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Certain Sufficient Conditions For Univalence
Virgil Pescar, Daniel Breaz, Nicoleta Breaz

Abstract

We introduce the integral operator H., ., . .3 for analytic
functions f in the open unit disk U, sufficient conditions for uni-

valence of this integral operator are discussed.
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1 Introduction
Let A be the class of functions f of the form
f(z)=z+ Zanz"
n=2

which are analytic in the open unit disk i/ = {z € C : |z| < 1}. Let S denote

the subclass of A consisting of all univalent functions f in U.
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For f € A, the integral operator GG, is defined by

(1) Gul2) = /0 (%)édu

for some complex numbers a(a # 0).
In [2] Kim-Merkes prove that the integral operator G, is in the class S
for‘gllgz—llandfe&

Also, the integral operator M, for f € A is given by

o) s = {2 [t

Y
v be a complex number, v # 0.

Miller and Mocanu [4] have studied that the integral operator M, is in
the class S for f € §*,v > 0,8 is the subclass of S consisting of all starlike
functions f in U.

Pescar in [9] define a general integral operator

S e (2) =
(3) -
— { (i PRI i) /OZ ) (fn(u))vlndu} i —

T2 Tn
for f; € A and complex numbers ~;, (v; # 0),7 = 1,n, which is a general-
ization of integral operator M.
Forn =1, f; = f and v, = v, from (3) we obtain the integral operator
M,

We introduce the general integral operator

(AH s p(2) = {5ﬁ/02 401 (#)711 L (@)fn dU}

g
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for f; € A, 7; complex numbers, v; # 0, j = 1,n, §, B complex numbers,
d#0,5#0, ne N-{0}.

From (4), for g = %Z?Zl % we obtain the integral operator J., ~,.. .
defined by (3), forn =1, § =1, =1, 71 = a and f; = f we have the
integral operator G, given by (1).

Ifin (4) we taken =1, vy =7, = %, d =1 and f; = f we obtain the
integral operator M,,.

Forn = 1,71 = o,0 = 1 and f; = f from (4) we obtain the integral
operator T, 3 defined in [8] by

(5) Tup = [ﬁ /D u’ ! (#) : du] %

for f € A and «, 8 be complex numbers, o # 0, 3 # 0.
For 63 = 1 we have the integral operator given in [1] and for § = 1, v, =

Y2 = ... =y, = a we obtain the integral operator defined in [1].

2 Preliminary results

We need the following lemmas.

Lemma 1 [7]. Let o be a complex number, Re a > 0 and f € A. If

2f"(2)
f'(2)

for all z € U, then for any complex number 3, Re 3 > Re « the function

1— |Z|2Rea

<1
Re o

(6)

™) R = |5 [ 0 ]

18 in the class S.
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Lemma 2 (Schwarz [3]). Let f the function regular in the disk
Ur ={2€ C:|z| < R} with |f(2)| < M, M fized. If f(z) has in z =0 one

zero with multiply > m, then
M
(8) [f(2)l < prlel™, 2 € Ur

the equality (in the inequality (8) for z # 0) can hold only if

o M
619

fle) ==

z™,

where 0 1s constant.

3 Main results

Theorem 1 Let v;, o complex numbers, 7 = 1,n, a = Rea > 0 and
ijA, fj(Z):Z—l-szZQ—'—bngg—l—..., jzj, NEN—{O}
If

2a+1

(2a+1)72
2n

2fi(2)
fi(2)

for all z € U, then for any complex numbers 3 and §, Re 63 > a, the

(9)

h/j|7 ]Zla_na

_1’§

function

(10)  Ho.p. %,ﬁ,é(z):{m/ozuwl (%m)(fniu))du}

18 in the class S.

g
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Proof. We consider the function

(11) g(z)z/j(flfb“)y...(f"fL“))Wl"du

101

The function g is regular in ¢4. We define the function p(z) = )

z € U and we obtain

(12) p(2)

P[5 (G )] e

From (9) and (12) we have

(2a+ 1)

(13) p(e)] < =

for all z € U and applying Lemma 2 we get

2a+

(2a + 1) 2a
2

(14) p(2)] < 2|, zeU

From (12) and (14) we have

L= 2P |29"(2)| _ (1= |2)]2] (2a+ 1)
(15) < :
a J'(2) a 2
for all z e U.
Because
1 — |z]?@ 2
N ERE -
j2l<1 a 20+ 1)%"
from (15) we have
1— 2a "
a 9 (2)

for all z € U. So, by the Lemma 1, the integral operator

belongs to class S.

H

Y1yY25-05 Trs

8,6
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Corollary 1 Lety;, o complex numbers, j = 1,n, a = Rea >0, > Re$ >
=1 7

Rea and f; € A, fi(z) =z2+by2*+..., j=1,n, ne N—{0,1}.
If

/ 2a+1
—Zf;(z) —1‘ S R
J

for all z € U, then the function

(17)

1

(18) s ypma(2) = { (Z i) /OZ u (F (W) o (fu(w)) du} e

=1 19

is in the class S.
Proof. For g = %Z?Zl %, from Theorem 1 we obtain Corollary 1.

