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Common fixed points of Ciric
quasi-contractive operators through Ishikawa
iteration process with errors
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Abstract

We establish a general theorem to approximate common fixed
points of Ciric quasi-contractive operators on a normed space through
the modified Ishikawa iteration process with errors in the sense of Xu
[21]. Our result generalizes and improves upon, among others, the

corresponding results of [2, 15].
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1 Introduction and Preliminaries

Let C' be a nonempty convex subset of a normed space E, T : C — C' be
a mapping and F(7T) be the set of fixed points.
Let {b,} and {b/,} be two sequences in [0, 1].

The Mann iteration process is defined by the sequence {x,, }32, (see [12]):
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Xo € C,
(1)
Tpr1 = (1 =by) xy + b, T2y, n > 0.

The sequence {z,,}5° , defined by

To € C,
(2) Tn1 = (1 - bn) Tp + bnTym

Yo =1 =0 )z, +b Tx,, n>0
is known as the Ishikawa iteration process [7].

Liu [11] introduced the concept of Ishikawa iteration process with errors

by the sequence {x,}>°, defined as follows:

To € C,
(3) Tp4+1 = (]— - bn) Yn + bnTyn + U,
Yo =1 —=0) x, +0,Tx, +v,, n>0

where {b, }and {0/} are sequences in [0, 1] and {u,} and {v,} satisfy
Z | unl] < oo, Z ||vn|] < co. This surely contains both (1) and (2). Also

n=1 n=1
this contains the Mann process with error terms

Xg € C,
Tpr1 = (1 = bp)xy + b, Tz + up, n>0.

(4)

In 1998, Xu [21] introduced more satisfactory error terms in the sequence
defined by:

o € C,
(5) Tnt+1 = ApTp + bnTyn + CpUnp,

Yn = ahxy, + 0. Tx, + v, n>0
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where {a,}, {bn}, {cn},{a,}, {b,,},{c,} are sequences in [0, 1] such that
an+b,+c, =1=a,+0,+, and {u,},{v,} are bounded sequences in C.
Clearly, this iteration process contains the processes (1), (2) as its special

cases. Also it contains the Mann process with error terms:

(6) { l'oec,

Tpi1 = Xy + b, T, + cruy,, n > 0.

For two self mappings S and 1" of (', the Ishikawa iteration processes have

been generalized by Das and Debata [6] as follows

To € C,
(7> Tpt+1 = (1 - bn) Tp + bnsyna
Yo =(1=0)) x, + b0 Tx,, n>0.

They used this iteration process to find the common fixed points of quasi-
nonexpansive mappings in a uniformly convex Banach space. Takahashi and
Tamura [19] studied it for the case of two nonexpansive mappings under
different conditions in a strictly convex Banach space.

Recently, Agarwal et al [1] studied the iteration process for two nonex-

pansive mappings using errors in the sense of Xu [21]:

xg € C),
(8) Tptl = Qpdy + bnSyn + Cplnp,

Y = an Xy + b T2, + vy, n >0,

where {a,}, {0}, {cn}, {a,}, {0}, {c,} are sequences in [0, 1] such that
ap+by,+c,=1=al,+b,+c, and {u,},{v,} are bounded sequences in C.
Clearly, this iteration process contains all the processes (1-7) as its spe-

cial cases.
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We recall the following definitions in a metric space (X,d). A mapping

T:X — X 1is called an a-contraction if
9) d(Tz,Ty) < ad(z,y) for all z,y € X,

where a € (0, 1).
The map T is called Kannan mapping [8] if there exists b € (0, 3) such
that

(10) d(Txz,Ty) < bld(z,Tx) +d(y,Ty)] foral z,y € X.

A similar definition is due to Chatterjea [3]: there exists a ¢ € (0, 3) such
that

(11) d(Tz,Ty) < c[d(z,Ty) + d(y, Tx)] for all z,y € X.

Combining these three definitions, Zamfirescu [22] proved the following

important result.

Theorem 1.1. Let (X,d) be a complete metric space and T : X — X
a mapping for which there exists the real numbers a,b and ¢ satisfying
a € (0,1), b,c € (0, %) such that for any pair x, y € X, at least one of the
following conditions holds:

(1) d(Tx, Ty) < ad(z,y),
(22) d(Tx, Ty) < bld(x, Tw) + d(y, Ty)),
(23)d(Tx,Ty) < cld(x,Ty) + d(y, Tx)].
Then T has a unique fized point p and the Picard iteration {x,}%,
defined by

Tpr1 =12, n=0, 2,...
converges to p for any arbitrary but fized xo € X.

