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On Fuzzy ¢py-Continuous Function Between
L-fuzzy Uniform Spaces

Bayaz Daraby

Abstract

In this paper, by means of operations (is called in [1, 2, 3] ¢, 1))
we shall define @i-continuity between two L-fuzzy quasi-uniform
spaces. We shall prove that pi-continuity between two L-fuzzy
quasi-uniformity induces @i-continuity between L-fuzzy topology
generated by them. We shall investigate some Theorems on L-fuzzy

uniform spaces.
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1 Introduction

Fuzzy versions of uniformity theory were established by B. Hutton , R.

Lowen , U. Hohle ; A. K. Katsaras , etc. Fuzzy uniformity in Hutton’s

125
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sense has been accepted by many authors and has attracted wide attention

in the literature.

In an analogous way to that in general topology, A. K. Katsaras intro-
duced proximity structures in fuzzy spaces and investigated the F-topology
generated by these proximities. However, as was pointed in [6], that those
F-topologies are always crisp. Thus a new and more reasonable definition
was given in [6] independently. An bijective correspondence between the
fuzzy uniformities in the sense of Hutton and proximities on a set X was
obtained in [6], and it was also proved that an L-fts is completely regular if

and only if it can be generated by a proximity.

In the present paper, by means of operations (is called in [1, 2, 3] ¢, 1)
we shall define L-fuzzy quasi-uniformly i/-continuous mapping between
two L-fuzzy quasi-uniform spaces. We shall prove that ¢i-continuous map-
ping defined between two L-fuzzy quasi-uniformity induces ¢-continuity
between L-fuzzy topology generated by them. Finally we shall investigate

some Theorems on L-fuzzy uniform spaces and L-fuzzy proximity spaces.

2 Preliminaries

bf Definition 2.1 (Liu et al. [6]). Let Lo, Ly be complete lattices. Denote
by T(Lo, L1) the family of all the arbitrary join preserving mapping from
L, to Ly. Equip T'(Lo, L) with the partial order < as follows :

Vf,g €T(Lo, L), f < gimplies Va € L, f(a) < g(a).
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A self mapping f : LX — LY on LX, LX always means an L-fuzzy space
such that L is a F-lattice, is called value increasing, if f(a) > a for every
a € L*. Denote by e(L%X) the family of all the value increasing and arbitrary
join preserving self mapping on L*. Equip e(L%) with the partial order <
defined in T(L*, L*) D e(L¥), i.e.

Vf,g €e(LY), f<g implies Ya € L™, f(a) < g(a).

Definition 2.2 (Liu et al. [6]). Let D C ¢(LX).D is called an L-fuzzy
quasi-uniformity on X, if D fulfils the following conditions (UF1)- (UF3) :
(UF1) f €e(LX),geD, f>g— feD.
(UF2) f,g € D implies f Ng € D.
(UF3) f € D implies 3g € D, gog< f.

D is called an L-fuzzy uniformity on X, if D fulfills the above conditions
(UF1) — (UF3) and the following condition :

(UF4) f € D implies f<€ D.

Call (LX,D) an L-fuzzy quasi-uniform space (or L-fuzzy uniform space,
respectively ), if D is an L-fuzzy quasi-uniformity (or an L-fuzzy uniformity,
respectively ) on X.
Definition 2.3 Let L be a complete lattice with order-reversing involution
/: L — L.

A € LR s called monotonically decreasing, if s, € R, s < t implies \(s) <
A(t). Denote the family of all the monotonically decreasing mappings
A € LR fulfilling the following conditions by mdg (L) :
Vier A(t) =1, AterA(t) = 0.
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Denote the family of all the elements in mdg (L) fulfilling the following
conditions by md;(L):
t < 0 implies \(t) =1, t > 1 implies A\(t) = 0.
For every A € mdgr (L) and every t € R, define
A(t=) = NsctA(s), A(t+) = VesiA(s).
Define the equivalent relation ~ on mdg(L) as follows:
VA, € mdg(L), A~piff Ve R At—) = pu(t—), \(t+) = p(t+).
(Al ={n € mdr (L) : p ~ A}.
Denote the family of all equivalent classes in mdg (L) with respect to ~ by
R[L]. For every t € R, define L;, R, € LR as follows:
VA € R[], Li(\) = A(t=), Ri(X) = A(t+).
Also denote the restrictions of Ly, Ry : R[L] — L on I[L] by L, R; for every
t € R respectively.
Denote:
St={L, R, e L'M: tecR}.
Bl = {AF: FelSl\0},
TI={VA: AcCBL}.
Remark 2.1 L-fuzzy unit interval I(L) is uniformizable.

