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Certain Subclasses of Analytic Functions
with Negative Coefficients Defined by
Generalized Siligean Operator!

H. E. Darwish

Abstract

We introduce the subclass Tj(n,m,~, o, A) of analytic functions
with negative coefficients defined by generalized Saldgean operator
DY. Coefficient estimates, some important properties of the class
Tj(n,m,v,o, A) and distortion theorems are determined. Further,
extremal properties and radii of close-to-convexity, starlikeness and

convexity of the class Tj(n,m,~, o, \) are obtained.
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1 Introduction

Let A; denote the class of functions of the form

(1.1) fE) =2+ > waf(eN={12..1

k=j+1
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which are analytic in the unit disc U = {z : |z| < 1}.In [1] AL-Oboudi

defined the generalized Salagean operator as following :

(1.2) DSf(z) = f(2),
(1.3) Dyf(z) = (1 = N f(2) + Azf'(2)
= D) f(2) ,A>0
and
(1.4) D3 f(z) = DA(D" " f(2)).

If f(z) is given by (1.1), then from (1.3) and (1.4) we see that
(1.5) Dif(z)=z+ »_ [L4(k—1)\]"ap".
k=j+1

When A =1, j = 1 weget Salagean’s differential operator [9].
Let T; denote the subclass of A; consisting of functions of the form

(1.6) f)=z—= Y af(ar>0,j€N).
k=j+1

With the above operator DY, we say that a function f(z) belonging to
A,is in the class A;(n,m,v,a, A) if and only if

L DETIE)/DAE)
SO {7 Oy (/D5 () + 17

for some o,y € [0,1), A>0, j€ N,n,me N;j=NU{0}.

}>oz,z€U,

Furthermore, by specializing the parameters n, m,~y, @ and A\, we obtain
the following subclasses studied by various other authors:
(i) 7:(0,1,0,, 1) = T*(ar) and T3(1,1,0,a, 1) = C'()(Silverman [11]);
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(i) 75(0,1,0,,1) = To(j)and7;(1,1,0,a,1) = C,(j)(Chatterjea [5]
and Srivastava et al. [12]);

iii) 71 (n,1,0,a,1) = T'(n, @) (Hur and Oh [8]);

iv)T1(0,1,7,,1) = T(v,a) and T1(1,1,7v,,1) = C(v, )

2 Coefficient estimates

Lemma 2.1. Let the function f(z) be defined by (1.6) with j = 1.Then
f(z) € Ty(n,m,~,a, ) if and only if

oo

(21) D [+ (k=DA[1+ (k= DA"1—a7) —a(l = p)}a <1 -0,

k=2

forme Ng,me Ny, 0 <a<1,A\>0and0 <y < 1.The result is sharp .

Assume the inequality (2.1) holds and let |z| = 1.Then we have

Dy f(2)
Dy f(2)

Dy f(2)
D3 f(2)

—1 <

(2.2)
+1—-7

(L= D [+ k= DA ™ ap |2 = (1 =) Y[+ (k= D] a2

2 2

k=
o]

< A=
L=y > [+ (k= DA a2 = (1 =)D 1+ (k= DA ax 2"
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(1) {i 04 (k= DA™ ™ ap— 3 [1 4+ (k- m]”ak}
< k=2 k:2oo

A S A - DN = (1= ) 5 [+ (k= DA ey

k=2 k=2

<1l-—«

which implies (1.7). Thus it follows from this fact that f(z) € T1(n,m,~v, o, A).

Conversely, assume that the function f(2)is in the class 71 (n, m, vy, a, ). Then

D™ f(2)
DY f(2)
: R A
(23) € 7D§+mf(z)+1_,y
D} f(2)
1— i [1+ (k= DA a2t
= Re k=2

1- 'yz [T+ (k= DN a2 — (1 —7) Z [+ (b — DA ap2"!

k=2
>a(zel)

for z € U.Choose values of z on the real axis so that DY f(2)/ DY f(2)
/{y DY f(2)/D%f(z) +1 — v} is real. Upon clearing the denominator in
(2.3) and letting z — 1~ through real values, we obtain

o0

1-S [+ (k= DA™, > a {1 - yiu + (k= DA™y,

(2.4) —(1—7) 1+ (k—=1)]" ak}

k=2
which gives (2.1). Finally the result is sharp with the extremal function
given by
1 -« &

(25) flz)=2- L+ (k= DN+ (k= DN"(1—ay) —a(l -7}

(k> 2).
With the aid of Lemma 2.1, we prove
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Theorem 2.1. Let the function f(z) be defined by (1.6). Then f(z) €
Tj(n,m,~,a, N)if and only if

(26) Y [+ k—DN{[1+(k—-DA"1-7a) —a(l-)}a <1—a
k=j+1
form € Nog,m € Nog,0 < a<1,0<~v<1and\ > 0. The result is sharp

for the function

L (1—a) Jk
@0 J&) =2 = T DN+ (k— DA~ 7a) —all — 7))

(k>j+1).
Putting ay = 0(k = 2,3, ...,j) in Lemma 2.1, we can prove the assertion

of Theoreml.

