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Inclusion and neighborhood properties of some

analytic p-valent functions'

R. M. El-Ashwah , M. K. Aouf

Abstract

By means of a certain extended derivative operator of Salagean type, the
authors introduce and investigate two new subclasses of p-valently analytic
function of complex ordor. The various results obtained here for each of
these function classes include coefficient inqualities and the consequent in-
clusion relationships involving the neighborhoods of the p-valently analytic

functions.
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1 Introduction

Let T'(j,p) denote the class of functions of the form :

[e.e]

(1) f) == 3wt (@ >0p,5 € N =1{1,2,..}),
k=j+p
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which are analytic and p-valent in the open unit disc U = {z : |z| < 1}. For a

function f(z) in T'(j,p), we define
D}, f(2) = f(2), .
D} pf(2) = Dap(DX,f(2) = (L= A)f(2) + ;Zf’(Z) (A=0)

= - 3 [
k=j+p
D3, (2) = Dap(D3,(2))

k _
=2 = S [+ A D)2t
k=j+p p

D)2k,

and
Dy f(2) = Dyy(DY,'f(2))  (neN).

It can be easily seen that

oo
k—
(2) D}, f(z) =2 = 3 L+ A(—)"aF
p Py p
=j+p
(p,j € N;n € Ny = NU{0}).

We note that :

(i) By taking j = p = A = 1, the differential operator D}, = D" was intro-
duced by Salagean[11];

(ii) By taking j = p = 1, the differential operator DY, = D} was introduced
by Al-Oboudi[1].

Now, making use of the differential operator DY  f (z) given by (2), we intro-
duce a new subclass H;(n,p, A, b, 3) of the p-valent analytic function class T'(j, p)
which consist of function f(z) € T'(j,p) satisfying the following inequality :

1 (D}, f(2))

@) AT

_p) <B )

(z€U;p,j € Nsn€ No; A >0 C\{0};0< 5 <1).

‘We note that :
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() Hyn.p.1.0.) = Byl p.,6) = U1(:) € TGoo) [ CHES )| < 0

(4) (z€U;p,j€ N;ne Ng;be C\{0};0< < 1)}
1,2f'(2)
(@) H5(0.9,0.0.9) = 55(p.0.6) = {1() € T s |y (L - )] < 5
(5) (z€U;p,je N;be C\{0};0< B <1)};
.. 1,28} ,(2)
(iil) H;(1,p, A\, b, 8) = Cj(p, A\, b, 8) = {f(2) € T(4,p) : b(F G —p)|<B

(zeijeNﬂzomeCwmm<ﬂ§hFW@pql—Mﬂ@+;wﬁd»

Now following the earlier investigations by Goodman [7], Ruscheweyh [10],
and others including Altintas and Owa [3]|, Altintas et al.([4] and [5]), Muru-
gusundaramoorthy and Srivastava [8], Raina and Srivastava [9], Aouf [6] and
Srivastava and Orhan [13] (see also [2], [12] and [14]), we define the (j, §)— neigh-
borhood of a function f(z) € T (j,p) by (see, for example, [5, p. 1668])

(7) Njs(f)={9:9€T(,p).g Zbkz and Zklak—bk\d}
k=j+p k=j+p

In particular, if

(8) h(z) =2 (peN),

we immediately have

(9)  Njsth)={g:9€T(.p)g Z b2* and Z k[be| < 6}
k=j+p k=j+p

Also, let L;(n,p, A, b, 8, 1) denote the subclass of T'(j, p) consisting of function
f(2) € T(j,p) which satisfy the inequality :

DY f(z DY f'(z
R G 4G

-1} <8

2P pzP~1
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(10) (z€U;p,j € Nyn € No; A > 030 € C\{0},0<8<1;4>0).

We note that :
(1) Lj(O,P,O,b,ﬂ, /'L) = Lj(pv b,ﬂvﬂ)

{o-n 2] )

(11) (2 €U;p,j € N3be C\{0};0< B8 < 1> 0}

<pB

= {f(Z) €T(,p):

2 Neighborhoods for the classes H;(n,p, A, b, 3) and
Lj(nupa )\7 b,ﬁ,ﬂ)

In our investigation of the inclution relations involving N;s(h), we shall require

Lemmas 1 and 2 below.

Lemma 1 Let the function f(z) € T(j,p) be defined by (1). Then f(z) €
Hj(n,p,\, b, 3) if and only if

[e o]

(12) S A+ 6]~ e < 9.

k=j+p
Proof. Let a function f(z) of the form (1) belong to the class H;(n,p, A, b, ).

Then, in view of (2) and (3), we obtain the following inequality :

2(D? f(2))
(13) RB{W —p}> B (z€D),
or, equivalently,
= 5 LA D) k- paghr
(14)  Re{—=I Y> -8 (zeD).

k —
1= 3 [+ A——D)rapzhr
k=j+p p
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Setting z = r (0 < r < 1) in (14), we observe that the expression in the
denominator of the left-hand side of (14) is positive for » = 0 and also for all
r (0 < r < 1). Thus, by letting » — 17 through real values, (14) leads us to the
desired assertion (12) of Lemma 1.

Conversaly, by applying the hypothesis (12) and letting |z| = 1, we find from
(3) that

S ﬂ "k — p)arzFP
Z(Dg,pf@))/_p _ k:§+p[1+>\( D )] (k p) k
ngpf(z) 1-— i [l—l-)\(@)]”akzk*l”
k=j+p p
> 14+ ARk = p)ay
k=j+p p
[ T o N OV Y e P
k=j-+p p
- 5 [+ A=) e
< oli=1+p k_p — 8.
1— > [L+AC=D)may
k=j+p p

Hence, by the maximum modulus theorem, we have f(z) € Hj(n,p, \,b, ),
which evidently completes the proof of Lemma 1.

