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On a general class of Beta approximating
operators

Vasile Mihegan

Abstract

By using the generalized beta distribution (GB) we obtain a gen-
eral class of beta operators, which include both the beta operators of
the first and second kind (see [5], [6], [9], [10]). We obtain a several

positive linear operators, as a special cases of this beta operator.

2000 Mathematical Subject Classification: 41A36

1 Introduction

We continue our earlier investigations [3], [4], [5], [6], [7], [8], [9], [10], [11],

[12] concerning to use Euler’s function for constructing linear positive op-

erators.

We first review the definition of the generalized beta distributions of the

first and second kind (GB1 and GB2, respectively) and several important

115



On a general class of Beta approximating operators 116

special cases. We then define the generalized beta (GB) family (which
includes both GB1 and GB2) and give expressions for the defined moments.
The Euler beta distribution of the first kind is defined for p,q > 0 by

the following formula

(1) B(t;p,q) = P11 — )77t for t € (0,1)

B(p,q)
and zero otherwise, where B(p, ¢) is the beta function.

The generalized beta distribution of the first kind is defined by the prob-
ability density function (pdf) (see [2])

e[y (1 — (y/d)*)*""
2 GB1(y;e,d,p,q) = for 0 < y° < d°
@ ( ) d?B(p, q)

and zero otherwise, where the parameters d, p, ¢ are positive and e € R.

The defined kth-order moments of GB1 random variables are given by
2]

) Bom(y#) = =g e

This four-parameter pdf is very flexible and includes the modified beta

for p+ k/e > 0.

distribution of the first kind for e =1 (see [2])

(4) MB1(y;d,p,q) = GB1(y;e = 1,d,p,q)
y'H(d—y)!
p— d.
P Bpg Y

The distribution M B1(y;d,p,q) with p,q > 0 and 0 < d < 1 is said to
be the Beta-Stacy (BS) distribution (see [13]).

The standard beta distribution of the first kind (1) corresponds to (4)
with d = 1.
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The Euler beta distribution of the second kind is defined for p,q > 0 by

the following formula

5 B 1 il 0
. — . >
( ) (/U/,p, Q> B(p, q) (1 +u)p+q7 u

and zero otherwise.
The generalized beta distribution of the second kind is defined by the
pdf (see [2])
o

B2(v;e,d = f
(6) G (U;€7 7p7q) depB(p,Q)(1+ (fl)/d)e)erq’ orv >0

and zero otherwise.
The defined kth-order moments of the GB2 are given by 2]
d"B(p+k/e,q— k/e)
- B(p,q)
Letting e = 1 in (6) gives the modified beta distribution of the second

kind (MB2)

(7) Egpa(v®) for —p<k/e<q.

(8) MB2(v;d,p,q) = GB2(v,e = 1,d,p,q)
diyP~!
" Be.g@ropre U7
The standard beta distribution of the second kind (5) is obtained by (8)
for d = 1.

Since neither the GB1 or GB2 (MB1 or MB2) includes the other as a

special case they have often been considered separately, with any compar-
isons being rather informal. Each of these distributions can be shown to
be special cases of a more general distribution, the generalized beta (GB)
distribution defined by the pdf [2]

‘ _ Jely 1 = (= o) (y/d))
(9) GB(y;e,c,d,p,q) = drB(p, )(1 + c(y/d))rta )
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e

, and zero otherwise with 0 < ¢ <1, and d, p, ¢ positive

for 0 < y° < 1
and e € R.
The moments of (9) can be shown to be [2]

_d"B(p+k/e,q) p+klek/e .

(10) EGB(yk) = 2 I ;
B(p,q) p+q+kje

where oF) denotes the hypergeometric series which converges for all k if
c<1,orfor ke <qifc=1 (see [14]).
Substituting k£ = 0 into (10) verifies that (9) integrates to one.

