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On a subclass of analytic functions!

Sukhwinder Singh, Sushma Gupta and Sukhjit Singh

Abstract
In the present paper, the authors study the differential inequality

m[amwz(m)']m

where ¢(z) is an analytic function such that ¢(0) = 1 and «, 3,7, m
be real numbers and its applications to analytic functions in the open
unit disc £ = {z: |z] < 1}.
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1 Introduction

Let A, denote the class of functions of the form f(z) = 2P + Z ar®, p €
k=p+1
N = {1,2,....}, which are analytic in the open unit disc £ = {z : |z] < 1}.

We write A; = A. A function f € A, is said to be p-valent starlike of order
a(0<a<p)in Eif

R (foéj)> >a, z € E.
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We denote by Sy (), the class of all such functions. A function f € A,
is said to be p-valent convex of order a(0 < o < p) in F if

R (1 + fo(iz))> >a,z€ E.

Let K,(a) denote the class of all those functions f € A, which are

multivalently convex of order o in E. Note that S}(«) and K;(«) are,

respectively, the usual classes of univalent starlike functions of order av and
univalent convex functions of order a,,0 < o < 1, and will be denoted here
by S*(«) and K(«), respectively. We shall use S* and K to denote S*(0)
and K (0), respectively which are the classes of univalent starlike (w.r.t. the
origin) and univalent convex functions.

For f € A,, we define the multiplier transformation I,(n, \) as

o (BN
(1) L(n,\)f(z) == +k§1 (p—+)\) apz”, (A >0,n €Z).

The operator I,(n,\) has been recently studied by Aghalary et.al. [1].
Earlier, the operator I;(n, \) was investigated by Cho and Srivastava [3] and
Cho and Kim [4], whereas the operator I;(n, 1) was studied by Uralegaddi
and Somanatha [10]. I;(n,0) is the well-known Salagean [9] derivative op-

erator D*, defined as: D"f(z) = z + Zk”akz’k, n € Ny = NU {0} and

k=2

feA
A function f € A is said to belong to the class R if it satisfies the

condition

R [f’(z) n zf”(z)} >0, 2€E

And it is well known that R C S*.
A function f € A, is said to be in the class S, (p, A, «) for all z in E if it
satisfies

Ln+1,))f(2) a
R e )7
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for some a (0 < o < p,p € N). We note that Sy(1,0,«) and S1(1,0,«) are
the usual classes S*(«) and K () of starlike functions of order o and convex
functions of order «, respectively.

In 1989, Owa, Shen and Obradovi¢ [7] obtained a sufficient condition for
a function f € A to belong to the class S, (1,0,a) = S, ().

Recently, Li and Owa [5] studied the operator I;(n,0).

In this paper, the authors study the differential inequality

%{a%—i—ﬁz(’m)/] >~

where ¢(z) is an analytic function such that ¢(0) = 1 and «a, 3,7y, m be
real numbers. And the authors also discuss the applications of the above
mentioned differential inequality to multiplier transformation defined by (1)
in the open unit disc £ = {z: |z| < 1}.

2 Preliminaries

We shall make use of the following lemma of Miller and Mocanu to prove
our result.
Lemma 2.1.([6]) Let D be a subset of C x C (C is the complex plane) and
let ® : D — C be a complex function. For u = uy + iug, v = vy + vy
(u1, ug, vy, v9 are reals), let ® satisfy the following conditions:
(i) ® is continuous in D;
(ii) (1,0) € D and Re®(1,0) > 0; and
(iii) RP(iug, v1) < 0 for all (iug,v1) € D such that v < —(1+ u3)/2.

Let 7(z) = 1+ riz + 92?2 + ... be regular in the unit disc E, such that
(r(2),2r'(2)) € D for all z € E. If

R[®(r(2),2r'(2))] >0, z € E,

then Rr(z) >0, z € E.