Corollary 2 Let v, a complex numbers, a = Rea > 0, Re% > Rea and
f S A,f(Z) = Z+b2122 +b312’3—|—....
If

2a+1
a

z2f'(2) (2a+1)72
i) ”‘S 2

for all z € U, then the integral operator M., define by (2) belongs to the

(19) ]

class S.
Proof. We taken=1,0=1,0 = }Y,% =7, fi = f in Theorem 1.

Corollary 3 Let v;, o complex numbers, j = 1,n, a = Rec, a € (0,1] and

fi €A, fi(z) =z+by2>+..., j=1,n, ne N—{0}.
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If

(20)

2f1(2) (2a+ 1)"% pe—
fjj(z) —1' < TM’ J=1Ln

for all z € U, then the function

O K= [ (B (B0)F,

belongs to class S.

Proof. We take g = % in Theorem 1.

Corollary 4 Let a, v complex numbers a = Rey > 0, n € N — {0} and
€A filz)=z+byz>+..., j=1n.
If

(22)

zfj’(z)_ (2a+ 1)z . —
70 1‘5

for all z € U, then for any complex number § with Re § > Re~y the function

(23) Log(z) = {ﬁ/oz W51 <#>1

1s in the class S.

2
VR
—
fd E\
&
N~
Q=

QU

N
—
|

Proof. For 6 =1 and 7; = v = ... = 4, = « in Theorem 3.1. we have the
Corollary 4.
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Theorem 2 Let v;, a complex numbers, j = 1,n , a = Rea > 0 and
f] € 87 f](’z) = Z_'_Zzo:Qbkak’ j :L_n
If
“\ 1 1
(24) —gg, for 0<a< -
=l T2 2
or
11 1
(25) — <=, for a>
=yl T4 2

then for any complex numbers 3,6, Re 08 > a, the integral operator
H

B8 glVEN by (4) is in the class S.

Proof. We consider the function

oo [ (BT (B0),

The function g is regular in &. We have

1 — ‘2’211

a

Zg”(Z)

(27) g (2)

\Wﬁ!

1 Jaf ¢ E zf;<z>_1H

fi(2)

a
i=1

Because f; € S, j = 1,n we have

2f}(z)
fi(2)

From (27) and (28) we obtain

1+ 2]

eU, j=1,n
_1_‘Z|7 z j n

(28)

n

_ 2a _ 2a
@ 12l

a

29" (2)
g (2)

(29)

for all z € U.
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For0<a<%wehave

1— 2a
max 12 =1
1<t 1 — |z]
and from (24), (29) we get
1— 2a "
(30) 2G| ey
a | g()
For a > % we have
1 — |Z|2a
max = 2a
<1 1 — |2]
and from (25), (29) we obtain
1— 2a "
(31) 71297 L ey
a | g

From (30), (31) and Lemma 1 it results that the integral operator

H,, .. ~n.8 belongs to class S.

Corollary 5 Lety;, a complex numbers, j =1,n, a = Rea > 0, > Re
j=1
Rea O/fldfj 687 f](z) :Z+bgj22+..., ]: LT

If

"1 1
(32) —gg, for 0<a< -
=l T2 2

or
‘L1 1 1
33 — < =, for a> -
& L Sa ez

gooe
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Proof. For § = %Z?:l %_, from Theorem 2 we obtain that the integral

operator J., -, -, is in the class S.

Corollary 6 Let v;, a complex numbers, j =1,n, a = Rea, a € (0,1] and

ijS, fJ(Z):Z+b2J22+,j:L_n

If
"1 1
(34) —gg, for 0<a< =
=l T2 2
or
"1 1 1
35 — < -, for —<a<l1
(35) RS q S g Ses

then the integral operator K., , . given by (21) is in the class S.

Proof. We take § = % and from Theorem 2 it results that K

VY25 v SIVELL

by (21) belongs to class S.

Corollary 7 Let a, v complex numbers, a = Rey > 0 and f; € S, fij(z) =
24y e, bkt i =1,n.

If

1 a 1
36 — < = O<a<-=
(30) S5 for 0<a<;
or

1 1 1
37 — < - >
(37) S <q forazg

then for any complex number 3, Re 3 > Re v the integral operator L s

given by (23) is in the class S.
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Proof. We take 6 = 1,7 = = ... = 9, = @ in Theorem 2.

Corollary 8 Let o, v complex numbers, a = Re o > 0 and f € S,
f(Z) =z+ b2122 + b3123 + ...

If
1 a 1
(38) — <=, for 0<a<-=
vl ~ 2 2
or
1 1 1
39 — < -, for a> =
) R 2

then the integral operator M., define by (2) belongs to class S.

Proof. Forn =1, § =1, 0 = %Y, v1 =7, fi = f in Theorem 2 we have
the Corollary 8.

Corollary 9 Let «, v complex numbers, a = Rey > 0 and f € S, f(z) =
z+ 62122 -+ b3123 —+ ...

If

1 a 1
40 — < = O<a< =
(40) oS Jor 0<a<y
or

1 1 1
41 — < - > Z
(41) QS a2y

then for any complex number 3, Re 3 > Re vy, the integral operator T, s
given by (5) is in the class S.

Proof. Forn =1,0 =1, 14 = a and f; = f from Theorem 2 we obtain

Corollary 9.
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