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Extremal problems with polynomials
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Abstract

Using quadrature formulae of the Gauss-Lobatto and Gauss-Radau

type, we give some new results for extremal problems with polyno-

mials. Let H(@P) be the class of real polynomials p,_1 € I1,,_;, such
that

[P (wa)] < [P ()], i =Tom,
where by 757(1a’ﬁ ) we denote the nth Jacobi polynomial and the x; are

T(laﬁ)

the zeroes of P, . We give exact estimation of certain weighted

L?-norms of the kth derivative of polynomials with there are in the

class H(@P8),

2000 Mathematics Subject Classification: 26D15, 65D30 , 656D32 ,
41A55.

1 Introduction

Let [],, be the space of polynomials of degree not greater than n. By

Rga”g)(x), where n is a non-negative whole number and «o,3 > —1, we
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denote the n-th Jacobi polynomial. It is know that Jacobi polynomials
with the same parameters a and [ are orthogonal on [—1, 1] with respect
to the weight function p(x) = (1 —2)%(1+x)”. We shall need the following

properties of Jacobi polynomials ([9]):

(1) peday= [ "T
n
@) pen—y =y [ ",
n
d a,B) _ 1 (a+1,8+1)
(3) AP} (@) =5 (ot B+1) - PRI (@),

Let ﬁéa’ﬁ ) (x) be the Jacobi polynomial of degree n, normalized to have

the leading coefficient equal 1. Then

Fn+a+p+1) . plas)

4 P (z) = 2mn) :
From the relations (3) and (4) we obtain
) PN} @) = BEP @),
dz

Lemma 1. The following formulae hold:

<]5(a+1,ﬁ+1))(k+1> _ 2" k2 — DI (n+a+ B8+ k+3)T(n+a+1)

nl 2n+a+B+0)n—k—1DI(k+a+3)

and

<]5<a+w+1>> (k1) 1) = () 2" 2(n—1)I0(n+a+B+k+3)['(n+3+1)
w T(2n+a+6+1)T(n—k—1)(k+(+3)
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The following problem was raised by Turan:
Problem. Let p(x) > 0 for —1 < x < 1 and consider the class H"#’ of
all polynomials of degree n such that |p,(z)| < p(z) for =1 < x < 1. How
large can Ig[lfll},{l} ’pfzk) (x)} be if p, is an arbitrary polynomial in HTW?

He pointed out two cases: ¢(z) = v/1 — 22 and p(z) = 1 — 22,

Let as denote by

G (x) = Wﬂﬂ) (2 + V)W, () — (20 + LW, (x)]

W(x) = 7(27(12@!1!)”7355"%)(@.

Let Zm‘p be the class of polynomials p,_; € [],_; such that

1Dn—1(2:)| < |Gnei(24)] s

where the x; are the zeroes of W, (x).

In paper [5], the author obtains the following results:

Theorem 1./5] If p,—1 € Z)":¥, then we have

n?y ’

Y 1—2 2 2rn 2(n? + v +nu)(n+ 1) — 307
/1 V15 @l de < 3(2n + 1) ’

1 2 3_
/(1—x)\/1—x2 @;_l(x)}deSM R(20° +nv+20°)n+ 80 +4nr =717
o 15(2n+1)

with equality for p,_1 = Gn_1.
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Theorem 2./5] If p,—1 € Z%“’ and 0 < |b| < a, then we have

[ @b -0 a o )] d
 2n(n+ k+ DI(2ak + 2a — b)
~ (n—k—=D!2n+1)(2k + 1)(2k + 3)’

V2

k=1,...,n—2 with lit o1 = W (x).
+o = 2 with equality for p—y = 5 1 o (7)
Let H@ be the class of real polynomials p,_1 € [[,,_,, such that

[pn—1(zs)| < }572614{1,,@1)(%) L i=1,n,

where the z; are the zeros of P

In this paper we want to give exact estimation of certain weighted L?2-
norms of the kth derivative of polynomials with there are in the class H@P).

To obtain our results, we need the following result of Duffin and Schaeffer

[1].

Lemma 2. (Duffin and Schaeffer) If q(z) = ¢ - H(x — x;) s a polynomial

i=1
of degree n with n distinct real zeroes and if p € [],, is such that

|p/(‘ri)| < ‘q/(‘rl” , 1=1,n,
then fork=1,n—1,
}p(kJrl)(Jf)’ < ’q(kJrl)(]})}

whenever ¢ (x) = 0.

Using the result of Duffin and Schaeffer can be obtained the following

result:
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Lemma 3. Ifp,_| € H@B) | then for k=0,n—1 we have

(6) o1 (Y5 ,

~ (k+1)
k+1), (k at+1,8+1 k
p( 1)(9(‘ ))’ < ’( Ts,fl )) (y]( ))

whenever
< (a+1ﬁ+1> N=0forj=T,n—k—1 and
<

(7) pgkﬁl)(l)’ ' <P(a+1 ﬁ+1)) (k+1) (1)

’

(8)

n—1

~ (k+1)
pgkil)(_l)’ < ’(P(a+1,ﬁ+1)) (_1)"

2 Main results
Let
) [ o@rr@)n =3 Af(e) +CF )+ RIf

be a quadrature formula of the Gauss-Radau type, where p is a nonnegative

weight function and ¢ = a or ¢ = b. The nodes a; € (a,b), i = 1,n, will be
determined from the condition that the quadrature formula (9) has maximal
degree of exactness.

