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Several inequalities about the number of
positive divisors of a natural number m!
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Abstract

In this paper we intend to establish several properties of the num-
ber of positive divisors of a natural number m. Among these,we

remark the inequality 72(mn) > 7(m?)7(n?), for all m,n € N*.
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1 Introduction

For a positive integer m number, we will note 7(m) the number of positive

divisors of m. We remark that: 7(1) = 1 and if p is a prime number, then
T(p)=2,7(p") =a+1.

In papers [1]-[5], [7] we find the following properties of 7(m):
For m = p{'p3*..p¢" , m > 1 we have the relation:

(1) T(m) = (o1 + (s +1)...(, +1).
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If (m,n) =1, then
(2) 7(mn) = 7(m)7(n), for all m,n € N*.

For m > 2, we have the relation:

®) =3 ([ - [")

k=1

In [6], for m > 1, we have
(4) 7(m) < 2v/m.
In [8] it is shown that
(5) T(m)r(n) > 7(mn), for all m,n € N*.

In [9] are establish the following inequalities:

(6) T(m) < mi . for any m > 12,
[
(7) InT(m) < 1,066ﬂ, for any m > 3.
Inlnm

In this paper, we establish some new inequalities for the function 7.

2 Main results

We can remark several properties of these functions for two natural non-zero

numbers, m and n.

Theorem 2.1.
(8) a) T(mn) < 7(m)n, for allm,n € N*|
9) b) nlm, atunci r(m) < m, for all m,n € N*.

m n
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Proof. We will show that 7(m) < m, for all m € N*. From the inequality
(4), 7(m) < 2y/m, but m > 2y/m for m > 4, therefore 7(m) < m, m > 4.

For m € {1,2,3} it is easy to see that the inequality is true.

From the inequality (5), 7(m)7(n) > 7(mn), for all m,n € N*  but
7(n) <n,so7(mn) < 7(m)n, for all m,n € N*.

Because n|m, we have m = nd, and from the inequality (8) we obtain

7(nd) < 7(n)d, which is equivalent with n7(m) < ndr(n) = m7(n).

Corollary 2.1. We have

(10) a)T(mn> < r(m) + 7(n) , forallm,n € N*,
mn m+n
(11) b)T(mn) < mir(n) +nir(m) , forallm,n € N*.

m+n

Proof. We apply the inequality (8) and we deduce (m + n)r(mn) =
m7(mn)+n7t(mn) < mn7t(m)+mnt(n) = mn(t(m)+7(n)), which means
that the proof is complete.

Similarly, we prove the inequality (m+n)7(mn) = mr(mn)+n7t(mn) <

m?7(n) + n*7(m), consequently the inequality (11).

Theorem 2.2.
(12) 7((m,n))r([m,n]) = 7(m)r(n), for allm,n € N*,

where (m,n) is the greatest common divisor of m and n and [m,n] is the

least common multiple of m and n.

Proof. Let m and n be two natural non-zero numbers. We will factorize

the numbers m and n in prime factors, thus:
51,02 .6
m = plips?..pek P g% n = 1Dyt ittt q; # 1y, for all

k s
je{l,...,stand forall 1€ {1,...,t}, therefore 7(m) = [[(a; + 1) [T (8; +

i=1 j=1

1), 7(n) =II(v+1) ﬁ(51+1) , we obtain 7((m,n)) = E[l(min{a,- Yt +1)

=1 =1

E
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and 7([m,n]) = li[(max{ai Yt + 1) ﬁ (B +1) ﬁ(dl + 1), which means

that 7((m,n))r([m,n]) = 7(m)r(n), fJZ; allm,n ZGZIN*
Theorem 2.3.

(13) 2 (mn) > 7(m*)7(n?), forallm,n € N*.

k s k t
Proof. We consider m = [ pj" [] qu cn=[]p"1I r?l , which means that

=1 =1 171 =1
k s t s
mn =TT T1 ¢ TT 7", hence 7(m) = H(am) [1(5;+1) and 7(n) =
i=1 j=1 " =1 i=1 =1
k t k ¢
[1(vi+1) [T(6+1), therefore 7(mn) = [](a;+7+1) H(ﬂﬂ-l) [1(0+1),
=1 =1 1 I=1

- d

7(mn) . Because 7(m?) = H(Zal 1) [T(28; + 1) and 7(n?) = H(?% +

i=1 j=1 i=1

t
1) [1(26; + 1), we obtain the equality:
=1

k s k t
T(m*)7(n?) = [1(20; + 1) [1(26; + 1) [T (2% + 1) [T(20: + 1),
i=1 7j=1 i=1 =1
k s t
but 7%(mn) = H (i+7+1)2 TT1(B;4+1)? TT(6+1)2. Tt is easy to see the
i=1 7=1 :1
(0 Fom ) (2 )
lit = 1+ )
equality 72(mn) = 7(m 11;11 o, + D@2 1) 1;[ 2 11
¢ , 52
+ )
ll;ll ( 20, + 1)
- (i +7)? o A
S 1 > 1, forall ¢ = 1.k, 1 >
mce +(2&i+1)(2%+1) > 1, ftorall 2 , K +25j+1 >
1, forall j=1,s, 1+25l+1>1 for all [ =1,t, we obtain 7%(mn) >
7(m?)7(n?).

Theorem 2.4. Let m and n be two natural non-zero numbers, then 7(mn) <

ny/m+ my/n.



Several inequalities about ... 69

Proof. We apply the inequality (4) for m and n, we have nt(m) < 2ny/m
and m7(n) < 2m+/n. By adding the inequalities, we obtain

(14) n7(m) +m7(n) < 2nv/m + 2my/n,

but using the inequality (8), we have 7(mn) < 7(m)n and 7(mn) <

T(n)m, forallm,n € N* we deduce

(15) 27(mn) < 7(m)n+ 7(n)m,

so, from the inequalities (14) and (15), we obtain the inequality

7(mn) < nvm +my/n.
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