze€C;

p=q+1 and 2€U; p=¢q+1, 2€0U0, and R(w)>0),

where an empty product is to be interpreted as 1 and

(12) w::Zﬁj—Zaj.
j=1 j=1

We thus obtain (see [4, p. 3|, [5] and [6]; see also the more recent works [17]

and [30] dealing extensively with the Dziok-Srivastava operator)

(13) <]gll""§;p ) (2) =2z JFy(oq,...,ap B1,..., 04 2) * f(2)

.....
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(feA pSqg+1; 2€),

so that, for a function f of the form (1), we have
(14) (]gf’""'.;’ﬁip ) (2) =z + Z Iy, an 2",

where, for convenience,

RS e N

Just as it was observed by Dziok and Srivastava [4, pp. 3 and 4], the

convolution operator defined by (13) includes, as its further special cases,
various other linear operators which were considered in many earlier works.
In particular, for p = 2 and ¢ = 1, we obtain the linear operator F (o, (3,)
defined by

(f<a7ﬁ7/7)f) (Z) t=2z oI (05577;2) *f(Z)
(16) = (137 1) (@)
which was investigated by Hohlov [10].

It may be of interest to remark here that many univalence, starlikeness,

and convexity properties of the hypergeometric functions:

z oF (C%ﬁ;%z)
and
z pFy(an, .. ap B1,.. . B82)  (p=q+1)

were investigated in a number of earlier works (cf., e.g., [15], [18], [19], and

[23]; see also [28] and [29]).
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Our main objective in this lecture is to demonstrate the usefulness of the
linear operator defined by (13) in order to establish a number of connections
between the classes k-UCV, k-ST, R™ (A, B), and various other subclasses
of A including (for example) the classes 8§ and Cy defined by (7) and (8),
respectively. The various results presented here are based essentially upon
the recent investigation by Gangadharan et al. [7]. For several further
closely-related results dealing with many of the above-defined as well as
other interesting function classes, we may cite the works by (for example)

Ramachandran et al. ([20] and [21]) and Srivastava et al. ([25] and [28]).

Each of the following lemmas will be required in the investigation pre-
sented here.

Lemma 1 (Dixit and Pal [2]). If f € R (A, B) is of the form (1), then

il

(17) jan| < (A= B) (n e N\{1}).

n
The estimate in (17) is sharp for the function:

(18) f(z):/01<1+(A—B)Ll)dt (zeU; neN\{1}).

1+ Btr—1
Lemma 2 (Dixit and Pal [2]). Let f € A be of the form (1). If

(19) > (L+[B)nlay] £ (A~ B)|r]

n=2

((1€B<A<T reC\{0)),
then f € RT (A, B). The result is sharp for the function:

(A—B)T

" (z€U; neN\{1}).
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Lemma 3 (Kanas and Wisniowska [12]). Let f € A be of the form (1).
If, for some k (0 = k < 00), the following inequality:

o0

1
(21) ; n(n—1)|a,| = Ero
holds true, then f € k-UCV. The number 1/ (k + 2) cannot be increased.
Lemma 4 (Kanas and Wisniowska [13]). Let f € A be of the form (1).

If, for some k (0 < k < 00), the following inequality:

o

(22) d {n+(n—1)k}a,| <1

n=2

holds true, then f € k-ST.

2. Mapping and Inclusion Properties Involving the Function

Classes k - UCY and k- ST

In this section, we first state and prove a mapping and inclusion property
of the convolution operator defined by (13) involving the function class k-
Uucy.

Theorem 1. Suppose that

a; e C\{0} (G=1....,p), RE)>0 G=1L....q9),

and (in the case when p = q+1)

q p
j=1 j=1
If f € R™ (A, B) and, for some k (0 = k < 00), the following hypergeometric
imequality:

oy (loal + 1, oy +1; R(G) +1,...,%(68,) +1;1)

_ R(B)--M(E)
S @A-B)[r o

(23) (0 <k < o0)
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holds true, then
al """ a’” .| € k-UCY.

Proof. At the outset, under the first two parametric constraints stated in

Theorem 1, it is easily seen from (15) and (10) that

_ |(a n— 1| ‘ ap n— 1| 1
ol = |(ﬁl n—l’ ‘ﬁqn 1’ (n—1)!
< UaaDpy--Copl)yy 1
~ RB))por RBe))y (R= 1)
1 ) |a1---ap|
n—1 %<61)%(ﬂq)
(24)

R R Y (A VP
R(B)+1), 5 (R(By)+1), 5, (n—=2)!

