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Differential subordination for classes of normalized
analytic functions !
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Abstract

We determine the sufficient conditions for subordination for new
classes of normalized analytic functions with applications in fractional

calculus in complex domain.

2010 Mathematics Subject Classification: 34G10, 26A33, 30C45.
Key words and phrases: Fractional calculus, Subordination.

1 Introduction and preliminaries.

Let AZ be the class of all normalized analytic functions F(z) in the open disk
U :={z €C, |z| < 1}, take the form

[e.9]
F(z)=z+ Zan,az"“‘_l, 0<a<l,
n=2
where ag; = 0, a;; = 1 satisfying F(0) = 0 and F’(0) = 1. And let A7 be
the class of all normalized analytic functions F'(z) in the open disk U take the

form
oo

F(z) = 2= Y anaz™*, >0 =23, .,

n=2
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satisfying F(0) = 0 and F’(0) = 1. With a view to recalling the principle
of subordination between analytic functions, let the functions f and g be
analytic in U. Then we say that the function f is subordinate to g if there
exists a Schwarz function w(z), analytic in U such that

f(z) = g(w(z)), z €U.
We denote this subordination by
f=<gor f(z) <g(z), z €U.
If the function g is univalent in U the above subordination is equivalent to

f(0) =g(0) and f(U) C g(U).

Let ¢ : C3 x U — C and let h be univalent in U. Assume that p, ¢ are analytic
and univalent in U if p satisfies the differential superordination

(1) h(z) < 6(p(2)), 2p'(2), 2" (2); 2),

then p is called a solution of the differential superordination.(If f is subordinate
to g, then g is called to be superordinate to f. JAn analytic function g is called
a subordinant if ¢ < p for all p satisfying (1). An univalent function ¢ such
that p < ¢ for all subordinants p of (1) is said to be the best subordinant.
Let A be the class of analytic functions of the form f(z) = 2z + ag2% + ....
Obradovi¢ and Owa [1] obtained sufficient conditions for certain normalized
analytic functions f(z) € A to satisfy

0 <L <2
where g1 and g2 are given univalent functions in U. The main object of the
present work is to apply a method based on the differential subordination in
order to derive sufficient conditions for functions F' € AT and F € A to
satisfy

(2 By < g

where ¢(z) is a given univalent function in U such that ¢(z) # 0. Moreover,
we give applications for these results in fractional calculus. We shall need the
following known results.
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Lemma 1 [2] Let q(z) be univalent in the unit disk U and 6 and ¢ be analytic
in a domain D containing q(U) with ¢(w) # 0 when w € q(U). Set Q(z) :=
20 (:)8(a(2)), h(z) = B(a(=)) + Q(z). Suppose that

1. Q(z) is starlike univalent in U, and

2. R >0 forz €U

If 0(p(2))+2p'(2)o(p(2)) < 0(q(2)) +2¢'(2)9(a(2)) then p(z) < q(2) and q(2)

18 the best dominant.

Lemma 2 [3] Let q(z) be convez univalent in the unit disk U and 1) and vy € C

with {1 + Z;I,/ES) + %} > 0. If p(z) is analytic in U and ¥p(z) + vzp'(z) <

Yq(z) + v2q'(2), then p(z) < q(z) and q is the best dominant.

2 Main results.

In this section, we study sufficient subordination normalized analytic functions
in the classes A} and A7 .

Theorem 1 Let the function q(z) be univalent in the unit disk U such that

q(z) #0, Zgég) is starlike univalent in U and

o 2d'() ()

(3) R{1+ (bz + 1)( 70 402) )} >0,6#£0,2#0,q(2) #0, z € U.
If F € AY satisfies the subordination
pAEGE) )
(a+bz)Z(F(Z) 1) <( —i—b)q(z), F(z)#0,zeU.
Then
Ey < g2, = 0.z e,

and q(z) is the best dominant.

Proof. Let the function p(z) be defined by

p(z) o= (212

W, 2 #0, z eU.

By setting
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it can easily be observed that f(w) is analytic in C — {0}, ¢(w) is analytic in
C — {0} and that ¢p(w) # 0, w € C — {0}. Also we obtain

~—

= 2q(z z)) = an z) = z z) = (a Zq’(z
Q(2) = zq'(2)9(q(2)) ) h(z) = 6(q(2)) + Q(2) = (a + b2) 2

It is clear that Q(z) is starlike univalent in U,

zh (z)
Q(2)

Straightforward computation, we have

— RO (L L) Gy

H A 2 R oo

Ve )
(a+bz)p<z) =(a+b )z( F02) 1)
q(z)
-<(a+bz)q(z)

Then by the assumption of the theorem we have that the assertion of the
theorem follows by an application of Lemma 1.

Corollary 1 Assume that (3) holds and q is convex univalent in U. If F € AT
and

w,z2F'(2) A-B
(a—l—bZ);( ) —-1) <M(a+bz)(1+Az)(1+Bz)’
then
(@)MKGI;E)M, ~1<B<A<1

and q(z) = (%igz)” is the best dominant.

Corollary 2 Assume that (3) holds and q is convez univalent in U. If F € A}
and

woF'(z) 4t by 2
(a+bz)z(F(z) = +b)(1+z)(1—z)’
forz € U, u#0, then
Fehy o 122y

and q(z) = (3E2)* is the best dominant.