Corollary 2.1. Let the function f(z) defined by (1.6) be in the class
Tj(n,m,~, o, X). Then
(2.8)

-«

(k>j+1).

The equality in (2.8) is attained for the function f(z) given by (2.7).

3 Some Properties of the class Tj(n,m,v, o, \)

Theorem 3.1. Let 0 < a <1, 0< vy <71 <1, A>0, n€ Ny, and m €
Ny.Then

Cr]‘("’ba’rn‘/)/l?a>/\) C T’j(nama Y2, &, >\)

It follows from Theorem 2.1., that
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[e. 9]

Z (14 (& = DAL+ (k = DAJ"(1 — a72) — a(l = 72) bax

<D [ (k= DA+ (k= DA (1= a%) — a1 = )}y
< 1l—«

for f(z) € Tj(n,m,v1,a, ). Hence f(z) € Tj(n,m,v2, o, A).
Theorem 3.2. Let 0 < a<1,0< vy <1,A>0,and n,m € Ny.Then
(i) Tj(n+1,m,y,a,A) C Tj(n,m,v, o, A\),
(ii) T;(n,m+1,v,, ) C Tj(n,m,~v,a, ),
and

(iii) Tj(n 4+ 1,m+1,7v,a,A) C Tj(n,m,v, o, A).
The proof follows immediatly from Theorem 2.1.

4 Distortion Theorems

Theorem 4.1. Let the function f(z) defined by (1.6) be in the class
T;(n,m,v,a,X). Then we have

(1-a)

4D IO 2 B = i e e a7y
and

i (1—a) 1
(4.2) ’D)\f(z)’ < |zl + [1+ M= {[1 + jA™(1 — ay) — a(l — )} 12

for z € U, where 0 < i < n.Then equalities in (4.1) and (4.2) are attained
for the function f(z) given by

(1—a) i+l
T+ —an) —all= 7}

(4.3) f(z) =2z —
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Proof. Note that f(z) € T;(n,m,v,a, ) if and only if D'f(z2) € Tj(n—
i,m,y,a,\) and that

(4.4) Dif(z) =2 — Z 1+ (k— DA ap®.

Using Theorem 1, we note that

(4.5)
[+ X" L+ M) (1 =7a) —a(l = 7)) Z 1+ (k= DN'ap <1-a),
that is, that

S (1-a)

(4.6) > [1+ (k- 1)Niax <

T+ M+ A1~ a7) —a(l — 7))

It follows from (4.4) and (4.6) that

(1—-a) |Z|j+1

WD) PO 2 = e i —ay) el =)

and

(1 _a) |z|j+1_

(4.8) |DAf(2)] < |2] + [1+ M1+ M\j]™(1 — ay) — a(l —7)}

Finally, we note that the equalities in (4.1) and (4.2) are attained
for the function f(z) defined by

i . (1 - 04) G+1
9 D) =2 = Ty i A — o) —a(i 7))

This complete the proof of Theorem 4.1.

Corollary 4.1. Let the function f(z) defined by (1.6) be in the class
Tj(n,m,~,a,X). Then we have

(1 B Oé) |
[1+ A1+ A (1 —ay) —a(l =)}

Z|j+1

(4.10)  [f(2)] = |2 =
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and

(1-a)
[1+ AL+ A7 (1 = a) — a1 =)}
for z € U. The equalities in (4.10) and (4.11) are attained for the function
f(z) given by (4.3).

Proof. Taking i = 0 in Theorem 4.1., we can easily show (4.10) and (4.11).

(4.11)  [f(2) <[l + i

5 Extremal properties of the class
Ti(namﬂ/aaa)‘)
Theorem 5.1. The class Tj(n,m, v, o, \) is convex.

Proof. Let the functions
(5.1) fo(z)=2— Z a2 (a,, > 0,0 =1,2)
k=j+1

be in the class Tj(n,m,~v,a, A). It is sufficient to show that the function
h(z) defined by

(5.2) h(z) =tfi(z) + (1 =1t) f2(z) (0<t<1)

is in the class T;(n, m, 7, a, \) . Since

(5.3) h(z)=z— Y [tarx+ (1= t)as] 2",
k=j+1
with the aid of Theorem 2.1. , we have

[e.9]

Z (14 (k= DAL+ (k = DA]"(1 = ay) —a(l =)}

(5.4) {tar+ (1 —t)asy } <1—«
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which implies that h(z) € T;(n,m,~v, o, A). Hence Tj(n,m,v,a,\) is con-
Vex.

As a consequence of Theorem 5.1. we can obtain the extreme points of
the class T;(n, m,v, a, \).