Thus, for f € R (A, B) of the form (1), by applying Lemma 1 in conjunc-

(ne N\ {1}).

tion with (24), we have

Zn (n—1) |1y - |an]
n=2
(A= B)|7[-Jou--- oy

= TR Ry
B SNSRI ED N
2 R + 1),y (R (G + 1), (12!
_(A=B)lrl Jor - ay)
R (o) R (5
(25) E (a4 Lo 1 R(B) 1 R () +151).

where the convergence of the ,Fj (1) series is guaranteed (when p = q+ 1)
by the third parametric constraint stated in Theorem 1 by analogy with the
inequality (12).
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Finally, if we make use of the hypothesis (23) in (25), we find that
= 1
2% D] Jan] £ —— (0L k < 00),
(26) % n(n =10l -lan] = ;=5 (0= k <o0)

which, in view of (14) and Lemma 3, immediately proves the mapping and
inclusion property asserted by Theorem 1.

Theorem 1 can be applied to deduce the corresponding mapping and
inclusion properties, involving the class k-UUCV, for all those linear operators
(listed by Dziok and Srivastava [4, pp. 3 and 4]), which happen to be further
special cases of the convolution operator defined by (13). In particular, for
the Hohlov operator F («, 3,v) defined by (16), by appealing to the Gauss
summation theorem [26, p. 9, Equation 1.2 (20)]:

I'(e)T'(¢c—a—10)

(27) oF1 (a,b;¢;1) = Tle—a)T(c=0)

(%(C—a—b)>0; CGC\ZO_),

Theorem 1 yields

Corollary 1. Let v be a real number such that

v>lel+18l+1 (o, 8 € C\{0}).

If f e R (A, B) and, for some k (0 = k < 00), the following inequality:

(28)
P (y—Jal = [B][—1) 1
C(y—la))T(y—18]) (k+2)(A=DB)|7|-|ag]

holds true, then

A

0=k < o0)

F(a,B,7) f € k-UCY.
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In a similar manner, by applying Lemma 1 and Lemma 4 (instead of
Lemma 3), we can prove the following mapping and inclusion property,
involving the class k-S7, for the convolution operator defined by (13).

Theorem 2. Suppose that

a; €C\{0} (j=1,....,p), R(B)>0 (G=1...,9,

and (in the case when p = q+ 1)

R (Zﬁj) > oyl
=1 =1

If f € R™ (A, B) and, for some k (0 < k < 00), the following hypergeometric

imequality:
(k+1) by (Jaal, oo log[ ;R (Br) .. R (By) 5 1)
—k p+1Fq+1 (|a1|77|ap|a1am(ﬂl)a7?}{(ﬁq)7271)
1
29 <14+2k4+———-—-— 05 k<o
2 A-B)A )

holds true, then

I f e k-ST.

.....

For p =2 and ¢ = 1, Theorem 2 readily yields

Corollary 2. Let v be a real number such that

7>l 18l (a,8€C\{0}).

If f € R™ (A, B) and, for some k (0 = k < 00), the following hypergeometric
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mequality:

k sFy(laf,|6],157,2;1)

(30)
TC(y—=laf=18) ., , 1 5o
T —lanT =gy X " mmm 05k

> (k+1)

holds true, then
F (o, B,7) f € k-ST.

Next, for a function f of the form (1) and belonging to the class k-UCV,
the following coefficient inequalities hold true (cf. [12]):

(fﬂ)n—l

<
(31) an] £ 2

(n e N\ {1}),

where P, = Py (k) is the coefficient of z in the function:

(3) pe() =1+ 3 Pak) ",

which is the extremal function for the class P (py) related to the class k-UCV

by the range of the following expression:

2f" ()
1+ 00 (z € U).
Similarly, if f of the form (1) belongs to the class k-ST, then (c¢f. [13])
P
(33) ol £ (22 meN\ 1),

where P, = Py (k) is given, as above, by (32).
Making use of the coefficient inequalities (31) and (33), in place of the

coefficient inequality (17) asserted by Lemma 1, we can establish each of
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the following results (Theorem 3 and Theorem 4 below) by appealing ap-
propriately to Lemma 3 and Lemma 4, respectively.

Theorem 3. Suppose that

a; €C\{0} (j=1,....,p), RB)>0 (G=1...,9,

and (in the case when p = q+ 1)

q p
%(Z@)>P1+Z|aj|,
j=1 J=1

where Py = Py (k) is given, as before, by (32). If, for some k (0 < k < 00),
f € k-UCY and the following hypergeometric inequality:

v Fgrr (Joa| + 1, 0 |ap| + L P+ LR (Gy) +1,...,R(6,) +1,2;1)

(34)

R (B) R (By)
(k+2)|oq--ap| P

A

(0<k < o0)

holds true, then

Theorem 4. Suppose that

a; e C\{0} (G=1....,p), RE)>0 (G=1L....q9),

and (in the case when p = q+1)

q p
%<Zﬁj>>Pl+Z’aj”
P =1
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where Py = Py (k) is given, as before, by (32). If, for some k (0 = k < 00),
f € k-S8T and the following hypergeometric inequality:

k+1) for -+ - ap| Py

p+1Fq+1 (b[1|+17 cy hp|+1apl+1am(lgl)+1’ s 7m(ﬁq)+17271)

RGY)---REY
(35)
+p+1FQ+1 (|a1|7"'a’ap|’Pl;m(/ﬁl)v"'vm(ﬁ(I)vl;l) <2 (0§k§<00)

holds true, then

The following (seemingly interesting) variants of Theorem 3 and Theo-
rem 4 can also be proven similarly, and we omit the details involved.

