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Voronovskaja’s theorem and the exact
degree of approximation for the derivatives
of complex Riesz-Zygmund means
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Abstract
In this paper we obtain a quantitative Voronovskaja result and
the exact orders in approximation by the derivatives of complex

Riesz-Zygmund means in compact disks.
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1 Introduction

Of great importance in approximation theory, Fejér’s theorem states that
if f: R — C is a continuous function with period 27, then the sequence
(E(g)(z))y, of arithmetic mean of the sequence of partial sums of the Fourier

series of g given by

0@ =5 [ " 9Kz — t)dt,x € R,

—T
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, 2
where the kernel K,(u) is given by K, (u) = + (S;if?u%?) , COnVerges uni-

formly to g on [—m, 7| (see Fejér [2]).

o0
Their complex form attached to an analytic function f(z) = Z cr2¥ in

k=0
a disk Dg = {2z € C, |z| < R} and given by

R = e [ et = 5o [ ey (B,

n—1

E Ck Z,
n

k=0

(for the last formula see e.g. Gal [4, Theorem 3.1]) also have nice approxi-

mation properties, satisfying the estimate (see Gaier [3, Theorem 1])

1 Fn(f) = fllr < Mo (f; l) < Mzl . CTTEf),for all n € N,

nﬁr n

where M > 0,0 <r < R, || fll» = sup{|f(2)]; |2| <r} and w; (f; %)ﬁr is the
classical modulus of continuity of f in D,.

In fact, from the saturation result in Bruj-Schmieder [1, p. 161-162], it
follows that if f is not a constant then the approximation order by F,(f) is
exactly %

The Fejér means, both trigonometric and complex cases were generalized

by Riesz and Zygmund, their complex form being defined for any s € N by
TL—l k S
= 1— (= b N.
2) kzock[ (n)]z,né

For s = 1 one recapture the Fejér means and for s = 2 one get the means

introduced by Riesz.
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From the saturation result in Bruj-Schmieder [1, p. 161-162] it follows
that if f is not a constant then the approximation order by R, s( f) is exactly

1

In this note we prove that the approximation order by the derivatives
of R, s(f) also is exactly ni Useful in the proof will be the Voronovskaja’s
formula for R,, s(f)(z) with a quantitative estimate. It is worth noting that
our method is different from that in Bruj-Schmieder [1]. Also, in addition

we obtain a Voronovskaja result with a quantitative upper estimate and the

exact orders in simultaneous approximation by derivatives.

2 Main Results

First we prove an upper estimate in approximation by the derivatives of

Rn,s(f)'

Theorem 1 Let R > 1, D = {z € C;|z| < R} and let us suppose that
f:Dr — C is analytic in Dg. Also, denote Cy, s(f) = Z || krt < oo.
k=0

If1<r<ri <R ands,p €N then we have

Tlp!Crl,s(f)

(rl — r)erlns’

IR®L(f) — P, < neN.

Proof. An estimate of the form

Crs(f)

nS

HRn,S(ﬁ_er < ,n €N,

essentially follows from Bruj-Schmieder [1]. Below we reprove this estimate

in a different and simple way, with an explicit constant C,.(f). Thus,
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o0

denoting e (z) = 2* and writing f(z Z crex(z) valid for all |z| < R, for
k=0
all |z| < r we obtain

| R s(F)(2) = f(2)] <

e8] n—1
D leul Rus(en)(2) = en()] = D lewl - | Rus(en)(2) — ex(2)1+
k=0 k=0
=
_ - kS k
ijm Rus(er)(2) = en(2)] < 7L;jwm7~+§jmw
Here we used that ey (z) = chzj, with ¢, = 1 and ¢; = 0 for all j # k.
=0

S
Taking into account that for £ > n we have 1 < —, from the previous
n

inequality we get

n—1 ) )
1 1 1
Rn s o < kS k kS kE_ kS k
B £)E) = a1 € 5 S lelbr 53 alhert = 205 ek

o0
for all |z| < r, therefore we can take C, s(f) = Z || kSrt < oo
Now, denoting by v the circle of radius r; > r and center 0, since for
any |z| < r and v € 7, we have |v — z| > r; — r, by the Cauchy’s formulas

it follows that for all |z] < r and n € N, we have

/Rn,s(f)(v) - f(v)dv' <

RANE) - 106) =

27 (v — z)ptt
Crslf) Pt _ 2111
ns 21 (ry — )Pt

which proves the theorem.
Useful in the proof of the exact degree of approximation will be the
Voronovskaja’s formula for R, ;(f)(z). For this purpose, first we need the

following simple lemma.
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Lemma 1 Let k,s € N. If we denote k* = Zaﬂs -1 (k=G —-1)),

then the coefficients o s can be chosen independent of k and to satisfy oy s =

ags =1 forall s > 1 and ojs41 = a1+ jas, 7 =2,...,8, 8 > 2.

Proof. We have

s+1

B =3 agak(k =1k = (= 1)) = kY k(b =1k = (1 =1)) =

Zajs j+] k(k_l) ( j_l Zajs - k_j)‘f‘

s+1

Zjaj,sk(k— )k — (G = 1)) Zaj k(= 1) (k= (5 — D))+

Zja]s k—1)..(k— (j—l))—@ss+2aj1S(k—1)...(k—(j—1))+

j=2
Z]C(]S k—1)..(k—=(—1)+ s,

which implies

s+1

Z Qsrrk(k=1). (k= (j=1)) = a1+ Y ajepk(k—1)...(k—(j— 1)+

Jj=2

Qatopt = Ogs+ Yoy ok(k —1)..(k— (j — 1))+
j=2

> ek —=1)..(k = (j = 1)) + o,

j=2
and proves the lemma.

