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Abstract

Using a identity for linear operators we present here the Taylor

formula in the umbral calculus.
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1 Introduction

We consider the algebra of all polynomials p(t) in one variable over a field

of characteristic zero, to be denoted Π.

We denote by Π∗ the linear space of linear operators on Π to Π. For

example D ∈ Π∗, Dp(t) = p′(t) (the derivative), Ea ∈ Π∗, (Eap)(t) =

p(t + a) (the shift operator), Ip(t) = p(t) (the identity).

We denote by Π∗
t the set of shift invariant operators

Π∗
t = {T | TEa = EaT, (∀)a}

and by Π∗
δ the set of delta operators

Π∗
δ = {Q ∈ Π∗

t | Qx is a nonzero constant} .
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Delta operators possess many of the properties of the derivative operator

D. For example if Q is a delta operator, then Qa = 0 for every constant

a. Next, if p(t) is a polynomial of degree n and Q ∈ Π∗
δ , then Qp(t) is a

polynomial of degree n− 1.

A polynomial sequence (pn(t)) (deg pn = n, n = 0, 1, 2, . . . ) is called the

sequence of basic polynomials for Q ∈ Π∗
δ if p0(t) = 1, pn(0) = 0 for n ≥ 1

and Qpn(t) = npn−1(t) for n ≥ 1.

It is known the following theorem

Theorem 1. i) Every delta operator has a unique sequence of basic polyno-

mials.

ii) If (pn(t)) is a basic sequence for some delta operator Q then it is a

sequence of polynomials of binomial type.

iii) If (pn(t)) is a sequence of polynomials of binomial type, then it is a

basic sequence for some delta operator.

The following theorem generalizes the Taylor expansion theorem to delta

operators and their basic polynomials.

Theorem 2. For T ∈ Π∗
t and Q ∈ Π∗

δ with basic set (pn), we have

(1) T =
∑
k≥0

(Tpk) (0)

k!
Qk.

We consider now a operator X/∈ Π∗
t , defined by Xp(t) = tp(t) and for

any operator T defined on Π, the operator

T ′ = TX −XT

will be called the Pincherle derivative of the operator T .

We observe that D′ = I, (Ea)′ = aEa, I ′ = O (the null operator).



On an expansion theorem in the finite operator ... 151

2 The Bernoulli identity

Let T , S be two linear operators such that

(2) TS − ST = I.

For example DX −XD = I. From (2) we obtain

TS2 = S2T + 2S

and by induction

(3) TSn = SnT + nSn−1, n ≥ 1.

Starting with the identity

(4)

n∑
k=0

(αk − αk+1) = α0 − αn+1

for

(5) α0 = 0, αk =
(−1)k

(k − 1)!
Sk−1T k, k ≥ 1

and using (3) we get

αk − αk+1 =
(−1)k

k!
TSkT k

and hence

(6) T

n∑
k=0

(−1)k

k!
SkT k =

(−1)n

n!
SnT n+1.

This is the Bernoulli identity obtained by O.V. Viskov (see [1], [3]).
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3 The main result

Let Q be a delta operator with the basic set (pn(t)). Hence p0(x) = 1,

pn(0) = 0 for n ≥ 1 and Qpn = npn−1 for n ≥ 1.

Definition 1. We define the Q-integral operator as a linear operator

IQ =
∫
Q dt by

(IQpn) (t) =

∫
Q pn(t)dt =

1

n + 1
pn+1(t),

for n ≥ 0. We denote

(7)

∫ x

α

Q (Qp)(t)dt = p(x)− p(α).

Definition 2. We define next the pseudo Q-integral operator

TQ ∈ Π∗, (TQpn)(t) = pn+1(t).

Remark 1.For Q = D we have pn(t) = tn, n = 0, 1, 2, . . . and TQ = TD =

X, (Xp)(t) = tp(t).

Theorem 3. We have the following Taylor expansion formula

n∑
k=0

(
(xI − TQ)kQkf

)
(x)

k!
=(8)

n∑
k=0

(
(xI − TQ)kQkf

)
(α)

k!
+

∫ x

α

Q
((xI − TQ)nQn+1f) (t)

n!
dt

with the rest term in the Cauchy form.

Proof. Let T, S be as below

T = Q, S = TQ − xI.
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We have (TS−ST )pn(t) = pn(t) and hence TS−ST = I. After submition

into (6) we get

Q

n∑
k=0

(−1)k

k!
(TQ − xI)kQkp(t) =

(−1)n

n!
(TQ − xI)nQn+1p(t), p(t) ∈ Π.

Apply

∫ x

α

Q dt to both sides where, of course, t is the variable, and using (7)

to obtain

(9)

n∑
k=0

(
(xI − TQ)kQkp

)
(x)

k!
=

n∑
k=0

(
(xI − TQ)kQkp

)
(α)

k!
+Rn+1(x)

where the rest term Rn+1 is in the Cauchy form

(10) Rn+1(x) =

∫ x

α

Q
((xI − TQ)nQn+1p) (t)

n!
dt.

Remark 2.For Q = D we observe that TD = X and hence

(TDp)(t) = tp(t).

Next ((xI − TD ) p) (x) = (xp(t)− tp(t))|t=x = 0 and of (9) we obtain

(11) p(x) =

n∑
k=0

(x− α)k

k!
p(k)(α) +Rn+1(x)

with Rn+1(x) =

∫ x

α

(x− t)n

n!
p(n+1)(t)dt.

Remark 3.We have DX − XD = I and for T = D and S = X in the

Bernoulli identity we obtain

D
n∑

k=0

(−1)k

k!
XkDk =

(−1)n

n!
XnDn+1

and finally a McLaurin expansion formula in the following form

(12) p(0) =
n∑

k=0

(−α)k

k!
p(k)(α) +

∫ α

0

(−t)n+1

n!
p(n+1)(t)dt.
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