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About Fejér 's sum

Eugen Constantinescu

Abstract

In this paper we will show an improvement of Fejér inequality,

n

sink¢ _ 16m(1 — P, (cos ¢))
> 2 (n+ 1)siné

or
k=1
" sink¢ (1 — cosng)
> > s :
k 2°"°(n+1)sin¢

, where
k=1

Py(x) = ﬁ (%)n (x? — 1) is Legendre polynomial
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1 Main results

Using the quadrature formulas of Bouzitat, we present an improvement of

Fejér inequality:
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k

>0, V¢ € (0,7), n € N,

k=1
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For (a, 3) € (=1, 400) x (—1, +00) we define the functional [(*#) : ITT —
R. It is known that

1

1@9(f) = / f@)(1 = 2)°(1+ 2)’de, f €11,

1
where II,, is the set of all polynomials of degree less or equal to n. The

following result is well-known.

Theorem 1. Let P € 11, with degree [P] = n and P > 0 on [—1,1]. If
m = [%], d= [n%—l] then

Lim+1)(B+1)q

1@B(P) > 204541 B(a + 1,4 1) (a+ 2)m(a+ 3+ 2)g

We note with Py the Legendre polynomial, and with Uy the Cebyshev

second species polynomial. We have

1 d\"
P — Il 2 1 n
@) = g () @ =0
sin((k + 1) arccos x)
Ui(z) = .
+(2) (k+1)V1— a2
It is well-known (see [9]) that |P,(z)| <1,z € (—1,1) and |P,(£)| = 1.

Theorem 2. For all z € (—1,1) and n € N the inequality

- 1 1-P,
> Ui(w) > om "“2(”’) holds.
— n+2 1—=x

Proof. For xz € (—1,1). A. Lupas [6] established the identity

1
i sin(karccosr) V1 -z / 1—P.(y) dy
k 2 1—y JVor—y

k=1
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For y(t,z) := x—51t+x51’ we have

1

Y _ V2 dt 1= Pua(y(t,2))
;U’“(I) h 2(1+x)/1H”(t’x) 1—t Halt,2) = 1—y(t,x)

We observe that the H,(-, z) is a polynomial of effective degree n, and,

additionally H,(-,z) > 0 on [—1,1]. But H,(1,z) = %"erl(x) We have
- 1— P, 1(x
S Uie) 2 oy - L Ltl0)
= 11—z

where denoting m = [n/2], d = [(n + 1)/2] = n — m we have
C2"Bml(m 4+ DI(d+ 1)d! 8xl(m+ 1)I(d+ 1)

s T em + 2)1(2d + 2)! _T(erg)F(dJrg)'

From the convexity of logT": (0,00) — (0,00) we have the next evalua-

1
1 <F($+§)< 1
[ 1~ T(x+1) — z
$+§

8T 81 167
< pp < y M = ;
n+2

T e )

So > Up(x) > nliWQ . _1P”;12(I) and thus, the assertion is proved.

tions

which implies:

Corollary 1. For all ¢ € [0, 7] the following inequality is true:

" sin k¢ - 16m(1 — Py(cos ¢))

(1) i (n+1)sin¢
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For proving our main result we will need the following lemmas:

Lemma 1. (T. Koorwinder [1]). Let gxn (zbﬁ) be the coefficients of the

following development:

a - «, ﬁ a,b
Rﬁl ’ﬁ)(gj‘) = ng,n(a’ b)Rl(c )(3;')

k=0

Ifa<ba+p>a+b’sif—a<b—a, thengnyk(‘;’f) >0,0<k<n.

Lemma 2. Ifa > a > —%, and
+1)
T(@) — (O‘—" 1 — Rlaa)

then T\ (z) > T\ (z) for all z € [~1,1].

Proof. Taking into account the hypergeometric form of the Jacobi poly-

nomials, through identification of 2™ coefficients we deduce:

(mﬁ)_(w+UMn+&+ﬂ+1%
Jnin a,b)  (a+1)(n+a+b+1),

(2)

On the other hand, for x = 1 and taking into account that R,(f’b)(l) =1 we
= o8\ __ : _ 1 —
deduce that kz::(]gkvn(a,b) = 1. We consider a = b > -5 and a = (3. For

a>a> —% and x € [—1,1] we have

L= R = > g (77) (1 RO )
k=0

a,
> n,n ’ - R(a,a)
> g0 () (1= RE)
and T\ (z) > T\”(z), Vo € [~1,1]. So, if we choose @ = 0 and a €
[—1/2,0] for x € [—1, 1] we have

L Py 3 et Dl 1),

_ Rlaa)
_(n+2a+1%m(1 Ry (x))
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and

1

L= Pe) > (1 - Th(a))

Corollary 2. For all ¢ € [0, 7] the next inequality is true

" sin k¢ (1 — cosng)
>
ko =2 %(n+1)sing

k=1
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