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Fixed points for occasionally weakly compatible
maps !
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Abstract

In this article, using occasionally weak compatibility due to Al-Thagafi
and Shahzad [1], we generalize some common fixed point theorems of
Gregus contraction type in a normed space.
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1 Introduction

Recently, Jungck [5] introduced the notion of weakly compatible maps as fol-

lows:

Definition 1 Self-maps f and g of a metric space (X,d) are called weakly
compatible if ft = gt for some t € X implies that fgt = gft.

More recently, Al-Thagafi and Shahzad [1] weakened the weak compatibil-
ity by giving the so-called occasionally weak compatibility.
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Definition 2 Self-maps f and g of a set X are said to be occasionally weakly
compatible if and only if there exists a point t € X such that ft = gt and

fgt=gft.

In their paper [3], Djoudi and Nisse proved a common fixed point theorem
of Gregus contraction type in a Banach space by using the weak compatibility.

Theorem 1 Let f, g, h and k be maps from a Banach space X into itself
having the conditions

(1.1) f(X) C k(X) and g(X) C h(X),

(1.2) the inequality

[fz—gyll? < e(a|lhe —ky||P 4+ (1 — a) max{a| fz — ha|?,
Bllgy — kylP, || fz — ha||2 || f= — ky|| 2,
£z — Eyl 2 |lgy — |2,
1
§(fo — hxl||? + llgy — ky|”)});

forallz,y € X, where 0 <a<1,0<a,B<1,p>1and p: RT — R such
that @ is upper semi-continuous, nondecreasing and p(t) <t for any t > 0,
(1.3) one of f(X) or g(X) is closed.

If the pairs {f,h} and {g,k} are weakly compatible, then f, g, h and k have
a unique common fized point in X.

In this work, we give some results which include the analogue of certain
results in [2], [3], [4], [6], [7], [8] and references therein.

2 Main Results

Theorem 2 Let f, g, h, k be maps from a normed space (X,|.||) having
inequality (1.2) for all z,y € X, where 0 < a < 1, a, > 0, p > 1 and
o : RT — RY such that o(t) < t for any t > 0. If pairs of maps {f,h} and
{g,k} are occasionally weakly compatible. Then f, g, h and k have a unique
common fixed point.

Proof. Since pairs of maps {f,h} and {g,k} are occasionally weakly com-
patible, then, there exist two elements v and v in X such that fu = hu and
fhu = hfu; gv = kv and gkv = kgv.
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First step: we prove that fu = gv. Suppose that ||fu — gv|| > 0. Then, by
using inequality (1.2) we get

1fu—gu|P < plalhu— ko|” + (1 — @) max{a| fu — hu|?,
Bllgv — kvl|P, || fu — hul|% || fu — kvl|%,
| fu— ko||% ||go — hul|%,

1
5 (Ifu = hull? + llgo — kvl[")});

ie.,

[fu—gvl” < ol fu—gol’ + (1 —=a)llfu—gv|?)
= o(llfu—gvl”)
< [[fu—gvl]”

which is a contradiction. Thus, we have hu = fu = gv = kv.

Second step: we claim that ffu = fu = hfu. If not, then, ||f?u — ful| >0
and the use of inequality (1.2) gives

|f2u— fulP = |Iffu—goll”

olallhfu— kv|]? + (1 — a) max{al f fu — hfull”,
Bllgy — kol|P, || f fu — hfull2||f fu— ko||%,

£ fu— kol B llgv — hful %,

SUL7 Fu— hfull? + g — kol?)});

IN

that is,

1 fu—full” < @(ffu— full®)
< |ffu— full?

this contradiction implies that ffu = fu = hfu. Similarly, we can prove that
ggv = gv = kgv. Put fu = hu = gv = kv = t, we conclude that ¢ is a common
fixed point of maps f, g, h and k.
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Third step: Suppose that there is another common fixed point of maps f, g,
h and k called z, then, ||t — z|| > 0. By inequality (1.2) we obtain
[t —=P = [lft —g2]"
< lallht — kz[l? + (1 — a) max{a] ft — ht|”,
V4 P
Bllgz — kz|P, || ft — ht||2[| ft — k=],
Ift — k=2 [lgz — ht| 2,
1
S Ulft = nt|” + llgz — k=[|")})
= o(llt —=]")
< ||t = 2|

The above contradiction demands that z = ¢.

Corollary 1 Let f, g, h, k be as in Theorem 2. Suppose that these maps
satisfy instead of inequality (1.2) the next one

Ifz —gyll” < elallhe —ky||P + (1 — a) max{a|| fz — ha|]?,
1 1
Bllgy = kyllP, I fx = ha|[> ([ fo — ky| 2,
1 1
[fz = kyll>llgy — hzl|>,
1
S lfz = ha| +llgy — kyl)}?);

for all x,y € X, where p,a,a,0 and p are as in Theorem 2, then, the four
maps have a unique common fixed point.

Corollary 2 If we replace inequality (1.2) in Theorem 2 with the following
one

Ifz = gyl < ¢allhe — ky||” + (1 — )| fo = ky||> |gy — ha]|?);

for all x,y € X, where p,a and p are as in Theorem 2, then, f, g, h and k
have a unique common fized point.

We finish our work by giving the next result.

Theorem 3 Let {f;}, i = 1,2,..., h and k be self-maps of a normed space
(X, ]|.]l) such that
(i) pairs of maps { f1,h} and {fn,k}, n > 1 are occasionally weakly compatible,
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(ii) the inequality
If12 = fayll” < @(allhz — ky[P + (1 — a) max{a|| fre — kyl]”, Bl fay — ha|P})

holds for all x,y € X, where a, B, @, p are as in Theorem 2, 0 < a < 1 provided
that a + (1 — a) max{«, B} < 1, then, all f;, h and k have a unique common
fized point.

Proof. Since pairs {fi,h} and {f,,k}, n = 2,3,... are occasionally weakly
compatible, then, as in proof of Theorem 2, there are two elements u and v in
X such that fiu = hu and fihu = hfiu; frov = kv and fr,kv = kfpv.
First, we prove that fiu = f,v. Indeed, let fiu # f,v, then, inequality (ii)
gives
[fiv— faovl? < plallhu — kol|P + (1 — a) max{a| fiu — kv[|?, B[ frv — hul|P})
= ¢(la+ (1 —a)max{a, B}l fru— fuvl?)
< o+ (1 —a)max{a, B}]| fru — fuvl/”
[ fru = favl?
which is a contradiction. Hence, we have fiu = f,v = hu = kv.
Now, if f2v # f,v, then, by condition (ii) we have
| fv=120lP = 1 fru = fufurl”
plallbu—k fuv]?+(1—a) max{al fru—F S]], Bl fo fav—hed”})
= ¢(la+ (1 = a) max{a, B} fov — f70]IP)
< la+ (1 - a) max{a, B})|| fuv — fo|”
< | fav = fRollP
a contradiction. Thus, f,f,v = fov = kfyv. Similarly, fi fiu = fiu = hfiu.

Put hu = fiu = fov = kv = ¢, then, t is a common fixed point of maps
{fi}i>1, h and k.

The uniqueness of the common fixed point follows immediately from inequality
(ii).

Remark 1 In this paper, we proved a unique common fized point of several

A

IN

maps in normed spaces by using the weaker condition of compatibility called
occasionally weak compatibility due to Al-Thagafi and Shahzad without calling
inclusions between images of maps. Hence, our result is more general than
results in [3] and references therein and say that the weak compatibility is the
least condition of maps to have common fized points is not true.
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