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On X - Hadamard and B- derivationﬁ
A. P. Madrid, C. C. Pena

Abstract
Let F' be an infinite dimensional complex Banach space endowed
with a bounded shrinking basis X. We seek conditions to relate
X- Hadamard derivations and B-derivations supported on multiplier
operators of F' relative to X. It is seeing that in general the former
class is larger than the first and some facts on basis problems are

also considered.

2000 Mathematics Subject Classification: 47B39
Key words: Bounded shrinking, sequence and unconditional basis,
Associated sequence of coefficient functionals (or a.s.c.f.) of a basis,
Bounded and Hadamard derivations.

1 Introduction

Throughout this article by F' we will denote a complex infinite dimensional
Banach space endowed with a bounded shrinking basis X = {z,}>°,. Let
F®F* be the tensor product Banach space of F' and F*, i.e. the completion
of the usual algebraic tensor product with respect to the following cross
norm defined for u € FRF* as

n n
|ulln = inf{ZIijllllrc;fll tu=Y ®$§}-
j=1 Jj=1
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The space FRQF* is indeed a Banach algebra under the product so that
(z@2")(y®y") = (y,2")(z @)

if z,y € F,z*, y* € F*. Then FQF* is isometric isomorphic to the Banach
algebra N« (F') of nuclear operators on F' (cf. [5], Th. C.1.5, p. 256). This
fact allows the transference of the investigation of properties and structure
of bounded derivations to a more tractable frame which has essentially the
same profile. For previous researches on this matter in a purely algebraic
setting, in the frame of Hilbert spaces or on certain Banach algebras of
operators the reader can see [1], [2], [3].

The class of bounded derivations on F®F* denoted as D(F&F*) be-
comes a closed subspace of B(FRF*).

Example 1. If ad,(u) = u-v—v-u for u,v € FQF* then ad, € D(FRF™).
As usual, {ad,} cpap- is the set of inner derivations on FRF*.

Example 2. Let 0r : B(F) — B(FRF*),0p(T) 2 67 where 07 is the unique
linear bounded operator on FQF* so that

r(z@z")=T(x)@x" —z T (x")

for all basic tensor x @ x* € FRF*. By the universal property on ten-
sor products dp is well defined. Indeed, R(0p) C D(FRF*) and dp €
B(B(F), B(FRF*)).

Example 3. ad,g.+ = 0oz, where as usual x © z* € B(F') denotes the
finite rank operator (x © x*)(y) = (y,z*) - x, with x,y € F and x* € F*.

Proposition 1. (¢f. [6], [7]) Let F be a Banach space, {x,}2> | be a shrink-
ing basis of F' and let {x:}>2 | be its a.s.c.f.. The system of all basic tensor
products Tg.x 1s basis of ' ® F*, arranged into a single sequence as fol-
lows: If m € N let n € N so that (n — 1) < m < n?® and then let’s write

Tm = Toy(m) @ :E;Q(m), with

o(m) = (m_(n—1)27n) if (n—12)+1§m§ (n—l)Q—f—n’
(n,nQ_m+1) if (n—1)2+71§m§n2.
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Remark 1. In particular, 0 : N — N x N becomes a bijective function.
Since F*QF — (FRF*)* we will also write 2%, = Ty m) @ Tog(m), M € N.

Thus {z5,}22, becomes the a.sc.f. of {zm}5° .

Theorem 1. (¢f. [}]) Let F' be an infinite dimensional Banach space with
a shrinking basis {x}22,. Given § € D(FRF*) there are unique sequences
{hn}tnen and {g2}uven so that if u,v € N then

6<Za_1(u,v)) = (h'u - hv>za_1(u,v) + Z(gg * Ro—Y(uw) T gz : Za_l(u,n))-
n=1

Indeed, h = h[0] = ((6(22), 252) Jnen and n = n[d] = ()3

n,m=1

with

o—1(m 2 (0(2p2),252) if n#m
mo_ p (m,1) _ Bm _ n2)y “m
n ml (n?) { 0, if n=m.

In the sequel we will say that they are the h and g sequences of 9.

Example 4. Let {v,}22, € CN so that v = Zvn < zp 15 a well defined
n=1

element of FQF*. Then Riadg,) = {Vn2—nt1 — Vitosy, Mmlady] = V2 if
1<n<mandn = vpn_1)24m if n > m.

Definition 1. A derivation § € D(FRF*) is said to be an X -Hadamard

deriwation if its g- sequence is null.

We will denote the set of all those derivations as Da( FRF*). In [4] it is
proved that the former is a complementary Banach subspace of D(F QF ).

Definition 2. An operator § € D(FRF*) will be called a B-derivation if
there exists T' € B(F') so that § = dr according to the notation of Example
2. We will denote the class of such derivations as Dg(FRF*).

