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Quantitative estimates for positive linear
operators in weighted spaces

Adrian Holhos

Abstract

We give some quantitative estimates for positive linear operators
in weighted spaces by introducing a new modulus of continuity and

then apply these results to the Bernstein-Chlodowsky polynomials.
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1 Introduction

Let R, = [0,00) and let ¢ : R, — R, be an unbounded strictly increasing

continuous function such there exist M > 0 and « € (0, 1] with the property
(1) |z —y| < M|p(x) — ¢(y)|*, for every x,y > 0.

Let p(x) = 14 ¢*(x) be a weight function and let B,(Ry) be the space
defined by

N @)
BR) = { £ R — R f], =sup T80 < oo |
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We define also the spaces

Co(Ry) ={f € B,(R;), fis continuous },

_f
CHRy) = {f € C'p(]RJr),xl_l)rfw% = K; < 400 },
U,Ry)={feC,Ry:), f/pis uniformly continuous } .

We have the inclusions C%(Ry) C U,(Ry) € Cy(Ry) C B,(Ry).
We consider (A,),>1 a sequence of positive linear operators acting from

C,(Ry) to B,(Ry). In [1] is given the following

Theorem 1 If A, : C,(Ry) — B,(R}) is a sequence of linear operators
such that

(2) lim [|A,¢" = ¢'f|, =0, i=0,1,2,
then for any function f € C’;f(R+) we have
T [[4,f ~ £, =0
Remark 1 The conditions (2) can be replaced with:
lim [|A,p7% = p2|| =0, i=0,1,2
and the theorem remains valid. (see [2])

Remark 2 Tuaking f*(z) = ¢?*(x) cos mx, we notice that f* € U,(R,). But
it was proved in [1] that there is a sequence A, of positive linear operators
such that limy, oo [[An f* — f*||, > 1. So, the space C%(Ry.), from Theorem
1 cannot be replaced by U,(R).
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In [2] it was introduced a weighted modulus of continuity to estimate the rate

of approximation in these spaces: for every § > 0 and for every f € C,(R})

L |f(2) = f)l

where p was defined as a continuously differentiable function on R, with

p(0) =1 and inf,>q p'(x) > 1. For this modulus, it was proved
Theorem 2 Let A, be a sequence of positive linear operators such that

HAnpO - pOHP = Qp,
1 Anp = pll, = B,
[Anp® = 27

p2 - ’7717

where o, B, and 7, tend to zero as n goes to the infinity. Then

14nf = Fllpp <162, (£, /an + 25, +7) + 11, @
forall f € C’Z,“(RQ and n large enough.

We want to improve this result and give an application.

2 A new weighted modulus of continuity

For each f € C,(R;) and for every § > 0 we introduce

we(f,6) = sup M

ey>0  p(x) +p(y)
lo(z)—p(y)|<6
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Remark 3 Because of the symmetry we have

B [f(x) = Fw)l
well:0) = swp T o)
lo(y)—p(x)|<d

We observe that w,(f,0) = 0 and w,(f,-) is a nonnegative, increasing func-

tion for all f € C,(Ry). Moreover, wy,(f,-) is bounded, which follows from
the inequality | f(y) — f(z)| < [If[l, (p(y) + p(2)).

Remark 4 If p(x) = z, then w, is equivalent with ) defined by

B e+ h) - 7(@)
UL = o A1)

i the sense that
wlp(fa(s) S Q(faé) S 3 -w¢(f,5),

the first inequality being true for § < % and the second for all 6 > 0.
Indeed, w,(f,8) < Q(f,0) is equivalent with the inequality

1+ +R*+ 2R <1422 +1+22+2zh+h* V>0

or z%(1 — h?) +2xh +1 >0,V x > 0, which is true if 2h* —1 < 0.
The inequality Q(f,0) < 3 - wy(f,0) is equivalent with

T+a® +1+ 2> +20h+h* <31+ 2>+ h* +2?h?), Vo >0
or % + 2h* + 22%h* + (zh — 1)? > 0, which is true for all h,z € R.