Theorem 5.2. Let f;(2) =z and

(5.5) fu(z) =2 — [+ (k= DAL+ (k— DA™(1—an) —a(l— )}

(n,m € No,k > j+1)

for 0 < a < Lyand 0 < v < 1,A > 0. Then f(z) is in the class

Ti(n,m,v,a, \) if and only if it can be expressed in the form

(5.6 =S (),
k=
where i, > 0 for k > 7 and io:,uk =1.
=
Proof. Suppose that
(57) 1= mehile)
k=i

= pifi(z) + Z f fr(2)
k=j+1

= (1= > m)+

k=j+1

> 11—«
t 2 { T A (k= DN+ (k= DAP(1 —a7) —a(l — w}}

k=j+1
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11—« i

T Z [T+ k= DA+ (k= DA™ (T—a7) —a(l =7}

Then it follows that

i L+ FE=DA" {1+ E=-DA" (A —ay) —al =9} - a)m
(I =1+ (k=DA{[1 + (k = DAJ"™(1 = ay) — a(l =)}

k=j+1

(5.8) :Zukzl—,ujgl.
k=j+1
So by Theorem 2.1., f(2) € T;(n,m,v, a, \).
Conversely, assume that the function f(z) defined by (1.6) belongs to
the class T (n, m,v, a, A). Then

(5.9) o
1—a |
U S o DN+ k= DN —a) —a(l =] F 2 H L)
Setting
(5.10)
= L (= DAL+ (k<:)2]>m<1 —o) el sy
and

pi=1= Y
k

=j+1
we notice that f(z) can be expressed in the form (5.6). This completes the
proof of Theorem 5.2.

Corollary 5.1. The extreme points of the class Tj(n,m,~v,a,\) are the
functions fr(2)(k > j) given by Theorem 5.2.
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6 Radii of close-to-convexity, starlikeness and

convexity

Theorem 6.1. Let the function f(z) defined by (1.6) be in the class
Tj(n,m,~,ca, X). Then f(z) is close - to- convex of order p(0 < p < 1)in
|Z| < Tl(”’? m,7y, &, >\7 p)u where

(61) rl(n,m,v,a,)\,p) =

1
—1

= ll’lfk

{ A=p)+FE=-DA"H{A+(E-DA"1 —ay) —o( - 7)}}
k(1 —«)

(k>j+1).
The result is sharp, with the extremal function f(z) given by (2.7).

It is sufficient to show that

f(z) =1 =1-p0<p<1)

for |z| < ri(n,m,~,a, A p).

We have
1f(z)—1| = ‘ Z kapzF7t < Z kag|z|*71.
k=j+1 k=j+1
Thus | f'(2) —1| <1 —pif
(6.2) i ( h Yag |z < 1.
1—0p -

k=j+1

Hence, by Theorem 2.1., (6.2) will be true if
Flel [ (k= DAL+ (k= DA™(1 — o) — a1l =)}

63 =y = 0—a)
or if
< [P ot DAL+ (k= D1 = ) — (1 =)}

k(1 —«)
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(k>j+1).
The theorem follows easily from (6.3).

Theorem 6.2. Let the function f(z) defined by (1.6) be in the class
Tj(n,m,~y,a,N); then f(z) is starlike of order p(0 < p < 1) in |z] <

ro(n, m,~y,a, A, p),where

(6.4) ro(n, m,y,a, A, p) =
iy {0 DAL = 09 - =) |
k (k—p)(1—-0a)
(k>j+1).
The result is sharp, with extremal function f(z) given by (2.7).
2 (2)
Proof. We must show that o) 1| < 1—pfor|z| < ro(n,m,y,a, A p).
We have
, 3 k—1)ay|z/"
S|tV
f(Z) a 1— Z a |Z|k71
k=j+1
2 (2) ’ :
Thus —1|<1—pif
1O I
o (k—p)ag|["
6.5 <1
0 2 o)

Hence, by Theorem 2.1., (6.5) will be true if

(k= p)ar |=["" < LA k= DA+ (B = DA™ —ya) —a( =)}
(1—-p) = (1—a)

or if

(6.6) 12| <
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(1= o)1+ (k= DAL+ (5 — DA™(1 — 10) — a(l — )} | 73
<{ (k—p)(1—a) } ’

(k>j+1).

The theorem follows easily from (6.6).

Corollary 6.1. Let the function f(z) defined by (1.6) be in the class
Tj(n,m,~y,a, N); then f(z) is convex of order p(0 < p < 1) in

|Z| < T3(n7 m,7, &, )\a p),where

7”3(”7 m, 7y, &, )‘7 P)

(6.7)
= inf { (L= p)[L+ (&= DA"{1+ (k = DA™ (1 = ya) —a(l =)} }“
' k(k—p)(1—a)
(k>j+1).

The result is sharp, with extremal function f(z) given by (2.7).
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