For convenience, is defined
Lo = QI[L]7 Lio = lI[L]?
Rooo = 1p1),  Rioo =0y,
S =S U{L o Lioe, Reoo; Ry}
and denoted X = I[L], § = 7/, then S is a subbase of §. For every A € L*,
let

S(A) ={seR: A< L}, uA) =VS4), (22
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T(A)={teR:A<R}, I(A)=A\T(4), (23

then we always have (—o0,0) C S(A), (1,4+00) C T(A). So both S(A) and

T(A) are always nonempty. For every ¢ > 0 and every A € L¥| let

f(A) = Ryay—e,  (2.4)
then the family {f. : ¢ > 0} possesses the following properties,
(i) fe € (LX), and f. > f, whenever € > p > 0.
(ii) For every € > 0 and every A € LY,

fA) = Liayre. (2.5)

(iii) For every € > 0 and every p > 0,

feo fo = ferp (2.6)
(iv)e={fe€e(l®):3e>0, f<fAf}isan L-fuzzy uniformity on X.
(v) The L-fuzzy topology on X generated by ¢ is just 7.

Definition 2.4 (Daraby et al. [1, 2]). Let (L*,D) be an L-fuzzy quasi-
uniform space. A mapping o : LX — L is called an operation on L¥
if for each A € LY\ {0}, int(A) < A* and (* = () where A® denotes the

value of o in A.
3 L-fuzzy quasi-uniformly ¢y-continuous map-

ping

Definition 3.1 Let (L%, D,), (LY,D;) be L-fuzzy quasi-uniform spaces

( uniform spaces, respectively), F'~ : X — LY an L-fuzzy mapping.
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Let ¢, be two operations on L%, LYrespectively. F~ is called quasi-
uniformly continuous (uniformly ¢i-continuous, respectively), if for every
g € Dy, there exists f € D, such that F~ o f¥ < g¥ o F—. Particularly, an
L-fuzzy uniformly (p-continuous mapping £~ : (LX, D) — I(L) defined
on an L-fuzzy uniform space (L, D) is called an L-fuzzy uniformly -
continuous function.

Theorem 3.1 Let ¢, be two operations on L*, LY respectively. If F~ :
(LX,D,) — (LY, D;) an L-fuzzy quasi-uniformly (-continuous mapping,
then F~ : (L*,8(D,)) — (LY, 6(Dy)) is L-fuzzy @i-continuous mapping.
Proof Suppose that B € 6(D;) including F—(A), A € §(D,) such that
io(B) = B. We know that

i1(B)=\{CeLY: 3geD;; g¢g(C)< B}=B,sowe have

BY =\V{CeL": 3geDy; g*(C) <BY}. (I)
From L-fuzzy quasi-uniformly @i-continuity £~ : (L%, D,) — (LY, D)
for each g € Dy, there exists f € D, such that F~ o f¥ < g% o F—, then
[(F=(B)) < F~F~fFP~(B) < F~gF~F~(B) < P (¢(B))

It follows that f¢(F—(B)) < F~(g%(B)).

Hence \/ f#(F~(B)) <V F~(g"(B)).

We know that f is value increasing, so F'"(B) < f(F~(B)). Hence (F~(B))¥ <
(f(F=(B))? = f?(F—(B)). It follows that (F—(B))¥ < \/ F~(¢%(B)).

Since I~ is arbitrary join preserving and order preserving, it follows that
(F(B))? < F~V(g"(B)). (II)

From relations (I) and (II), we have
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F=(B))* < F~(B").