Theorem 5. Suppose that

a; cC\{0} G=1....,p), RE)>0 G=1,...,9),

and (in the case when p = q+ 1)

q p
%(Zﬁ])>P1—1+Z‘Oé]‘,
P =1

where Py = Py (k) is given, as before, by (32). If, for some k (0 < k < c0),
f € k-UCV and the following hypergeometric inequality:

k+1) )alu-ap]Pl o
IR(G) - R@) P

(36)
+ p+1Fq+1 (\aly,...,|ap],Pl;i)‘i(ﬂl),...,i){(ﬂq),2;1) <2 (0 k< OO)

(|41, .. | +1, P+ 1R (B)+1, ..., R (B)+1,3;0)

holds true, then

-----
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Theorem 6. Suppose that

CYjGC\{O} (jzlv"'ap)v m(ﬂ])>0 (jzla'-'>Q)a

and (in the case when p = q+1)

q p
9‘{<Zﬁj>>P1+1+Z|aj|,
j=1 j=1

where Py = Py (k) is given, as before, by (32). If, for some k (0 < k < c0),
f € k-8T and the following hypergeometric inequality:

+2Fq+2(’061‘+1,...,’@p|—|—1,P1+1,3;%(51)4—1,...,%(6(1)4—1,2,2;1)

< R(B)---R(G)

37
(37) 2(k+2)|og---ap| Py

(0 k < o0)

holds true, then

.....

In its special case when p = 2 and ¢ = 1, Theorem 3 reduces at once to
the following known result:
Corollary 3 (Kanas and Srivastava [11, p. 128, Theorem 2.5]). Let

be a real number such that

vy=la[+ B+ (a,8€C\{0}),

where Py = Py (k) is given, as before, by (32). If, for some k (0 < k < c0),
f € E-UCY and the following hypergeometric inequality:
(38)

sFy(lol + 1,18+ 1, P+ 137 +1,2;1) £ i

Froepp  (CER<)
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holds true, then
F (o, B,7) f € k-UCY.

For p = 2 and ¢ = 1, Theorem 4 immediately yields the following cor-
rected version of another known result:

Corollary 4 (c¢f. Kanas and Srivastava [11, p. 130, Theorem 3.5]). Let

v be a real number such that
v>laf+ 8l + P (o5 €C\{0}),

where Py = Py (k) is given, as before, by (32). If, for some k (0 = k < 00),
f € k-S8T and the following hypergeometric inequality:

E+1 P,
(b4 Dlafl P

(39) (lal + 1,18+ 1, A+ 1y +1,2;1)

+ 3 (|al, B, Py, 1) <2 (0 k< o0)

holds true, then
F(a,B,7) f € k-ST.

Similar consequences of Theorem 5 and Theorem 6 would lead us, re-
spectively, to Corollary 5 and Corollary 6 below.
Corollary 5. Let v be a real number such that

v>hP—1+lal+[6]  (a,fe€C\{0}),

where Py = Py (k) is given, as before, by (32). If, for some k (0 < k < o0),
f € E-UCY and the following hypergeometric inequality:
(k+1)]ap| P
2y
(40) + sfa (o], 18], Pi;y,21) <2 (0= k < o0)

sFy (la| + 1,18 + 1, P+ 1;9+ 1, 3; 1)
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holds true, then
F(a,B,7) f € k-ST.

Corollary 6. Let v be a real number such that
v>P+14]al+[8] (o, €C\{0}),

where Py = Py (k) is given, as before, by (32). If, for some k (0 < k < c0),
f € k-S8T and the following hypergeometric inequality:

4F3(|O‘|+1a|5|+LP1+17377+1,272,1)

< gl
— 2(k+2)|af| P

(41) (0 <k < 00)

holds true, then

F (e, B,7) f € k-UCY.

3. Mapping and Inclusion Properties Involving the Function

Classes S§ and Cjy

Just as in the work of Silverman [24, p. 110] on the familiar classes of
starlike and convex functions of order p (0 = p < 1) , it is fairly straight-
forward to derive Lemma 5 and Lemma 6 involving the function classes Sy
and C, defined by (7) and (8), respectively.

