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On some constants in approximation by
Bernstein operators

Radu Paltanea

Abstract

We estimate the constants sup sup ABnlf2)=f@ 5
z€(0,1) f€C[0,1]\IT1 w2 (f, 7’”“;””))

ABnlb )@ yhere B,, is the Bernstein operator

inf sup )
x€(0,1) FEC0,1\I1; w2 (fv\/@)

of degree n and ws is the second order modulus of continuity.

2000 Mathematical Subject Classification: 41A36, 41A10, 41A25,
41A35

1 Introduction

Denote by B0, 1], the space of bounded real functions on the interval [0, 1],
with the sup-norm: ||-|| and by C|0, 1], the subspace of continuous functions.

The Bernstein operators B, : B[0,1] — R®! n € N are given by:

(1) B,(f,x) = me(x) - f (l> ,  feB[0,1], z€]0,1],

n

137
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where

@) pg(e) = (1)1

J

Consider the monomial functions e;(t) = ¢/, t € [0,1], j = 0,1,2....
The set of linear functions is denoted by II;.

In this paper we are interested in estimating the degree of approxima-
tion by Bernstein operators in terms of the second order modulus and the
argument @ The quantity 4/ @, n € N, x € [0,1] plays an im-
portant role in such estimates, since B, ((e; —xeg)?, x) = @ Recall that

the second order modulus of a function f € B[0,1] is defined for h > 0 by:

(3) wa(f, h) = sup{[f(z+p)=2f(x)+ f(x=p)|, 2£p €[0,1], 0 < p < h}.

More precisely we are concerning with the evaluation of the constants:

(4) Crslup _ sup sup ’Bn(fa 33') B f(l')‘7

z€(0,1) f€C[0,1]\I11 Wy f z(1—x)

(5) Cft —  inf sup :
z€(0,1) feC[o,1)\II; We (f x(lw))

In the definitions of these constants we can replace the space C[0, 1], by the

space B0, 1], since  sup 1Bn(fiz) - f@)| x)m;f_ (:))‘ = sup ABn(f2)—f@)| x;{ (:)” )

FECI0,1\IT; w2 (f, T) B feBI0,1\IT; w2 (f, —
In connection with these constants, mention the constant
B _
o 1B =11

L,
FECOINTL (g <f’ﬁ)

proved in [5] and also the constant studied in [1].
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2 The estimate of CJ"

In order to derive an upper inequality for C?"P we use a general result for
estimating the positive linear operators, [2], [6]. Here we give it only in a
particular form as follows:

Theorem A If L : C[0,1] — RI%Y is a linear positive operator, satisfying
the properties: L(e;) =ej, j = 0,1, then for any f € C[0,1], z € [0,1] and

0<h< %, we have:

0 L) - f@)] < (1 b oty Lo - xeo>2,x>) walF. 1)

Lemma 1 For any n € N we have
Bn ) -
. wp sy |Balfir) = f@)

z€(0,1) fe€C[0,1]\II; Wo (f /ac(l—a:))

Proof. We apply Theorem A to the operator L = B, and the argument

<

N W

b= z(l—x) '

n

Remark 1 In [3], see also [6], it is given, in the same conditions like in
Theorem A, the following estimate:

1+ﬁL (( p—b)Q,x>]-w2(f,h),

for f € B[0,1], 2 €[0,1],0<h <1 p>1b€l0,1) and it was shown that

€1 — T€y

L(f,2) — f(2)] < .

in certain cases it leads to better estimates then applying (7). However it is
not possible to derive from it a better estimate for Bernstein operators, using

wy | f, @ . From this estimate, for p = 2 and b = 0 and from the
3 6

relation B, ((e1—xeo)!,2) = (35 — %) (x(1—2))*+5-x(1—2z) we can obtain,
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n

immediately, only the inequality: |B,(f,xz) — f(x)| < % . (f, Vel ),
n > 2. This is the correct form of the misprinted formula | B, (f, z)— f(x)] <
1.y (f z(1= x)) , appearing in [6].

In order to obtain an inverse inequality we fix n € N and take a variable
number p € N, p > 2. Denote m = np. There is an unique number
0<z, < %, such that w = % We have z, < %

Consider the linear piecewise function f, € C|0, 1] with the knots: 0 <

T, < % < % < ... < 1, which take in the knots the following values:

fr(£) = ’“252"”', 0<k<m, fy(x,) = % -x,—1 and is linear on the intervals

0, z,], [xp, i] , [i 3] s [WT_l, 1]. Note that f, is linear on the whole

m m’m

interval [xp, —} More explicitly we have the representation:

(5-%)t  telsl
(9 HM=q 5-t-1, te o),
Aremt =GR e [LER] 2sk<m -,

Lemma 2 For alln,p € N, p > 2 we have

(10) Wa <fp7 M) =1.