Similarly, we can prove the following lemma.

Lemma 2 Let the function f(z) € T(j,p) be defined by (1). Then f(z) €
Ly(n,p,\,b, B, ) if and only if

[e.e]

(15) S 0+ ACTEY Pl 4l — p)lax < pB 10l
k=j+p p

Our first inclusion relation involving N; 5(h) is given in the following theorem.

Theorem 1 Let

(j frp)ﬁ!b!

(16) 5=
1+ jj)no + 8]

(p > |0]),
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then
(17) Hj(nvpv )‘7 b7 B) C N],5(h)

Proof. Let f(z) € Hj(n,p, A, b, 3). Then, in view of the assertion (12) of Lemma

1, we have

[e.9]

N, > k—p. ..

AR+ G481 Y arn< S LA (k+ 8l —plar < B8],
p k=jtp k=j+p p

which readily yeilds

tSip ﬂ+¥WU+ﬂW)

Making use of (12) again, in conjunction with (19), we get

A+ S ke < BB 1+ T o
L S LG
BBl(— BB _ (+p)BY
b = .
< BRI Em) T G e
Hence
(20) > ks —GEI 5,
k=j+p (LP;WU+5%D

which, by means of the definition (9), establishes the inclusion (17) asserted by
Theorem 1.
Putting (i) n = A =0 and (ii) n = 1 in Theorem 1, we obtain the following

results.

Corollary 1 Let

_ (G +p)BIbl
(21) 5—inﬁm7(p>wm

then

(22) S;i(p,b, ) C Njs(h).
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Corollary 2 Let

(G +ppBIl
(23) v ey S )
then
(24) Cj(p7)‘7b>ﬁ) - Nj,5(h)'

In a similar manner, by applying the assertion (15) of Lemma 2 instead of
the assertion (12) of Lemma 1 to functions in the class L;j(n,p, A, b, 3, 1), we can

prove the following inclusion relationship.

Theorem 2 If

1+ Ly + )
p
then
(26) Lj(n,p,\,b, B, 1) C Njs(h).

Putting n = A = 0 in Theorem 2, we obtain the following result.

Corollary 3 If

(j +p)pB1ol

27) 0= (p + pg)

)

then

(28) Lj(p,b, 8, ) C Njs(h).
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3 Neighborhoods for the classes H;a)(n,p,)\,b, B) and
(a)
Lj (nypn)‘vbvﬁmu)

In this section, we determine the neighborhood for the each classes H ;O‘) (n,p, A\, b, 3)
and Lg-a) (n,p, A\, b, 3, 1), which we define as follows. A function f(z) € T(j,p)
is said to be in the class Hj@‘)(n,p7 A, b, B) if there exists a function g(z) €
Hj(n,p, A, b, 3) such that

(29) (Z)—1'<p—oz (zeU;0<a<p).

9(2)

Analogously, a function f(z) € T'(j, p) is said to be in the class Lg-a) (n,p, A\, b, 5, 1)
if there exists a function g(z) € L;(n,p, A, b, B, 1) such that the inequality (29)

holds true.

Theorem 3 If g(z) € Hj(n,p, A\, b, 3) and

5@+§b%j+ﬂw>

(30) =P N !
G+ + 2Ly + p1bD) - 58]

then

(31) Njs(g) € H (n,p, A\, b, ),

where

(32) < o0+ P = Bl 1+ )G + p1b] .

Proof. Suppose that f(z) € N;s(g). We find from (7) that

(33) > klay— byl <9,
k=j+p
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which readily implies that

(34) Z |ak_bk| < T (p,j GN).
k=j+p Jp

Next, since g(z) € Hj(n,p, A, b, 3), we have [cf. equation (19)]

o0

(35) > b < Sl

— )

e (L4 A}j)nu 81

so that
(36) ‘f(z)_l‘ < k:%:-kp‘ak k‘< 5 (H,P) (J+ 310l
9(2’) 1— Z by, J+p [(1+>\J)n<]+ﬁ’b’)—ﬁ‘bﬂ
k=j+p P
= p—a,

provided that « is given by (30). Thus, by the above definition, f(2)
€ HJ(O‘) (n,p, \, b, 3) for a given by (30). This evidently proves Theorem 3.
Putting (i) n = A = 0 and (ii) n = 1 in Theorem 3, we obtain the following

results.

Corollary 4 If g(z) € S;j(p,b,3) and

o 5+ B1b])
(87) =P GG+ ) =Bl
then
(38) Njs(g) € S (p.b, 3),
where

(39) 8 < p(j +p){1 =Bl (5 +B[b) 7"}
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Corollary 5 If g(z) € Cj(p, A\, b, 3) and
o(p+ Aj)(J + B1b])

(40) =P G+ NG £ A — pBIH
then
Njs(g) C C](a) (p, A, b, ),
where
(41) § < p(j+p){1—pBbl[(p+ )G+ BbD] '}

The proof of Theorem 4 below is similar to that the proof of Theorem 3 above.

We, therefore, skip its proof.
Theorem 4 If g(z) € Lj(n,p,\,b, 3, 1) and

5(1+ ;‘j)"(pw)

(42) a=p- N ,
(J+p)[(1+ ;)”(p + pj) — pB1b|]

then

(43) Njs(9) € L (n,p, X, b, B, ),

where

(44) 5 < 00+ P =PIl 1+ 2"+ )] 1)

Putting n = A = 0 in Theorem 4, we obtain the following result.

Corollary 6 If g(z) € Lj(p,b, 3, 1) and
o(p + nj)

45) =P G D+ )~ pB IR
then

(46) Njs(9) € L (p,b, 8, 1),
where

(47) 5 < p(j +p){1—pBIbl (p+ i)}
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