Remark 2. Any B-derivations is infinitely supported because dp = driridy
if T'€ F and A € C. More precisely, ker(dp = C-Idp)( see Lema 1 below ).
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In Th. 2 will prove that any X-Hadamard derivation is a B-derivation.
In Proposition 2 and Proposition 3 we will analize necessary and sufficient
conditions under which certain natural series of Hadamard derivations are
realized as B derivations. It’ll then be clear how h-sequences determine their
structures since the corresponding supports become multiplier operators
included by them.

2 X-Hadamard and B-derivations

Lemma 1. ker(ép) = C- Idp.

Proof. The inclusion O is evident. Let T € B(F) so that dr = 0 and let
A € oT. If X belongs to the compression spectrum of 7' let z* € F* — {0}
so that x*}R( = 0. For all x € F' we have

T—Xldp)
(2, T7(")) = (T(x),2") = (A, 27) = (z, \z"),
i.e. (t* — Mdp+)(z*) = 0. Moreover, since
(T(F)— )@z =2 (T (z") — A\z*) =0,
the projective norm is a cross-norm and x* # 0 then T" = AMdp. If A\ €

oap(T) we choose a sequence {y,}>°, of unit vectors of F' so that T'(y,) —
Ay, — 0. If y* € F* then

0= T [[(T(yn) = Ayn) @ ||
= lim [lyn @ (T*(y") = M)ll= = [IT°(y") = Ay|l.
Reasoning as above we conclude that T'= A dp.
Lemma 2. (i) Ifr,s € N then

{0,—1,-1,...} if r=s=1,
(1) hlg.0a:] = ¢ {0,0,...} if r#s,
e if r=s>1

(it) If r # s then 1[0g,00:] = € is the zero matrixz elsewhere and has a one
in the (s,r) entry. All derivations 0,00 withn € N are of Hadamard type.
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Proof. (i) If r,s,n € N we get

0T, © x:@n & x*m) = (mr © I:)(xn) ® T, — Ty @ (xr © x*)*<x:n)
(2) = [<xm x;>xr] ® Ty, — Tp @ [<mr7 ;ﬂn> : x:]
=0y (z, @) — 6" - (x, ® ).

Letting m = 1 in (2) then
5xr®:v* Ty ® xl Z h’n 1 ZP

= 5? (zr ® 77) — 57% (70 ® 1)
=00 - 22 — 0} * Zg—1(n,s)-

(3)

If r =s =1 by (3) is and the first assertion follows. If r = s > 1 by
(3) 18 0, 00: (T ® 27) = 0y - 2,2 and our thirth claim follows. Finally, if
r # s = n then (3) becomes

Oz, 0az (Ts ®@27) = 22 — 6] 222 o121
and clearly h,[0y, cq:] = 0. If s & {r,n} then
593T®x;‘ (an X Z’T) = —(51{ . Zafl(n,s)-
But 07 '(n,s) = n? if and only if s =1 and as r # s then h, [0, 0] = 0.
(ii) If r, s,n,m € N and n # m then

7721[%@@] = <5X (xr © 17:)(2%2)7 Z;L?>
= <5Xx7" © 2%) (T, ® 21), ), ® 71)
= (05 - (2, @ 27) — (25) ® (2, @ )" (27), T, @ 1)
=00 -0,

(4)

The conclusion is now clear.

Remark 3. Given an elementary tensor x @ z* € X@X* and m € N we

have

(Z 5%@33;;) (z@a") =

[z, 23) (20 @ 27) = (0, 27) (x ® 7))

/\MS
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m

and so lim Oznor: | (x @ a™) = 0. Since the basis X is assumed to be

m—0
n=1
bounded then p = ianHanHx;H is positive (cf. [7], Corollary 3.1, p.20).
n,pe
Consequently, if n,m,p € N and n # p then

x x
K . __T;.@>__B_)
o (chml\ |||

Ty .
=" > inf ||z sup ||z >0
o 2 il sup | > 0,

5zn®x;‘n

™

(5)
i.e. the series Op,cax 15 MOt convergent.

Remark 4. The set {0y,00: }o2, is linearly dependent. For, let {c,}7, be
a sequence of scalars so that ch “Oppoe: = 0. In particular, by (4) is

n=1
{en}2, € co. If r,s are two positive integers then

00
E Cp - 517n®17;“L

(xr © x:) = (¢ — Csxxr ©x;) =0,

n=1

i.e. ¢, = cs. Hence {c,}5°, becomes the constant zero sequence and the
assertion follows.

Theorem 2. Fvery X-Hadamard derivation is a B-derivation.
Proof. If § € D(F&F*) and x € F the series Z(x, x))-h,[0]-x, converges.

n=1

For, if p,q € N then

p+q p+q *
E
p+q
<ol D w,a) - |,
n=p

i.e. the sequence of corresponding partial sums is a Cauchy sequence.