So F~(F—(B))* < F~(F—(BY)). It follows that F~(F—(B))* < B".
Thus F~ : (L*,8(D,)) — (LY, (D)) is L-fuzzy ¢i-continuous mapping.
0

Theorem 3.2 Let (L%,D) be an L-fuzzy uniform space, f € D and
A, B € L* such that f(A) < B. Then there exists an L-fuzzy uniformity
p1p-continuous mapping £~ : (LX, D) — I(L) such that

A< F— (L) < F (R, <B. (3.1)

Proof For every r € R, take A, € LX as follows : as the first step, let
A, =1ifr<0, A, =Bifr=0, A, =Aifr=1and A, =0if r > 1.

Denote
N, = {0} UN,
2t —1
B(n) = { Z2k k<n,0<i<21) ¥neN,,
2i — 1 ) ~
B, = { > k€N, 0<i <21}
Then

VneN,, B(n)CB(n+1)CB,, U,y B(n)=B., (32)

We shall construct {hs : n € No} C Dand A= {4, :r € B.} C LX
such that for every n € N, and 1 < ¢ < 2771
() k € N implies ha oha <h_1_,

2

ok ok—1

(II) m <n, 5= < 2L implies h¥, (Az21) < Afi,li -
2m

) m = n i—
2 2 > ol L

(I1I) r,s € B(n), r<simplies A, < As.

Let hy = f € D. Suppose for some n € N and every k € n we have
constructed h%k fulfilling condition (I), then by condition (UF3) of unifor-
mity, there exists h 1 € D such that h 1 © h + <h i By inductive

2 on=1
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method, we have constructed {h L neE N,} C D satistying condition (I).

Suppose n € N,, i < 2", denote

&(n,i) = {hm% O'”Oth% c k€ No, mo, -+ ,my < n,Z;?:OT%j <
1—51} (33
then

m,n € No, i <2m, j <2 L < Limplies {(m,i) D &(n,j). (3.4)
We have had A, > A;, which satisfy condition (II) and (III). Suppose
for some n € N, we have constructed {A, : r € B(n)} C L¥ satisfying
conditions (IT) and (IIT). Define {Algni111 o 1 <1< 2"} as follows:

A?% = (V{g(A1) 1 g € &(n+1,2i — 1)})%,

then by (3.4), we have constructed the family {AY : r € B(n+ 1)} C L.
Let 1 <:<2" m <n+1, we have
W, () = 1, (Vig(A) g € 6+ 1.2~ 1)})
:gp(\/{h%OhﬁO---Ohﬁ(Al) tk € Noymo, -+ ,mp <n+1,

S gy <1 22
:\/{h%mohﬁo-noh; (A1) - k € Noyme, -+ ,my, <n+1,

3t Yo < 1 (Gt —0))”
<V{h 1 o---0h 1k(A1) ke No, mo, -+, mp<n+1,
Yozt <1- (Gt — )}

(

=V{g(A1) : ged(n+1,(2i — 1) —2mim)}e

condition (II) holds for n+ 1. To prove (III), note that every number in the

form of 22—,2 can be represented as a member in B,, we need only prove the
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following inequalities for i € {1,---,2"} :

A2i72 ZAQifl >A 21 . (35)

on+1 on+1 on+1
Suppose the irreducible form of gf;? is 2];1, ie. gfl—ﬁ = 22—;1, then
22;1 < gf;}, by (3.4) the first inequality of (3.5) is true. Similarly, the

second inequality of (3.5) holds also. Therefore, for n + 1, we have proved
condition (I) - (III). By inductive method and (3.2), we have constructed
{hy + neN}CcDand A={A : reB}C LX such that the
conditions (I) - (III) hold.

Since every h . is arbitrary join preserving, h . (0) = 0, and hence by

the previous definition of A,, for every n < w and ¢ > 2", we have

ha(A.)=h

1
om omn om

Therefore, condition (II) holds for every i € Z.