We, now, state and prove our main results.
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3 Main Results

Lemma 3.1. Let q(z) =1+ q2 + 2> + oo be an analytic function in
E which satisfies the condition
) R o /4 + 52 (Vi) | >

where o, 3,7 and m be real numbers such that o > 0, >0 and o > v
then

o B++/F+4y(a+ B)
R | /()] > 2t p)

Proof. Let us define ¢(z) as

(3) (g(2)7 =6+ (1= 0)r(z), z€E

where ¢ is the nonnegative root of the quadratic equation
(a+p)0? =36 —v=0

given by
(4) 0

_ B+ VB (et P)
B 2(a+09)
which satisfies the condition 0 < § < 1.
Therefore r(z) is an analytic function in £ and 7(2) = 14712 +r92%+....

In view of (2), we have

o Vit + 0: (VaB) - 4| =R

(5)R [0 + (1 = 8)r(2)]*

1
L=
+26(1 = 6)(0 + (1 —0)r(z))zr'(2) — ]

If D =C x C, define ®(u,v) : D — C as under

d(u,v) [a [0+ (1= 0)u* +28(1 —8)(0 + (1 — d)u)v — 1] .

Then ®(u,v) is continuous in D, (1,0) € D and R &(1,0) = =2 > 0.

1—~
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Further, in view of (5), we get R®(r(2), zr'(z)) > 0, z € E.
Let u = uy +1us, v = vy + 1vy Where uq, us, v1 and vy are all reals. Then,

2
for (iug,v1) € D, with vy < —1+2“2

R (i, v7) = %ﬁ @[S+ (1= 8)iusf? + 26(1 — 8)(8 + (1 — 8)iug)vr — ]

, we have

1
= (o + B)8% — 285 — 7]
< 0.

In view of (3), (4) and Lemma 2.1, proof now follows.
Theorem 3.1. If f € A, satisfies

. Mw(M) -

o
zP zP

where o, 3,7 and m be real numbers such that o > 0, >0 and o > v

then
- om [ Ip(n, X) f(2) - B4+ /B+4y(a+ P
P 2(a+ p) '

Proof. Let us write LN f(2)
_ Iy(n, z
q(z) = ————
In view of Lemma 3.1, the proof follows.
Theorem 3.2. If f € A, satisfies

" aril/lp(n%—l,/\)f(z)+62<7§/Ip(n+1,)\)f(z)> -

Ip(n, \) f(2) Ip(n, A) f(2)

where a, B,y and m be real numbers such that o >0, >0 and o > v
then

Lp(n, A) f(2) 2(a+ )

Proof. Let us write

. Zn(/1p<n+ LNJG) B+ /PRt p)

B L(n+1,\)f(2)
1) = NI

In view of Lemma 3.1, the proof follows.
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4 Corollaries

By taking p =1 and A = 0 in Theorem 3.1. We have the following
Corollary 4.1. If f € A satisfies

0l an(z)WZ(m an(z)) -
z z

where a, B,y and m be real numbers such that o > 0, >0 and o > v

then
- om | D7 f(2) - B4/ +4y(a+5)
2 2(a + ) '

By takingp = 1,n = 0 and A = 0 in Theorem 3.1. We have the following
Corollary 4.2. If f € A satisfies

R am\/%—l—ﬁz(m @) > 7y

where o, 3,7 and m be real numbers such that o > 0, >0 and o > v

then
§R2m/f(z> - B+ +4v(a+ D)
z 2(a+ ) '

By taking p = 1,n = 0,A = 0, = 1 and m = 2 in Theorem 3.1. We
have the following result of Aouf, M.K. and Hossen, H.M. [2] for n =1 .
Corollary 4.3.If f € A satisfies

ol Ry f(z>—|—ﬁz(2 @) >y

z

where B and ~y be real numbers such that 3> 0 and v < 1

then
f(2) B+ P+ +))
R RS 2(1+0) '
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By takingp = 1,n = 1 and A = 0 in Theorem 3.1. We have the following
Corollary 4.4. If f € A satisfies