Remark 1.2. The conditions (z1) — (z3) can be written in the following

equivalent form

d(Tx,Ty) < hmax {d(x,y), d(x, Tx) +d(y, Ty) d(z,Ty) +d(y, Tr) } |

2 ’ 2
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Ve, y € X; 0 < h < 1. Thus, a class of mappings satisfying the contrac-
tive conditions (z1) — (23) s a subclass of mappings satisfying the following

condition

(C) d(Tz,Ty) < hmax {d(x, y), d(z,Tz),d(y, Ty), d(z, Ty) + d(y, TiE)} ’

2
0< h<1.

The class of mappings satisfying (C) is introduced and investigated by
Ciric [4] in 1971.

Remark 1.3. A mapping satisfying (C) is commonly called Ciric general-

1zed contraction.

In 2004, Berinde [2] introduced a new class of operators on an arbitrary
Banach space F satisfying

(12) Tz — Ty| < hllz —y| +2h| Tz — 2|

forany x,y € £, 0 < h < 1.
It may be noted that (12) is equivalent to

(13) [Tz =Tyl < hllz —yll + Lmin{[|Tz — 2|, [Ty — yl},

forany zr,y e E,0<h<land L>0.

He proved that this class is wider than the class of Zamfiresu operators
and used the Ishikawa iteration process (2) to approximate fixed points of
this class of operators in an arbitrary Banach space given in the form of

following theorem:

Theorem 1.4. Let C be a nonempty closed convex subset of an arbitrary
Banach space E and T : C' — C' be an operator satisfying (12). Let {x,}>2,
be defined through the iterative process (2) and xy € C, where {b,} and {b]}

are sequences of positive numbers in [0, 1] with {b,} satisfying Z b, = o0.

n=0
Then {x,}2, converges strongly to the fized point of T
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In this paper, a convergence theorem of Rhoades [16] regarding the ap-
proximation of fixed points of some quasi contractive operators in uniformly
convex Banach spaces using the Mann iteration process, is extended to the
approximation of common fixed points of some Ciric quasi-contractive op-

erators in normed spaces using the iteration process (8).

2 Main Results

In this paper we shall consider a class of mappings satisfying the following

condition

d(z, Tx)+d(y, Ty)
2

d(Tx, Ty) <hmax {d(w, Y), , d(z,Ty),d(y, Tx)} ,0<h<1.

This class of mappings is a subclass of mappings satisfying the following

condition
(QC) d(Tx,Ty) < hmax{d(z,y),d(z,Tx),d(y, Ty), d(z,Ty),d(y, Tr)},

0 < h < 1.The class of mappings satisfying (QC) is introduced and inves-
tigated by Ciric [5] in 1974 and a mapping satisfying is commonly called
Ciric quasi contraction.

The following lemma is proved in [20].

Lemma 2.1. If there exists a positive integer N such that for all n > N,

n €N,
Pn+1 S (1 - Oén)pn + bna
then
lim p, =0,

where a,, € [0,1), Zan = 00, and b, = o(ay,).
n=0

Following [2, 15], we obtain such a result without employing any fixed

point theorem.
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Theorem 2.2. Let C' be a nonempty closed convex subset of a normed space

E. Let S, T : C — C be two operators satisfying the condition

1Sz — Tyl < hmax{|lz —yl, IE m”;l!y vl

le =Tyl ly — S|}, (CR)

Ve,y € C; 0 <h<1. Let {xn}zo_o be defined through the iterative process
(8). If F = F(S)NF(S) # ¢ and Zb = 00, ¢, = o(by) and lim ¢, =0 ,

n—oo

then {x,}>2, converges strongly to a common fixed point of S and T.

Proof. Since S and T are Ciric operators, so by [4], we know that S and
T have a unique fixed point in C, say w. Consider z,y € C. If from (CR),

Sz =Tyl < [HJJ—SIIIJrlly Tyll]

<

NCN Il Ol e

llz =Szl +lly — =ll + lo — Szf| + |5z — Tyl

then .
(1 - —) ISz~ Tyl < & o =yl + h e — S

which yields (using the fact that 0 < h < 1)

h

5 h
(1) 52 =Tyl < T2g lo = vl +

Hw — S|

If from (CR) ,
|5z =Tyl < hilz =Tyl ,

then

h
(15) 152 = Tyll < — llz — Sz

Also, if from(C'R),
1Sz =Tyl < hlly = S|,
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then we have

ISz =Tyl < hlly— Sz
(16) < hllz—yl+hlz-Sz.