Denote

B={%! . n<w, ic€Z} (3.6)
For every t € R and every m € N, let
_ 21 ) 2i—1
Bm(<t)— 2—n€B.n2m, on <t},
_r2i—1 ) 2i—1
B, (>t)={%- €B:n>m, %~ >t}

A =V{As:s€B, s>t}, Vel0,1],
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then B is dense in R, for every m € N, B,,,(< t) is dense in (—o0, 1), B,,,(>
t) is dense in (t,= o0). By the previous definition of A,, we obtain a
family A* = {A; : t € R} € L*. For every x € X and every t € R,
if let A\(t) = As(z), then by condition (III), A : R — L is monotonically
decreasing and A(t) = 1 for every ¢ < 0,A(t) = 0 for every t > 1. So
A€ mdr(L) (see [9]), [A] € I[L]. Therefore, following the stipulation about
the meaning of F'(x)(t) in the statement of this theorem, we can reasonably

define an ordinary mapping F': X — I[L] as follows:

Vo e X, VteR, F(z)(t) = Al).

Then
Alz) = Ai(z) < Nsp Ar-e(z) = F(z)(1—) = F'~ (L) (),
B(z) = Ao(z) =2 Vg Ac(@) = F(2)(0+) = F~ (Ro)(),
(3.1) holds.

Now we turn to the proof of the uniform ¢i-continuity of F—. First of
all, we prove the following two equalize : Vr € R,m € No,r € R implies F*(R,) =
Vieoion Ase F (L) = Vg, o A (37
To prove (3.1), suppose z € X, F(z) = [\, then for every t € R, A(z) =
A(t). Since B,,(> r) is dense in (r,= c0),
F7(R,)(z) = Re(F(x)) = Ry([A]) = A(r+)
= \/seBm(>7~) A(s) = VSGBm(>r) As(z)
= (stBm(>r) As(x).
So F*=(R:) = Ve, (>r) As- Similarly prove the second equality in (3.7).

To consider the members of the canonical uniformity of I(L), suppose f. is
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defined by (2.4) for € > 0, then f is determined by (2.5), and there exist
g1, 92 € D such that

Foogf <fioF~,  Foogf<f¥oF~. (38

In fact, fix a 5 € (0,¢), then for every r € R, by condition (II) ( It has
been proved above, (IT) holds for every ¢ € Z ) and (3.7),
Fﬂh“imFH(Rr)
= P, (Vacpon A
= F~ (Ve o 17, (A1)
< FH(vsemer) Aff_z%)
=F"F~(R_,)
<R , 2

P

<R/

On the other hand, since R, < L. if and only if R, < R,. By (2.4),

SEBm(>r)

fe(Rr) = Ru(RT)—e = RV{SZRTSL{S}—E = R\/{S:RrSRS}—E =R,
So
PR P(Ry) < fO(Ry).

Suppose C' € L*\ {0}. If u(C) > 0 for the function u defined in (2.2, 2.3),
take
o€ (0,e) N (0,u(C)), then by (2.6),

f6(O) = fE—J(fU(C)) = f€—U(RU(C)7U)'

Take m € N such that 2Lm < e—o,then by C < f,(C) = Ryc)-o,
F=h% F(C) < F~h*, F~(Ryc)-0)
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< fE o (Rugey—o)
= 12, (f-(C))
= f2(0).
So the following implication holds for arbitrary C' € LX \ {0} such that
u(C) > 0:

) om

e>0,m €N, < eimplies F”h¥, F—(C) < f¥(C). (3.9)
2m

If u(C') not > 0, then by u(C) > 0 we have u(C) = \/{s e R: C < L.} = 0.

Hence

f(C) = Ryc)-e = R« = 1,

the implication (3.9) still holds. Since (3.9) is true for C' = 0, so (3.9) holds

for every C € LX. Therefore, F_’h‘;mF‘_ < f¥. Take g, = h_1. we obtain

the first inequality in (3.8). Similarly prove the second inequality in (3.8).
Suppose h is a member of the canonical uniformity ¢ of I(L), then there

exists € > 0 such that h > f. A fZ, since ¢ is monotonous operation, so

hY > fY A (f3)Y. Take g1, g2 € D such that (3.8) holds, let g = g1 A go,then

F=g?F~ < (FgfF~) A (F=g§F~) < [ A [ < b,

hence F~ o g¥ < h¥ o F~. This completes the proof of the uniform -

continuity of F—.
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