—z
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Corollary 3 Assume that (3) holds and q is convez univalent in U. If F € A}
and

M(ZF’(Z)

(a—i—bz); Fo) 1) < pA(a + bz)

forz € U, u+#0, then

and q(z) = e*4% is the best dominant.

Theorem 2 Let the function q(z) be convex univalent in the unit disk U such
that ¢'(z) # 0 and

zq"(z) 1

4 R{1 + + -} >0, 0.
(®) 42 Sy >0 52
Suppose that (Fiz))“ is analytic in U. If F' € A, satisfies the subordination

F(z 2F'(z

(FE o = ] <) 492 (), F) 20
Then

F(z)

) =a(z), 2 €U 2 #0

and q(z) 1is the best dominant.

Proof. Let the function p(z) be defined by

F(z)

p(z) == ( W, 2 #0,,z € U.

By setting @ = 1, it can easily be observed that
z

L+ WL(W —1)]

p(z) +v2p'(2) = (
< q(z) +72q'(2).

Then by the assumption of the theorem we have that the assertion of the
theorem follows by an application of Lemma 2.
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Corollary 4 Assume that (4) holds and q is convex univalent in U. If F € A,
and

F(2)., 2F'(z) 1+ Az (14 Az)rt
1 —= -1 # A-B)—————
() L+l FOo) N = (5" el )(1+Bz)u+1
then F(2) 104
w4 (25 1 <p<a<
( z = (1+Bz) ’ SPsAs
and q(z) = (%i—gz)“ is the best dominant.

Corollary 5 Assume that (4) holds and q is convex univalent in U. If F € A,

and
EDps ) - < 0+ )
for z € U, u#0, then

and q(z) = (3E2)* is the best dominant.

Corollary 6 Assume that (4) holds and q is convezr univalent in U. If F € A

and
F(z) 2F'(2)

( — 1] < (1 + pyAz)

forz € U, p#0, then

)H[L 4 yul

(@)u < ehAz

and q(z) = et is the best dominant.

3 Applications.

In this section, we introduce some applications of section (2) containing frac-
tional integral operators. Assume that f(z) = > >, 2" and let us begin
with the following definitions

Definition 1 /4] The fractional integral of order « is defined, for a function
[y by

I2G) = /0 Oz — O NG a0,
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where the function f(z) is analytic in simply-connected region of the complex

a—1

z-plane (C) containing the origin and the multiplicity of (z — () is removed

by requiring log(z — () to be real when(z — ¢) > 0.
From Definition 1 and see ([5]), thus z + I3 f(2) € AL and z — I?f(2) €
A> (¢n > 0), then we have the following results

Theorem 3 Let the assumptions of Theorem 1 hold, then

(z—i-If‘f(z)

and q(z) is the best dominant.

= q(z),

Proof. Let the function F(z) be defined by
F(z):=24+1f(z), z €U z#0.

Theorem 4 Let the assumptions of Theorem 2 hold, then

z = I2f(2)
z

(

and q(z) is the best dominant.

= q(z),

Proof. Let the function F(z) be defined by

F(z):=2—-1f(z), z €U, z#0.

Let F(a,b;c;z) be the Gauss hypergeometric function (see [6]) defined, for
z € U, by
— (@)n(0)n_,

F(a,b;c;2) = ngo (C)n(l)nz ,

where is the Pochhammer symbol defined by

(@) = [la+n) ) 1, (n=0);
" T(a) ] ale+1)(a+2)..(at+n—-1), (neN).

We need the following definitions of fractional operators in the Saigo type
fractional calculus (see [7],[8]).
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Definition 2 For a > 0 and 3,17 € R, the fractional integral operator I&’f’"
is defined by

2706 = g [ = 00 e+ fimmast = 270

where the function f(2) is analytic in a simply-connected region of the z—plane
containing the origin, with the order

f(z)=0(z)(z = 0), €>max{0,8—n}—1

and the multiplicity of (z — )1 is removed by requiring log(z — ¢) to be real
when z — ¢ > 0.

From Definition 2, with 8 < 0, we have

—a—B z
2706 = g | = 00 e+ st = 270
= (« - P
= Z ( +aﬁ)”1( n)n F(Oz) /O (z - C)a_l(l - g)nf(C)dC
y—a— B—n z
- Z B /0 (2 = Q1 F(O)d

=0
B & "
_ —B-1
@ 2

where B := Y °° | B,. Denote a,, :=

F
24 IEPNf(z) € AL and 2 — 0P (2
following results

n=2,3,..., and let @« = —f thus
€ A, (pn > 0), then we have the

Theorem 5 Let the assumptions of Theorem 1 hold, then

2+ I f(2)

=)< (),

and q(z) is the best dominant.
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Proof. Let the function F(z) be defined by
F(z) =2+ I3 f(2), 2 €U, z#0.
Theorem 6 Let the assumptions of Theorem 2 hold, then

z —I&f’”f(z)

z

(

and q(z) is the best dominant.

< q(2),

Proof. Let the function F(z) be defined by
F(z) =2 = IgP"f(z), 2 €U, z#0.
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