R o /7 +0: (VD) | >

where o, B3,y and m be real numbers such that o >0, >0 and o > v
then

- B+VB +4y(a+ 1)
R/ f(2) > ) :
By taking p = 1,n = 1,A =0, = 1 and m = 2 in Theorem 3.1. We
have the following result of Owa, S. and Wu, Z. [8].
Corollary 4.5. If f € A satisfies

R /TG + 0 (V7).

where 3 and v be real numbers such that 3 >0 and v < 1
then

> 5

ﬂ+\/52+4'y )
VT 20+ )

1
By takingp=1,n=1,A=0and m = 3 in Theorem 3.1. We have the
following
Corollary 4.6. If f € A satisfies

! 2 / 2 /
Rla|f ()] +8 ([f (=)] ) >
where o, B and 7 be real numbers such that a > 0, >0 and o >
then

, B+ B+ 4y(a+p)
= )

1.e. f s close-to-convex and hence univalent.

By takingp = 1,n = 2 and A = 0 in Theorem 3.1. We have the following
Corollary 4.7. If f € A satisfies

I

o /T )+ 2 )+ 82 (VTG + 21 ())

>
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where a, B,y and m be real numbers such that o >0, >0 and o > v
then

B+ /B +4v(a+ )
2(a+p)

R/ f(2) +2f(2) >

1
By takingp=1,n=2,A=0and m = 3 in Theorem 3.1. We have the
following
Corollary 4.8. If f € A satisfies

R [a (F@)+2'@) w02 (@420 ] ] >

where o, B and vy be real numbers such that o« >0, 3 >0 and o >
then

B+ /B2 +dy(a+ P)
2(a+ f)

R(f:)+2) >

i.e. f € R and hence f € S*.
By taking p =1 and A = 0 in Theorem 3.2. We have the following
Corollary 4.9. If f € A satisfies

Soe (e
eV e Y (\/ an<z>) .

where a, 3,7 and m be real numbers such that o >0, >0 and o > v

then
g D) B4 VP )
Dnf(z) 2(a+p) '

1
By taking p = 1,A = 0 and m = 3 in Theorem 3.2. We have the
following
Corollary 4.10. If f € A satisfies

!
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where o, B and v be real numbers such that « >0, 3> 0 and o > v
then

KD B+ VP E Tt )
D f(2) 2+ 1)

i.e. f€5(5), whered = s \/§;a++4g§a +5)

By takingp = 1,n = 0 and A = 0 in Theorem 3.2. We have the following
Corollary 4.11. If f € A satisfies

St @ (@Y
§ f@)+ﬂZ<Vf@)>]>7

where a, B,y and m be real numbers such that o > 0, 6> 0 and o > v

then
WG] B P a5
%[V.ﬂ@]> Na+d)

By taking p=1,n=0,A=0 and m = % in Theorem 3.2. We have the
following
Corollary 4.12. If f € A satisfies

zf%z>)2 <zf%z>>2 |

(75 *‘5Z(i @) )7

where a,, B and 7y be real numbers such that a > 0, >0 and o >
then

, 0<o< 1.

R

R

z2f(2) ﬁ+\/ﬁ2+4y(a+ﬁ)

e T T 2atd)
i.e. [ €5%(0), whered = b+ \/5(2(1—:4;5& +B), 0<d<1.

By takingp = 1,n = 1 and A = 0 in Theorem 3.2. We have the following
Corollary 4.13. If f € A satisfies

N e
R|lat/l+ ) +ﬁz< 1+ f’(z)) >
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where a, B,y and m be real numbers such that o >0, >0 and o > v

then
g | /12| B+ VB +4r(a+ )
f'(z) 2a+0)

By taking p=1,n=1,A=0and m = % in Theorem 3.2. We have the
following
Corollary 4.14. If f € A satisfies

THON RO
e (“ ) ) o ((” ) ) ) 7
where o, 3 and 7y be real numbers such that a > 0, >0 and o >
then
zf"(2) B+ B2+ 4v(a+P)
R(1+55) -

B+ /B +4y(a+ B)
2(a+ ) ’

i.e. f e K(9), where § = 0<d<1.
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