Now, the Voronovskaja’s theorem for R, s(f)(z) one states as follows.
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Theorem 2 Let R > 1, D = {z € C;|z| < R} and let us suppose that

f :Dgr — C is analytic in Dg, that is we can write f(z) = chzk, for all

k=0
z € Dg. For any r € [1, R) we have
1 i Ar,s(f)
—f—i—EZozj,Sejf(J) < s ,neN
=1 .
where A, s(f) = Z|ck|k‘s“7“k < 00, ej(2) = 27 and ;4 are defined by
k=1
Lemma 1.
Proof. Denoting
Ejn,s(2) = Ry s(ex)(2) — ex(z ZO‘J s — 1)k = (5 — 1)),
we obtain
Rn,s(f)(z ns ZOé]SZ]f] Z|Ckz| |Ek:ns | -
k=0
n—1 00
ekl - 1 Brns () + D lex] - |Epn,s(2)] =
k=1
2_lexl 1+—Zajs k1) = (- 1>>| el =
k=n

e,

00 1 s .
0 + Z |Ck| . |—1 + E ZO&jﬁk’(k’ — 1)(]{3 — (j — 1))
k=n j=1

where for the first sum we used Lemma 1.
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Taking into account that by Lemma 1 we have Zajvsn(n —1)...(n —
j=1
(j — 1)) =n? for all |z| < r it follows

<

B (D) = 1)+ 25 Y s 1)

S e w) . ( S L 1)"‘(12_ - 1))) -
(;k; > g

1 &  —  I—
= ekt < =3 ¥ lalk Tt < g Y ek,
n k=n n? k=n ne k=1

which proves the theorem.

By using Theorems 1 and 2 we are in position to obtain the exact degree

of approximation by the derivatives of R, s(f)(z).

Theorem 3 Let Dr = {2z € C;|z| < R} be with R > 1 and let us suppose

that f : Dp — C is analytic in Dg, i.e. f(z) = chzk, for all z € Dg.
k=0

Also, let 1 <r <r; < R and p,s € N be fized. If f is not a polynomial of

degree < p — 1 then we have

1
IR = fP ~ =,

)

where the constants in the equivalence depend on f, r, r1, s and p.

Proof. Denoting by I' the circle of radius r > and center 0 (where 7, >
r > 1), by the Cauchy’s formulas it follows that for all |z| < r and n € N

we have

RO (f)(z) — fP(z) =

= - v,
21

B[ ) 0,

(v — z)ptl
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where the inequality |v — z| > r; — r is valid for all |z| <r and v € T.
Taking into account Theorem 1, it remains to prove the lower estimate

for |REL(f) = f®]|,. For this purpose, for all v € I' and n € N we have

R £)(0) = £(0) = {— > il f )+

SRS

[nerl (Rn,s(f)(v) _ f(v) —+ % ZO&j,s’Ujf(j)(’U)>] } ;

which replaced in the above Cauchy’s formula implies

_ Zs: &stjf(j)(v)
(p) Wy L) P im1
RO(f)(z) - f9(z) = = 2 /F v

n 271

Passing now to || - ||, it follows

s (p)
1 ,
IR = £PNl > — [Z Oéj,sejf(”] -
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nt (Rn,s(f)(v) -
p!

v) + = Z&stjf(j)(v))
j=1

L d
—||=— v
n |27 Jp (v — z)ptt ’
where by using Theorem 2 we obtain
S CRUCEVERES yOIlt)
p! j=1
— dv|| <
27 Jr (v — z)ptt a =
p! 2mrinttt A s(f)plr
a_ 7 N Rn S A S S 77'
PE -+ ZO@ ejf (ry — r)ptl
T1
s (»)
But by hypothesis on f we have [Z &j,sejf(j)] > 0.
Indeed, supposing the contrary it follows that
> 2 fO(2) = Qpa (),
j=1
p—1
for all z € D,, where Q, ( ZA 2 necessarily is a polynomial of
7j=1

degree < p — 1.
Z Bpz*, replacing

in the differential equation and taking into account agaln Lemma 1, by

Seeking now the analytic solution in the form f(z

identification of the coefficients [, we easily obtain £, = 0, for all & > p,
that is f(z) necessarily is a polynomial of degree < p — 1, in contradiction

with the hypothesis.
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Therefore, there exists an index ny depending only on f, s, p, r and 7y,

such that for all n > ng we have

s (p)
[Z Oéj,sejf(j)] _
j=1

T

dv|| >

o n ! (Rus(F)() = F(0) + 5 X5 009 fO ()

1
n || 27 (v — z)ptt

s (»)
[Z Oéjvsejf(J)] 7
j=1

T

N —

which immediately implies

[\DlH

IRLA(f) = P,

(p)
|

for all n > ny.

For n € {1,....,ny — 1} we obviously have |RYA(f) — f®)]|, > Mrezall)

n

with M, pn(f) = n-||REA(f) — f®|, > 0, which finally implies || R?)(f) —

f@, > CTTP(” for all n, where

Cr,s,p(f) = min Mr,s,p,l(f)a RS Mr,s,p,no 1

()
[

r

l\:)ln—

This completes the proof.
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