Lemma 1 (lsi\r_‘r(l)ww(f, 0) =0, for every f € U,(Ry).
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Proof. Let y > 2 > 0 such that 0 < ¢(y) — ¢(z) <. Then

|F(@) = FWl ' f(z) f(y)'. ple) @I le(@) = ply)
p(x)  py)| plx)+ply)  ply)  plx)+ply)

p(x) + p(y)
/ [p(z) — o(y)]-[e() + ¢(y)]
Sw(ﬂ' O A0, 2+ () + ¥*(y)
<50 (Lew - w(y)|a>+l|f||p'w
Mt

f
(L), 5,

where w(f,0) is the usual modulus of continuity. We obtain

M+1 )
colf) < 0w (L) sl g

The right-hand side tend to zero when ¢§ tend to zero, because f/p is uni-

formly continuous, so the lemma is proved.

Lemma 2 For every 6 > 0 and X\ > 0 we have
wyu(f,A0) < (24 X) - wy(f,9).

Proof. We prove that w,(f, md) < (m+1)-w,(f,d), for every nonnegative
integer m. The property for A € R, can be easily obtained by using the
inequalities [A] < A < [A] + 1, where [A] denotes the greatest integer less or
equal to A.

For m = 0 and m = 1 the inequality is obvious. Form > 2, let y > 2 >0
such that ¢(y) — ¢(x) < md. We construct, inductively, the sequence of

points x = zg < 11 < - -+ < &, = y such that for each k € {1,...,m},

o(rp) — (1) = c= ————= <4
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For simplifying the computations we set ay = @(x;) > 0. We have

m m m
2 2 2 2
E ap, +aj_, — 2 E App_1 = E (ar — ax—1)° = mc”,
k=1 k=1 k=1
and
m m
2 4 4 a2 1 3 3 _agn_a?)_ (a2 + +a?)
ap + agag—1 + aj_; = . a, —a,_, = . = m(a,, + amao + ag).

1 k=1

We deduce

i

m m m
2 2 2 2 2 2
3 E ap +a;_; =2 E ap + arag_1 + ap_; + E ap — 2apap—1 + aj_4
k=1 k=1 k=1
2

2m(aZ, + anmao + aj) + me

IN

Sm(ail + ag) + (am, — a0)2
< 3(m+ 1)(@72,1 + ag).

Using this, we have

1f(y) = f@)] _ ~= ) = fla)] 24 9% (an) + ¢ (21)
o) T o) S 2 plan) T ol o)+ P(@)

24 al+ai_,
< ) _
_Wgo(fa )Z 2+a%n+a(2)
< (m+ Dwe(f,0).
The supremum being the least upper bound, we obtain
Wy (f,mo) < (m+ Dwy(f,6).

Lemma 3 For every f € C,(Ry), for d >0 and for all z,y > 0

1700 = 501 < (o) + ot (24 PN 1),
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Proof. From the definition of the modulus we deduce

[f(y) = f(@)] < [p(y) + p(a)] - wo(f, le(y) — @ (@)])-

If |o(y) — ¢(z)| < § then by the monotony of the modulus we have

wo(fs o) = w(@)]) < wu(f,0).

If |¢(y) — ¢(x)| > 6 then by the previous lemma

wolFlo(y) — pl@)]) = w, (f,kﬁgﬁggfﬂfll.a)

< <2+ |@(y)g@($)|) wo(f,8).

Theorem 3 Let A, : C,(Ry) — B,(R;) be a sequence of positive linear
operators with

46" — 0 = an,

[A4np =@l 3 = b,

[4n® = ?||, = cns

[Anp® = &°|| 5 = dn,

where a,, by, c, and d, tend to zero as n goes to the infinity. Then
1Anf = £l g < (7 + dan +26) - wol £,82) + 1], a

for all f € C,(Ry), where

6 = 24/ (an + 2b, + 0) (1 + an) + ap + 3by + 3¢, + dy.