Proof. The relation is equivalent to ws ( I %) = 1. Consider a number

0 <p< % and consider three points 0 < u < v < w < 1, such that

u=v—p,w=uv+p. Denote A2f,(u) = f,(w) —2f,(v) + f,(u). We ignore
the case when the three points u, v, w belong to a same interval ended by

2 5 < ... <1, because, then A2f,(u) = 0. It

the knots 0 < z, < = < =

remains the following seven cases:



On some constants in approrimation by Bernstein operators 141

Case 1: u,v € [0,2,), w € [z, 2] . We have:

R o L G e R
Hence Apr(“):%—;u—lﬁi”—1<1and A2f,(u) >0

Case 2: u € [0,z,), v,w € [z, 2] . We have:
A/%fp(u):(%_%p) (U_p)_Q<%‘U_1>+%'(U+p)_1:_%+l'
Hence A2 f,(u) <1 and A2 f,(u) >0
) w

Case 3: u € [0,2,), v € [z, € [2,2]. We have:

Aifp(u) = (m — i) (v—p)—2 <% cv— 1>+37m-(v+p)—3 — mw— 1.

2 = Lp
Hence A2f,(u) <m (u+2) -2 —1= <m— x—lp>u+1 < 1and A2f,(u) >

Tp
m-2—-1-1=0.

Case 4: u,v € [%72] w e [3 3}. We have:
3
Aifp(U)zg(v—p)—1—2<5 U—1)+§-m(v+p)—3:mw—2.

Hence A2f,(u) <1 and A2f,(u) >0
Case 5: There is an integer 1 < k < n — 2, such that u,v € [%, u],

m
w E [w w] We have:

2% — 1 k? +k 2k — 1 k> +k
2 _
) = H o= 2 (B e - B
2k +1 k2 +3k+2
(v p) = g

2
= mw-—k—1.

Hence A2f,(u) <1 and A2 f,(u) >0
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Case 6: There is an integer 1 < k < n — 2, such that u € [Z£, ],

P m
v,w e [EL E2TWe have:

2k —1 E+k 2k + 1 k? + 3k + 2
A? = : — ) — —9 oy — o2
pfp(u) 5 m(v — p) 5 ( 5 muv 5 )
2k +1 k? 4+ 3k + 2
-m(v+p)—72
= —mu+k+1.

Hence A2f,(u) <1 and A2f,(u) >0

Case 7: There is an integer 1 < k < n — 3, such that u € [% w],

P om
v e [w w},we [w w] We have:

2k — 1 k*+k 2k +1 k? + 3k + 2
2 f— . —_— —_— —_— . _——
Al fp(u) = 5 m(v — p) 5 2( 5 5 )
2k +3 k? +5k+6
+ -m(v+p)—f
= 2mp—1.

Hence A?f,(u) < 1. Also, since in this case p > 5, it follows A2 f,(u) > 0.

Since in all the cases we obtain 0 < A? f,(u) < 1, relation (10) is proved.

Lemma 3 For alln,p € N, p > 2 we have:

3 3 1

(11) By(fp, p) — fplap) = 5 — 5 - npxp + 5

5 5 (npxp)Q.

\)

Proof. Consider the function g,(t) = +(mt)*> — mt, t € [0,1]. Since f,
coincides with g, on the knots % = —p , 0 <k <n, wehave B,(f,) = Bu(gp)-
We obtain

Balfyy) — ) = ™ (x;+w) =gy 1
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The main result is the following:

Theorem 1 For any n € N we have

3
12 sup — 2
(12) =3

Proof. Fix n € N. From the definition of z, and from m = np we obtain

npr, = p(lixp)‘ Since x, < % < %, it follows plggo npx, = 0. Then, from

Lemma 2 and Lemma 3 we obtain

lim ‘Bn(fpvxp) - fp(xl’” _ §

—0 Tp(l—z 2
P Wa (fp7 p(ln p))

Since f, € C0,1] it follows

B,(f, ) — 3
ap B S
z€(0,1) feC0,1]\IT1 Wo (f7 x(lx))

n

By taking into account Lemma 1 the theorem is proved.