Lemma 5. Let f € A be of the form (1). If

NE

(42) Atn—1)]a <A (A>0),

3
||
N

then f € Sy.
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Lemma 6. Let f € A be of the form (1). If

(43) donAtn-1la| =X (A>0),

n=2

then f € C,.

Making use of Lemma 5 and Lemma 6, in conjunction with the coefficient
inequalities (31) and (33), we now prove several mapping and inclusion
properties for the convolution operator defined by (13), which involve the
function classes S5 and C,.

Theorem 7. Suppose that

a; €C\{0} (j=1,....,p), RB)>0 (G=1...,9,

and (in the case when p = q+1)

q p
%(Zﬁj>>P1—1+Z|ozj|,
=1 =1

where Py = Py (k) is given, as before, by (32). If, for some k (0 < k < o0),
f € E-UCY and the following hypergeometric inequality:

(44)

pr2lype (loal s fapl, PLA+ LR (B, R (By) A 251) <2 (A>0)

holds true, then

......

Proof. In view of Lemma 5, it suffices to show, for f € k-UUCV of the form
(1), that

YA tn—Dlan- T =X (A>0),
n=2
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where I', is defined by (15). Indeed, by applying the coefficient inequalities
(31), we observe that

A+n—1)]a,| - Ty

o P,y (el (o)), 1
énz;(“”_” nl RB)),, R(B)),, (1)
IR WO 0 PR (4¥1) PR () P
_;(” STl ®B), @R,
:)\{p+2Fq+2(‘061|7...,‘Oép|,P1,>\+1;%(61),...,m(ﬁq),)\,2;1)—].}
<A (A>0),

by virtue of the hypothesis (44). This evidently completes the proof of

Theorem 7.
Similarly, we can prove Theorem 8 below.

Theorem 8. Suppose that

a; € C\{0} (j=1,....p), R(B)>0 (G=1,...,9),

and (in the case when p = q+ 1)

q p
%(Z@)>P1+Z]aj|,
P =1

where Py = Py (k) is given, as before, by (32). If, for some k (0 < k < c0),
f € k-8T and the following hypergeometric inequality:

(45)

pi2Fyio (Jaal, ooy |ap| , PLA+ LR (B1), .., R/ (Gy) . A, 1;1) <2 (A>0)

holds true, then

Aly.eey o
I sl f €SS

-----
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In an analogous manner, Lemma 6 and the coefficient inequalities (31)
and (33) would lead us to Theorem 9 and Theorem 10, respectively.
Theorem 9. Suppose that

a; € C\{0} (=1....,p), RE)>0 G=1....q9),

and (in the case when p = q+ 1)

q p
%(Z@)>P1+Z]aj|,
=1 =1
where Py = Py (k) is given, as before, by (32). If, for some k (0 = k < 00),

f € k-UCY and the following hypergeometric inequality (45) holds true, then

~~~~~~

Theorem 10. Suppose that

a; cC\{0} (G=1,....,p), RE)>0 G=1,...,9),

and (in the case when p = q+ 1)

q p
%(Z@-)>P1—I—1+Z|aj|,
P j=1

where Py = Py (k) is given, as before, by (32). If, for some k (0 < k < 00),
f € k-S8T and the following hypergeometric inequality:

(46)  prsFas (Jonl s s lowl, PL A+ L2ER(B) ..., R (B,) A\ 1, 151) <2

(A>0)

holds true, then
QY yeeny L
[ﬁl ﬁqpf E CA.

-----
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For f € &5 of the form (1), Lemma 5 immediately yields the following

coefficient inequalities:

A

4 S —2
(47) anl = 37

(mneN\{1}; A>0).
Similarly, for f € Cy of the form (1), we have the coefficient inequalities:

(48) an] € (neN\{1}; A>0).

A+n-—1)
By applying the coefficient inequalities (47) and (48), in conjunction
with Lemma 3 and Lemma 4, we can deduce further mapping and inclusion
properties for the convolution operator defined by (13), which are associated
with the function classes k-UCV and k-S7T. The details involved in the
derivation of these mapping and inclusion properties are being left as an
exercise for the interested reader.

Finally, we remark that each of the various results in this section (The-
orems 7, 8 9, and 10) can easily be restated, for p = 2 and ¢ = 1, in
terms of the Hohlov operator F («a, 3,7) defined by (16). Furthermore, as
we have already observed earlier, the interested reader should refer also to
the closely-related further developments reported in the recent works by (for
example) Ramachandran et al. ([20] and [21]), Srivastava et al. ([25] and
[28]), and others. Remarkably, the Dziok-Srivastava convolution operator
as well as the analytic function classes k-S7 and k-UCV (together with
many other interesting variants of these function classes k-S7 and k-UCV)
are becoming increasingly popular in the recent as well as current literature

in Geometric Function Theory.
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