The maximal degree of exactness, r = 2n, of quadrature formula (9)
is obtained if and only if the nodes a;, i = 1,n are the zeroes of an
orthogonal polynomial of degree m with respect to the weight function
w(x) = p(x) |z —¢|, x € (a,b).

Let

(10) / o) ( dx—ZAfaz+Cf(p1> DF () + Ef (pa) + RIS
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be a quadrature formula of the Gauss-Lobatto type, where p is a nonnegative
weight function and p; = a, po = b or p; = b, ps = a.

The maximal degree of exactness, r = 2n + 2, of quadrature formula
(10) is obtained if and only if the nodes a;, ¢ = 1,n, are the zeroes of

an orthogonal polynomial of degree n with respect to the weight function
w(z) = p(z)(z — p1)? |z — pal, 2 € (a,b).

Lemma 4. For any givenn and k, 0 < k <n—1, let yi(k), i=1,n—Fk—1
be the zeroes of PT(LCSZEJII’&LHI). Then the quadrature formulae

1 n—k—1

(11) /_ (=2 = (1) e = G+ Y Avd (57) 4RI

where
Ay, > 0,
(12) ¢, = 22ktotit L(k+a+1)I(n+ g+ 1)I(n—E)(a+k+2)

'n+a+1DI'(n+a+5+k+2)

(13)/1 (1= 2)* (L + )P f(a)de = Cif(1) + Dif'(1) + B f(=1)

n—k—2

+ Z Ayif (yi(kﬂ)) +RIf],

=1



Ezxtremal problems with polynomials 9

where
Ay > 0,
(14) 6, — 2%+wm+?]Xk+a+lﬂxn+ﬁ+lﬂxn—k—1ﬂxa+k+3)
! (a+k+3)T(n+B+k+a+3)T (n+a+1)
{(n=k-1)(n+k+a+5+2)(a+k+3)+(k+a+1)(a+k+3)
+ (k+a+1l)(n+a+pB+k+3)(n—k—2)},
(15)D, — _2%+ww+§Xn—k—1ﬂTk+&+3ﬂXk+&+2ﬂXn+ﬂ+1)
! T(n+a+1)T(n+f+k+a+3) ’
(16) B, — 22k+a+ﬁ+2r(n—k—1)F(ﬁ+k+3)r(k+ﬁ+2)r(n+@+1)
! T(n+ B+ 1) (n+a+B+k+3) ’

have degree of exactness 2n — 2k — 2.

Proof. If in the quadrature formula of the Gauss-Radau type (9) we con-
sider a = —1, b =1, p(z) = (1 — )1 + )P+ n - n -k -1,
¢ = 1, then the quadrature formula (11) has the maximal degree of exact-
ness r = 2n — 2k — 2.

In order to compute the coefficient C';, we need the following formulae:

/1 (1 —2)*(1+ x)’\Péf‘ﬁ)(x)dx =

-1
(17) @4WT“HNA+DHm+a+DHﬁ—A+m)A<5
Fm+1DI(B—-NT(m+a+ M+ 2) ’ ’
and
1
(1 —2)*1 4 2)° PP (z)dr =
-1
(18) PO+ DP(m + -+ DE(a—A+m) |
Fm+1)MNa—=NT(m+8+MA+2) ’
If in the quadrature formula (11) we consider f(x) = Pncizlil’ﬁj%“)(x),

then by using the relation (18) we obtain (12).
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If in the quadrature formula of Gauss-Lobatto type (10), we consider
a=-1,b=1p)= Q-1 +2)*P N n—-n—-k-2 p =1,
pe = —1, then the quadrature formula (11) has the maximal degree of
exactness r = 2n — 2k — 2.

If in the quadrature formula (13) we consider f(z)=(1-—)? Péazkf PR ),
f(z) = (l—x)(l—l—x)PﬁZﬁ;Q’mkH) (x), respective f(x):(l—l—:lr)PT(l_k_f’MH) (x),

then by using the formulae (17) and (18) we obtain the coefficients (16),
(15), respective (14).

Theorem 3. If p,_1 € H@P then

1 2
(19) / (1 B x)kJra(l +x>k+ﬁ+1 [p(kJrl)(x)] dr < 22n+a+ﬁ72(n_1>!2

n—1
1
I(n+B+DI (nt+a+ D)l (n+a+B+k+3) 1 N 1
I2(2n+a+p4+1)I(n—k—1) k+a+2 k+05+2

(n—k—=1)(nt+k+a+p+2) (n+a+ﬁ+k+3)(n—k—2)}
(k+a+2)(k+a+1) (k+a+3)(k+a+2)

holds for all k = 0,n — 2, with equality for p,_1 = p(o”rl B+1)

Proof. According to Lemma 3 and positivity of the coefficients in the
quadrature formulae of Gauss type, we have

[ ey ap o [0 )]

1
n—k—1

e [pffﬁl } + Z Ay, [pffﬁl (y(k>r
n—k—1

3 (k“) ? . (k+1) 2
< |:<P7Ei1rlﬁ+l)> (1):| + Z Al,i |:< ngJlrl,ﬁJrl)) (yz(k)ﬂ

i=1
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= /_1 (1 — 2)M*(1 4 z)HFtH l(P(aH ﬁ+1)(x)) (k+1)] 2 .