Denote

L = max

Thus, in all cases,
[Sz =Tyl < hllz—yl+Llz—Sz|
Hx'—;9$”7

1 = hlz-—
(1) o=yl +

holds for all x,y € C.
Also from (CR) with y = w = T'w, we have

- S
o=l < hmex{ e = wil, 52 o - w o - s
-5
S R
< nmax o — o, P05 )

< hmax{[le —wl, [w — Szf|}.

If we suppose that max{||x — w|, ||w — Sz||} = ||Sz — w||, then we have
|Sz — w|| < h|lw— Sz|, which is impossible for Sz # w. Thus

(18) 1Sz —wl < hljz —wl.

Assume that F' # ¢ and w € F| then

M- max{sup{nun I —w||}}.
n>0 n>0
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Using (8), we have

|Tns1 —w|| = |lan®n + b Syn + cnttn, — (an + by + c)w||
= llan(zn — w) 4 bu(Syn — w) + cn(un — w)||
< an flzn = wll 4+ bn [[Syn — wll + cn [lun — w]|
(19) < (1 =by) ||zn — w|| + b, [| Sy, — w|| + Me,.

Now for = = y,,, (18) gives
(20) 1Syn — wl| < hljyn — w]].
In a similar fashion, we can get

lyn —wll = llan@n + 0, Ton + cyon = (ay, + b, + ¢ )w]
(0 — w) + 0, (T — w) + ¢, (vn — w)|

IN

ay ||lzn — wl| + 0, | T2 — wl| + ¢, [[on — w]|

(21) (1 =0,) [lzn = wlf + 0, [| Tz — w]| + Mc,.

IN

Again by (16), if z = w and y = z,,, we get
(22) [Ty — wl| < ey —wl|.
From (19-22), we obtain

< (1_bn) ”xn_wH +bnh[(1 _b;a)Hxn_wH
+ Uh|z, —w|+ Md,]+ Mec,
= [1—(1=h)(1+ht)b,]|zn —w| + hMb,c, + Mc,

2041 — w

which, by the inequality
1—(1—=h*b, <1—(1—h)(1+hb)b, <1—(1—h)b,,
yields

|Zns1 — w| < [1 = (1= h)b,] ||z, — w| + hRMb,c, + Mc,.
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By Lemma 2.1, with an = 00, ¢, = o(b,) and lim ¢/, = 0, we get that
=1 n—oo

lim ||z, — w| = 0. Consequently z,, — w € F and this completes the proof.

Remark 2.3. For S =T, (17) reduces to

(23) 1Tz = Ty[| < hllz =yl +

-T
o = Tl

holds for all x,y € C.

Corollary 2.4. Let C' be a nonempty closed convex subset of a normed
space E. Let S, T : C'— C be two operators satisfying (CR). Let {x,}5°,
be defined through the iterative process (7). If F = F(S) N F(S) # ¢ and

o0
an = 00, then {x,}>2, converges strongly to a common fized point of S

n=1

and T.

Corollary 2.5. Let C be a nonempty closed convex subset of a normed space
E. Let T : C — C be an operator satisfying (23). Let {x,}5°, be defined

o0

by the iterative process (5). If F(T) # ¢, an = 00, ¢, = o(b,) and
n=1

lim ¢, =0, then {2,}°2, converges strongly to a fized point of T.

n—oo

Corollary 2.6. Let C' be a nonempty closed convex subset of a normed space
E. Let T : C — C be an operator satisfying (23). Let {x,}°, be defined

by the iterative process (6). If F(T) # ¢, an = 00 and ¢, = 0(by,), then
n=1
{z,}5°, converges strongly to a fized point of T.

Corollary 2.7. Let C' be a nonempty closed convex subset of a normed
space E. Let T : C — C be an operator satisfying (23). Let {x,}32, be

[e.9]

defined by the iterative process (2). If F(T) # ¢ and an = 00, then
n=1

{z,}0°, converges strongly to the unique fized point of T.
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Corollary 2.8. Let C' be a nonempty closed convexr subset of a normed
space E. Let T : C — C be an operator satisfying (23). Let {x,}>2, be

defined by the iterative process (1). If F(T) # ¢, Z b, = oo, then {x,}>2,
n=1
converges strongly to a fized point of T'.

Remark 2.9. 1. The Chatterjea’s and the Kannan’s contractive conditions
(11) and (10) are both included in the class of Zamfirescu operators and so
their convergence theorems for the Ishikawa iteration process are obtained
in Corollary 2.4.

2. Theorem 4 of Rhoades [16] in the context of Mann iteration on a
uniformly convexr Banach space has been extended in Corollary 2.5.

3. In Corollary 2.5, Theorem 8 of Rhoades [17] is generalized to the
setting of normed spaces.

4. Our result also generalizes Theorem 5 of Osilike [13] and Theorem 2
of Osilike [14].
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