So, it is defined a linear operator My @ v — Z(m,x;) - hyld] - @, that

n=1
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is bounded as a consequence of the Banach-Steinhauss theorem. Hence
hld] € M(f*,X), i.e. h[d] is a multiplier of F' relative to the basis X.

Analogously, if z* € F* the series Z(mm,az*> - hy|d] - 2, also converges
n=1

because if p,q € N we get

p+q p+q
1
m=p T

pt+q
—F & xma Ly,

p+q

< o] Z@m,x*) T |-
n=p

o0

It is immediate that M;;(2%) = Z(Ln, x*) - hy[0] -y, for all z* € F* and
n=1
h[d] is also realizes as a multiplier of F™* relative to the basis X*. Now, if

r ® x* 18 a fixed basic tensor in FQF™* we can write

Sr@a) = Y@ 2) Xl (Tm, 27) (hn[0] — hin[0]) (20 @ s )

and definitely 0 = das, ;-

Proposition 2. Let {¢}°2, € C" so that § = Z G Oponx 15 a well defined
n=1
Hadamard derivation.

(1) h[d] € ¢, {C}o2y € co and Gy, = hpp[0] — lim hy,[0] if m € N.
(i1) 6 = g where S € B(F) is defined for x € F as

= Z hp[0] - (x, 2} - 2, — x - lim hy,[0].
n=1

Proof.

(i) If m € N it is readily seeing that §(z,, ® z7) = (G — (1) - Zme2. Thus
hi[6] = 0 and hy,[0] = (n — ¢ if m > 1. By (4) we have that {(},2, € ¢
and we get (ii).
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(ii) Let S,, = Z(hk (0] — lim x, ® ), n € N. By the uniform bounded-

k=1
ness principle and (ii) the sequence {S,, },en is bounded in B(F'). Whence,

since S, (x) — S(x) if x € F then S € B(F). Indeed, if n,m € N we get
ds(x, @ x)))=
= ((hn[0] = Tim o0 hi[0])n) © 7, — 2 © ((hn[0] — limgo P [0])27,)
= (8] = hunl8]) - (0 @ 75,)
= 0(z, ® 7,),
ie. 0 = 55

Proposition 3. Let {h,}° -1 € M(F{x,}22 ) N M(F* {x}22,) Ne such
that hy = 0. On writing hy = lim,,_.. h,, the series Yoo (A — o) - Oz, 000
converges to a Hadamard derivation 6 on QF* so that h[§] = {h,}°2,.

o0

Proof. If § =Y "(hy — ho) -, © x} then S € B(F) and
k=1

IS < [HAnYaZillaecr ganyze,) + ol

n

Let S, = Z(hk —ho) -z ®x6%,nN. Given x € F' the sequence {S,(z)}22,

k=1
converges because {h,, }>° ; is a multiplier of F' and ({z,,}22 ;) is an F'—complete

biorthogonal system. Therefore {||S,[/}22, becomes bounded. Now if we
fix an elementary tensor y ® y* € FQF* and n € N then

(6) 1085, = 65)(y ©y")lx = | (b = ho) - (y, ) - 0 © "

k>n

—y®z (hi — ho) - (zk, ") - @

k>n

> (i = ho) - (y. 7)) -

k>n

+lyll HZ(hk — ho) - {xk,y") - |-

k>n

[l
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Since {hptn=100 € M(F,{z,}5°,) N M(F* {x}>2,) and {z,}5°, is a
shrinking basis by (5) we see that lim,, .. (ds, — ds)(y ® y*) = 0. Indeed,
as '@ F* is dense in FxF* {S,}°, is bounded and ||d7| < 2||T| for all
T € B(F) then o5 =", (hn — ho) - 02,000 -

Problem 1 Giving T € B(F) then n[T] = {(T'(xyn), T},) }oome1- S0 it is
obvious that Dx(FRQF*). It would be desirable to decide if Dg(FRF*) is a
Banach space.

Remark 5. Is {0, 00 1oy a basis of Dx(FQF*)?- In general this is not
the case. For instance, let F' = [P(N) with 1 < p < oo and let X = {e,}72,,
where e, = {0nm}oo_; and 0, the current Kronecker symbol if n,m € N.
Then X s not only a shrinking basis, it is further an unconditional basis
of F. Consequently, if T(z) = > 0" (x,eb,) for v € F then T € B(F).
It is readily seeing that o7 is an X-Hadamard derivation. Since h[dr] =
{0,1,0,1,...} by Prop. 2 {0c,cex 152, can not be a basis of Dx(FQF*).

Problem 2 Is {0,,0q: 152, @ sequence basis?- Can be be constructed a
basis of Dx((FQF*)?-
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