Proof. By the previous lemma and by the fact that

[o(x) + p(W)]]e(y) — ()] < [20(z) + 0% (y) — @*(@)]] lo(y) — (2)]
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we obtain
A f(x) = f(2)] < [f(@)] - [Ang’(x) — @°(2)| + An(|f(y) — ()], 2)
3) = £l anp(x) + wo(f,0n) - | 240p(x) + 2p(x) Ay’ ()

L 20@)Au(e(y) = e@)], 2) + Au(le(y) + e@)e(y) = (@), 2)
571

Applying Cauchy-Schwarz inequality we have

Aullo(y) — @) 7) < (An(lp) — (@))% 2))7 - (Ani"(2))?
and using
A ([o(y) — ¢(2)]?, 2)

= A () — () — 20(2)[Anip(z) — @(2)] + ©*(2)[Ane’(z) — ©° ()]
< p(x)en + 202 (2)p(2)by + ang?(x),

we obtain

=

Au(le(y) = (@), 2) < p%(2) - V/(@n + 2bs + ca) (1 + an).

Because

we obtain

Anle) + e @)]lp(y) — (@)’ 2) < p? (@) - (dy+200+by+an+2by+cy).
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Choosing &, = 2+/(a, + 2b, + ¢,)(1 + a,) + an + 3b, + 3¢, + dy,

4, (2) — F(@)] < [20(2) 20,4 ¢048) + p3(2)] wol£,8.)+ £, aupl).
So,
[40f = g < (7+da, +26) -, (£.0,) + 1], .

Remark 5 In the conditions of the Theorem 3, using Lemma 1 we have
nh—{go |Anf — pr% =0,
for all f € U* (Ry).
p2

Corollary 1 Let A, : C,(R}y) — B,(Ry) be a sequence of positive linear

operators with
[4ne® = &%) 0 = an,
[Anp =l 3 = bns
[4ne® = ?||, = cns
HAnSOS - (‘DSHp% = dn:
where ay,b,, c, and d, tend to zero as n goes to the infinity. Let n, be a

sequence of real numbers such that

lim 7, =00 and lim p%(nn)én =0,

n—oo n—oo

where 0,, = 2\/(% + 2b, + ¢,)(1 + a,) +an+3b, + 3¢, +d,. Then for every
fel,(Ry)
A _
oy [Af @) =S @)

0<z<nn p(x)

< (7+4ay +2¢0) - w, (.02 ()5 ) + 7], an:

Proof. Replacing 8, from (3) with p2(1,,)d, we obtain the result.
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3 Application

We want to apply the result obtained in the Corollary 1 for the weight
p(z) =1+ 2 and the Bernstein-Chlodowsky operators defined by

=320 () (D) () (-52)

for 0 < x <b, and B, f(x) = f(x), for x > b,, where b, is a sequence of

positive numbers such that

lim b, = oo and lim — = 0.

n—~oo n—oo M,

The condition (1) over ¢(x) = z is verified for « = 1 and M = 1.

Theorem 4 If B, : C,(Ry) — B,(Ry) is the sequence of Bernstein-
Chlodowsky operators, then for all f € C,(R})

(4) 1Baf — fl, < (7+%> w, <f,¢m<w/2_?+3%+26_§2>>.

Proof. We have
Bpeo(r) =1,

Bpei(r) = x,

Bpes(z) = 2° + Lbnn_ x)’
z(b, — 2)[(3n — 2)x + b,]

n2

Bpes(r) = 2° +



Quantitative estimates for positive linear operators

We obtain
n = |1 Baco — coll» =0,
by = || Bner — €1||p% =0,
x(b, — x b2 b,
= lBner = enl, = e ngl +w2; "o <\/1:75%+ 1) D
dy, = || Bnes — eg||p% < swp (b, — ) (3n —2)z + b,

—_— Sup
0<e<h, (1 +22) o<u<s,

bTL n
g_@+£)
2n n

Setting 7, = b, in the Corollary 1, and considering

nyv 1+ x2

20y, by, b?
2v/(ay + 2b, + o) (1 + a,) + @y + 3b, + 3¢, +d, < )/

we obtain the estimation from the theorem.

Remark 6 In order to obtain

Jim [|B,f ], = 0.

in the relation (4) from Theorem 4, we must have f € U,(Ry) and

3

n

lim 2 = 0.

n—oo M
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