3 The estimate of O™

First we mention two auxiliary results:

Theorem B([3]) Let F' : B[0,1] — R be o functional with equidistant knots
of the form F(f) := zn: f(%) vg, [ € B[0,1], where v, € R, 0 < k < n.
For any wrrational nul;;ger xz € (0,1) and any h > 0 we have

|F'(f) — f(z)]
13) recomnm  w2(f: 1) =t
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For any function f : [0,1] — R and any points a < b < ¢ from [0, 1],

denote:

b—a.f(c)ch—b.

cC—a cC—a

(14) A(fia,b,c) = fla) — f(b).

Theorem C ([2]) For any f € B[0,1] and any points a < b < ¢ from the

interval [0, 1], if we denote h = 5% we have:

(15) ’A(fa a, b,C)’ SWQ(f, h)

The main result of this section is the following

Theorem 2 For any n € N, we have

(16) cmt >,
and
; 1
(17) limsupCT‘lnfgg——zl,l?)....
n—oo e

Proof. Relation (16) follows from Theorem B. For proving relation (17) we
consider n € N, n > 4 and define y, to be the unique point y, € (0, %),
1%
such that @ — % We obtain y, = 1-y/1-%

2
2 n(lJrﬂ

. Hence
)

%<yn<%and lim ny, = 1.

n—~oo

Let an arbitrary function f € C[0,1]. In order to estimate the fraction

—‘B"(f’y")*é(y")‘ it is sufficient to consider that f(0) = 0 = f (). Indeed,

wg(f,%

otherwise we can replace the function f by the function ¢(t) = f(t) +

n(f((]) _f(%))t - f(O), l € [071]7 since Bn(f) - f = Bn(g) - g and
wa(f,h) = wa(g, h), for any 0 < h < % Moreover we have g(0) =0 =g (%)



On some constants in approrimation by Bernstein operators 145

Also we can suppose that B, (f,y,) — f(y,) > 0, since otherwise we can
replace f by the function g = —f.
Let a € R be such that f (%) = awo (f, %)

The following relation can be proved easily by induction.

(18) f(ﬁgi)—f(g)g(k—y+@m<ﬁ%),1gkgn_L

Indeed, for k = 1 we take into account that f ( ) = 0 and the definition of

1
n

a. Then, if we suppose (18) true for 1 < k < n — 2, we have
f<k+2)_f(k+1> B f(k—i—l)_f(E)
n n n n
(f(k+2) 2f<k+1) f(k>)
n n n

S(k+@m<ﬁ%).

Then, for 2 < k < n we obtain

() =020 ()

It follows

Bulfiym) (kQ_k +(k—1)(a— 1)) Puk(Yn)

wa (f. ) =\ 2
n? n
- Bn (? : 62_5 c €1, yn) +(a_1)[Bn(n61_€07 yn)+pn,0(yn)]
2
NYn 1 ny,
=l L M 1) (g — 14 po(n).

2 2 2
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We consider now two cases.
Case 1: ¢ > 0. From the relation

A(fom2) =" p (2] + (1= ) 50) - sl

n

and from Theorem C we obtain f(y,) > ("= -a—1)w; (f,£). Conse-

quently we obtain

Bulfoyn) = 1 (4n) o (9n) 3 (2 =1+ prom) ) -

ws (f, ) 2 2 2
Since lim ny, = 1 it follows lim (1 —y,)" = 1. Hence lim "4* — 1 +

Pno(Yn) = —% + é < 0. Then there is ng € N, sufficiently greater such that
e —1+pno(yn) <0, for all n > ng. Since a > 0 and By, (f, yn) — f (yn) > 0,

we obtain, for n > ng:

B,(f,y,) — " a2 3 n
| (fwi/()f l;f(y I <ny2> # 2 (M 1)
2
— (ny2n) +g—g nyn_pn,o(yn)

Case 2: a < 0. From the relation

A(fimm2) ==t (5) + (=01 (2) = )

and from Theorem C we obtain: f(y,) > ((ny, — 1)a — L)ws (f, +). Conse-

quently we arrive to

B, (f:yn) = f (yn) < (nyn)®
wr (fi) T2
Since a < 0 and B, (f,yn) — f (yn) > 0 we obtain the same upper bound as

5 3
5 g Wt (@ = 1)pao(yn)-

in Case 1:

. 2
’Bn(fa yn) f (y">’ < (nyn) —+ § — § cNYn — pn,O(yn)‘

w2(f,%) -2 2 2
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Finally, since

, (ny,)> 5 3 31
lim ( + 2 2 nYn pn,O(yn) - 9 67

n—~oo

we obtain relation (17).
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