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Notes on radius problems of certain
univalent functions

Hiro Kobashi, Kazuo Kuroki, Shigeyoshi Owa

Abstract

For analytic functions f(z) normalized by f(0) = f/(0) =1 =0
in the open unit disk U, a class P (81, f2; A) of f(z) defined by some
conditions with some complex numbers (31 and (s is introduced. The

object of the present paper is to consider some radius problems of

éf(az) for f(z) € S.
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inequality.

1 Introduction

Let A be the class of functions f(z) of the form

(1.1) f(z) :z—l—Zanz"
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which are analytic in the open unit disk U = {2€C : |z| < 1}. Let S be the

subclass of A consisting of all univalent functions f(z) in U. For f(2)€A,

we say that f(z)eP(0y, B2; A) if f(z) satisfies @ #0 (2€U) and
12 a(5) +a(55) |50 e

for some complex numbers (3; and (5, and for some real A > 0. Obradovié¢
and Ponnusamy [2] have studied the subclass P2() of A consisting of f(z)
/) #0 (z€U) and

z

- | (ff))

for some real A > 0.

satisfying

Let us consider a function f(z) given by

(1.4) 6 =g 020
Then, we see that
(1.5) f(;) - (1 _lz)é #0  (z€0),
(1.6) '(f(z)) :’5(5—1)(1—z) <0(0—1)2°7 (6 =22)
and
(1.7)

'( z )/”‘:‘(5(5—1)((5—2)(1_2)53 <5<5_1)(5_2)2573 (623).
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Therefore, Koebe function f(z) = % belongs to the class P(1,0;2)

(1-2)
and P(0,1; ) for any A > 0.
If we consider the function f(z) defined by

then

w(7ia) +(5a)

< B k(k— 1)+ 8] Y k(k —1)(k —2)

n(n +1)(n — DE[A] +3(n —2)[Ba])
12

This means that f(z) € P(0y, f2; A) with

n(n +1)(n — D[4 +3(n —2)[Ba])
12

A:

2 Main results

To consider our problem for the class P(f1, 82; A), we need the following

lemma due to Goodman [1].

Lemma 1 If f(z) €S and

z

(2.1) =1+ bn2",
CRPS

then we have

(2.2) S - 1)fb* < 1.
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Further, we need the following lemma.

Lemma 2 Let f(z) € A and
f(2) satisfies

ﬁ _ 1 +§1bnz” £0 (z€U). If

(2.3) 2B |[ba] + > n(n = 1)(|81] + (n — 2)[Ba])[ba] < A,

n=3

for some complex numbers 31 and (o, then f(2)EP(01, B2; N).

Proof. We note that

X
w(5ta) +4(50)

Thus, if f(z) satisfies the inequality (2.3), then f(2)€P(5, Pa2; N).

< 2B[ba] + Y n(n = 1) (5] + (n—2)|5a])|bal.
n=3

Now, we derive

Theorem 1 Let f(z) € S and a € C (Ja|] < 1). Then the func-
1

tion — f(az) belongs to the class P(f1, b2; N) for 0 < |a] < |ag(N)|, where
a

lag| = ()| is the smallest root of the equation
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(2.5)
aPy2(aP+2) laP/6(Elalt + 1ajaf + 3) (11

NI

|3 (1= jap) + |5 =)

in0<|al <1.

=A

z ' |
f(z) (2€) for f(2) € S, if we write

z - "
) :1—1-;()“2,

=1+ f: ab,z"
n=1

~f(a2)

for 0 < |a] < 1.

1
To show that — f(az)€P(5, F2; A), we have to prove that
o

(2.7) |51|Z y11"0al + wz ,|a"b [ <A

which is equivalent to (2.3) by means of Lemma 2. Indeed, applying the
Cauchy-Schwarz inequality for the left hand of (2.7), we obtain that

(2.8) |ﬁ1‘§2< "a”b ‘—l— | Ba| Z o '|Oz”b ‘ \51\22@2(71—
faf)? ((n—1 >rbnr) 18l 3 (n20 = 1) = 22Jaf)  ((n = Db )’



Hiro Kobashi, Kazuo Kuroki, Shigeyoshi Owa

—_
e}

N

(Zon- 1)!@#)%

n=2

< 611 £ wn = 1)

n=2

1

(- 1>|bnr2)é

n=3

+[ 5] (2 n2(n—1)(n — 2)2|a|2n>

1

<1ol( 35 nz(n—1)|a|2”>%+|ﬂzl<§ n2<n—1><n—2>2|a|2n)§(1—|b2|2)%

n=2 n=3

al2y/2(laf? + 2) o /6(3[al* + 14]a[2 + 3) N
—1al2)? 2 _a2)? (1 — |2 ) ’
(1—1af?) (1—1af?)

Now, we consider the complex number « (O <l|a| < 1) such that

(2.9)

(NI

=\

af2y/2(laf2 + 2) [aP'y/6(3laf* + 14]af? + 3) 2
151 (1-1aP)

(R S CE L

This give that

Bllal) = =Mal® + (37 + 181/ 2(a +2)) Ja*
~|B1v/BElaf* + HJaP +3)(T — B |al*~ (37 + |31 V2([aP +2)) [af+X = 0.

Noting that h(0) = A > 0 and h(1) = —24/30(1 — |b2]?)|52| < 0, h(|a]) =0

has a root |ag| = |ap(N)| in 0 < |a| < 1. This completes the proof of the

theorem.

Remark 1 In the proof of Theorem 1, we calculate

o |o’/2(24 |of?)

(fj = Vjaf)’ = et
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as follows. Note that
—t2+ 267\
_ 42 n _
Zn n—l t(Znt) = <—(l—t)2)

L (=3 At 2%(t+2)
-o( ) -

Letting t = |a|?, we have

1

(Zn Dlaf)” = W(l i<|2a|+2 )@2) |

Further, we prove

as follows. Note that

0o 7 Ay g8 m
__ 43 43

n=

o\ |a|3\/6(3|a|4+14|a|2+3)
~2la)’ =

(1= lof?)’

_ ot 40P " (612418t ’_633t2+14t+3
N (1—-t)* N =r ) -0

Letting ¢ = |a|?, we have

R |a|3\/6(3|a|4+14|a|2+3)
- 2la) = .

<i i (1— |aP)’

1.
Remark 2 If we take a = 56’9 in (2.5), then we have

:iw 2\/6T

|Baf /1 — [b2]?.
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1
If we put A =|51] = |F2] =1 and |by| = B in (2.5), then we have

(1=lal)?lal*v2(ja? +2)+]al*/6(3|al* + 14]af? + 3)§—(1 —lal?)* = 0.

It is easy to see that the above equation has a root |ag| such that 0.3999 <
|| < 0.4002.
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