Comparing (9) with (2) and (7), respectively, we can easily verify that
GBl(y;e.d,p,q) = GB(y;e,d,c = 0,p,q)

and

GB2(y;e,d,p,q) = GB(y;e,d,c=1,p,q)

i.e., the GB includes the GB1 and GB2 corresponding to ¢ =0 and ¢ = 1.
A modified beta distribution (MB) can be defined in terms of the pdf

(11) MB(y;c,d,p,q) = GB(y;e =1,¢,d,p, q)

_ A= (1= o(y/d) !
d?B(p, q)(1 + c(y/d))pta

and zero otherwise.

The modified beta family (MB) includes the MB1 and MB2 distributions

for 0 <y <d/(1—c¢)

as members corresponding to ¢ = 0 and ¢ = 1, respectively.

The GB distribution nests both GB1 and GB2; hence, the MB1 and
MB2 are also special cases of the modified beta distribution (MB) as well
as of the generalized beta distribution (GB).
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If d =1 in (11) the corresponding pdf is

yPH 1 — (1 —c)y)a?
12 Bly: — MB(y:c,d=1,p,q) =
( ) (ya ¢ D, Q> (y,c, ) P, Q) B(p, q)(l +Cy)p+q ’

0 <y <1/(1-c), and will be referred to the standard form of the beta

distribution. The standard beta distribution of the first kind (1) corresponds
o (12) with ¢ = 0 and the standard beta distributions of the second kind
(5) is obtained by (12) for ¢ = 1.

2 The general beta transform

Consider the Euler’s beta integral

1
(13) Bm@:/wwrwqw,nww
0

The objective of this section is to consider some extensions of this for-
mula equivalent with (11), and to indicate their applications to construct

positive linear operators. The bilinear transformation

_ay+p N
(14) t_cy+d’ ad— [c#0

reduce the Euler’s beta integral (13) to the form

= lay+ B (e —a)y +d—B)!
2 (cy + d)p+q

(15) B(p,q)z/ (ad — Be)dy.

For a = 1, # = 0 we obtain the following formula

(16) B(p,q) = /0 Y (?dl(iy;pfzwq_ dy

which is equivalent with (11).
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Let us denote by M]0, c0) the linear space functions defined on [0, co),
bounded and Lebesgue measurable in each interval [¢,d], 0 < ¢ < d < 0.

By using (16), or equivalent the modified beta distribution (MB), defined
by (11), we can define the following general transform

@he)p_ @ ey ld — (1 - c)y)r! (y“(d —(1- C)y)b)
BriI =3 (p. q) /0 (d + cy)ra d (d+ cy)oth 4

or, equivalent
(17)

w1 T 71— (1 —c)z)s? (z“(l—(l—c)z)b>
Bri 1 ‘B<p,q>/o Tt I\ T Tregr ) ®

where f € M0, 00) such that BS%>|f| < oo.

Theorem 1 The moment of order k of the transform Bj(f(}b’c) has the fol-

lowing value

B(p + ka, q + kb)
18 B(avbvc)e — Y ]
1 pa Tt B(p,q)
Proof. We have
(a,b,c) 1 /110 Zp*l(l - (1- c)z)‘kl Zka(l —(1— C)Z)kbd
e, — )
P ; B(p,q) Jo (1 + cz)pta (14 Cz)k(a—l—b)

1 / ka1 — (1 —¢)z)™=1  B(p+ ka,q+ kb)
0

~ B(p.g) (1 + cz)prarhlett) T Bl
O
a,b,c . B ) b .
We impose B](M}b’ Ve, = e, that is z = (p;—(a q)—l— ) and we obtain
b, q

B(p+2a,q+2b)B(p,q) — B*(p+a,q + b) 2

B(a,b,c) t— 2; _
((t=2)% ) B (p+a,q+0)

p,q
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3 Special cases

1. The beta first kind operators
For ¢ = 0 we obtain by (17) the (a,b)-beta first kind transform of a
function f (see [5], [9])

1
B(p,q)

where f € M0, 00) such that BY%”|f| < co.