1

el [(Pn“tlwl))(kﬂ ]+2D1< 1ﬁH)M() (P(QMH))(M(I)

n—k—2
|:<P(a+1 ﬂ+1)> (kH ] {( a+1 ﬁ+1)> (k+1) <yi(k+1)>} ?

M

n K3

~ (k+1) -
Since (P(Cﬁl’ﬁ’Ll)) (y(k“)) =0,7 = 1,n—k—2 and by using

Lemma 1 we obtain the inequality (19).
1

If in Theorem 3 we choose o = 3 = —3 and £ = 0, we obtain the
following result:
1
Corollary 1. If |py—1(z;)| £ ———, i = 1,...,n, where x; are the

on=1,/1— 22’

1

11
zeroes 0f777E 2 2), then

1 5
14+ 2 n>—n
< -
/_1 Vi—z o @] < 5 7

Lemma 5. For any givenn and k, 0 < k <n—1, letyi(k),i: ILn—k—1

be the zeroes 0f73 a+k+1 PR Then the quadrature formulae

n—k—1

@0) [ (a1 e =Cof () + Y Anif (o) +RU7)

1

where

AQJ' > O,

(21) Cy = 22k+a+ﬂ+2r(k +08+1)(n+a+1)I(n—-k(B+k+2)
2 Fn+ B+ n+a+f+k+2) ’

(22)/_ (L—2) (1 + 2)" f(a)dz = Cof (—1)+Daf'(=1)+Eaf(1)

1
n—k—2

3 it () + RIf)
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where
Ay; > 0,
(23) G, — otatirz. Ck+p+ D) (n+a+1)I'(n—k—1)T(6+k+3)
(B+k+3)T(n+a+k+p+3)I'(n+8+1)
{(n—k=1)(n+k+B+a+2)(B+k+3)+(k+8+1)(B+k+3)
+ (k+B8+1)(n+a+B+k+3)(n—k—2)},

(24) Dy — 22k+a+ﬁ+3f(n—k—1)F(k+ﬂ+3)F(k+ﬂ+2)F(n+a+1)
L(n+8+1)I(n+a+k+5+3) ’

(25) By — 22k+a+ﬁ+2f(n—k—1)F(a+k+3)F(k+a+2)F(n+ﬂ+1)
I'(n+a+1)(n+a+F+k+3) ’

have degree of exactness 2n — 2k — 2.

Proof. If in the quadrature formula of the Gauss-Radau type (9) we con-
sider a = =1, b = 1, plx) = (1 — o)A+ )8 n - n—k—1,
¢ = —1, then the quadrature formula (20) has the maximal degree of exact-
ness r = 2n — 2k — 2.

If in the quadrature formula (20) we consider f(x) = Pnﬁ;lil’ﬁj%ﬂ)(x),
then by using the relation (17) we obtain (21).

If in the quadrature formula of Gauss-Lobatto type (10), we consider
a=-1,b=1,p(x)=1—2)"* A4+ n -n—k—-2,p =—1,p =
1, then the quadrature formula (22) has the maximal degree of exactness
r=2n—2k—2.

If in the quadrature formula (22) we consider f(z)= (1—1—35)2737(£k,£r2’m]‘C +2) (x),
f(x)z(l—m)(l—l-:ﬁ)?éﬁf’wﬂ) (x), respective f(z) = (1—90)73,(1%4,;]32’““2) (x),
then by using the formulae (17) and (18) we obtain the coefficients (25),
(24), respective (23).
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Theorem 4. Ifp, 1 € H@P  then

1 2
(26) / (1 — z)fFrorl(1 4 o)k +P [p(k+1)(x)] do < 22 Fetf=2(p )12

n—1
1

I'(nt+a+D)I'(n+f+ DI (n+a+5+k+3) { 1 N 1
I2(2n+a+p4+1)I'(n—k—1) k+0B+2 k+a+2
(n—k—1)(n+k+a+5+2) (n+a+ﬁ+k+3)(n—k—2)}

(k+B+2)(k+5+1) (k+0+3)(k+5+2)

holds for all k = 0,n — 2, with equality for pp,_, = 757(101175“),

Proof. The proof follows in a similar way with the proof of Theorem 3.
1
If in Theorem 4 we choose o = 3 = —3 and k£ = 0, we obtain the

following result:

1
Corollary 2. If |p,_1(%;)| < ———, i = 1,...,n, where x; are the

om=1,/1 — 22’

11
zeroes oqug 2 2), then

1 5
[1—x ., 2 n’>—n
< ——— 7.
/_1 1+x[p”_1(x)] =T5.023 "
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