W) B =g [ e o
0

If we put in (19) b = 0 we obtain the generalized beta first kind transform

of a function f

1
B(p,q)

1
(20) B f = / 71— )T f (1) dt.
0

Clearly Bj(fg is a positive linear functional.
If we choose in (20) @ = 1 we obtain the beta first kind transform B, ,

of a function f € C[0, 1] defined by

1 ! p—1 _ 1\q—1
q) /0 P11 1) F(f)dt,

21) Baf = 500

Corollary 1 The moment of order k of the functional B, 4 has the following

value

B er — plp+1)...(p+k=1) _ (ph

(p+q)...(p+ag+k—1) P+

Consequently we obtain

1
(22) B, 1 = L, B, .e pip+1)

p+q T ) ptgr1)

Proof. The result follows from Theorem 1 for a =1, b = 0. 0
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g

:x,orngx,q:a(l—x),

We impose B, ,e; = ey, that is s
xz € (0,1), a, 3 > 0 and we obtain the following linear positive operators

@) BN = —5 / PR - ) R0 ()t
B(ax,a(l—x)) 0

which for = an, n € N has been introduced by A. Lupag [1].

Corollary 2 One has

B@h ((+ — )2 1) = @ 1 —
((t=)%0) = a1 - )
. . BB
Proof. It is obtained from (22) for p = —x, ¢ = —(1 — ). O
a a

For the special cases of the operator (23) see [4], [8].
If we put a = —1 in (20) we obtain

1
(24) Bmf:BhQﬁ:Béq%Atp%l—wqﬁ(%)ﬁ,

where f € M0, 00) such that B, | f| < oo.

Corollary 3 The moment of order k (1 < k < p) of the functional B,

has the following value

B e :(p+q—1)...(p+q—k)
Pk p—1...(p—k)

Consequently we obtain

1<k <p.

pt+qg—1
p—1 "~

B (p+g—1Dp+q-2)

s S V]

p> 2.
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Proof. The result follows from Theorem 1 for a =1, b = 0. 0
—1
We impose B, ,e; = ey, that is pra—1 _ rorp=1+ é,
p—1 «
q = é(z —1),z>1 a8 >0, 8> «a and we obtain the following linear
o

positive operators

(26) (B“?f)(x) =
B (1 + g

Corollary 4 One has

BB f((t — x)%x) = z(l—2), a<p.

60—«

Proof. It is obtained from (25) for p = A +1,9g= é(m —1). O
« a

For special cases of the operator (26) see [5], [9].
1. The beta second kind transform

For ¢ = 1 we obtain by (17) the (a,b)-beta second kind transform of a
function f (see [6], [10])

@ 1 o upt ( u® )
en T ‘B<p,q>/o T aprd \Traes) ™

where f € M]0,00) such that ’Z;(,Z’b)|f| < 0.

If we consider in (27) a + b = 0 we obtain the second kind transform of

function f € MJ0, c0)

1 oo upfl
(@) f _ qa-a) f _ o
(28) Tp,q f 7;7(1 f B(p, q) /0' (1 + U)p+q f(u )du

such that T,% | f| < oo.

Clearly Tp(ffl) is a positive linear functional.
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If we put in (28) a = 1 we obtain the beta second kind transform

1 00 p—1
%) Toaf =Tyl = B(p,q) /0 (1 f: e ()

for f € MJ0, 00) such that T}, ,| f| < oo, considered by D.D. Stancu [15] (see
also [6]).
Remark. If a = —1 we obtain T\, f = T\4 f = Tpof (see [6]).

Corollary 5 The moment of order k (1 < k < q) of the functional T, , has

the following value

plp+1)...(p+k—1)

S I e B
Consequently we obtain
(30) Tpqe€1 = L, Tpq€2 = M, q>2.
q—1 (¢—1)(¢—2)
Proof. The result follows from Theorem 1 for a +b =0, a = 1. 0

&

:x,orngx,q:1+a,x>0,

We impose T}, ;e; = e, that is

g—1
a, f > 0 and we obtain the following linear positive operators
00 81
By T = — o [T
B(—x,1+—) o (I+u)Te
! !

Corollary 6 One has

T ((t — x)%z) = 5 f ax(l +z), [>a>0.

Proof. It is obtained from (30) for p = éx, qg=1+ é O
a o

For special cases of the operator (31) see [6], [10].
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