General Mathematics Vol. 18, No. 3 (2010), 65—-71

A new class of analytic functions involving a linear
integral operator !

Khalida Inayat Noor, Saqib Hussain

Abstract

Using the linear operator Iy, , (A > —1,u > 0), we introduce and
study a new class Q(\, i, o, ) of analytic functions. We derive inclusion
relationship and integral representation. We also show that this class is
closed under convolution with a convex function. Some applications of
this theorem are also discussed.
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1 Introduction

Let A be the class of functions
(1) Fe) =24 > anen,
n=2

which are analytic in the unit disc E = {z : |z| < 1}. We denote S* and C be
the subclasses of A, consisting of functions which are respectively starlike and
convex univalent in F. A function f € A is subordinate to g € A (written as
f < g ), if and only if there exists a function w(z), analytic in F, such that
w(0) =0, |w(z)] <1and f(z) =g(w(z)), (z € E).
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The class A is closed under the Hadamard product or convolution defined
by

(fl * f2)('z) =z+ Zanbnzna
n=2

where

fi(z) =z + Z apz" and fo(z) =z + Z bp2".
n=2 n=2

We consider the following integral operator

Dy A—AXN>-1,u>0;f €A, defined by

(2) Duuf(2) = (Fupux £)(2),  see [2]
where . ;
e N (ST

Using (2) it can be easily verified that

(3) (D1 f(2))) = A+ DI f(2) = Mg uf(2)
and
(4) (2(Inuf (2))) = pl g1 f(2) = (= D Ix uf ().

In particular, by taking A =n,u =2, (n € Ng = {0,1,2,...}) in (2), we obtain
Noor integral operator introduced in [3].
Let

N ={p:zp€ A Re(p(z)) >0 for z€ E and ¢ is convex univalent in E'} .

It is known [6] that

S)u M(Qp) - {f . f €A d I)\:f(z) =< 90( )}’
st = {17 € A SEERL <ot}

Clearly, S75(¢) = S*(p) and C12(p) = C(p).
For 0 < a <1, and using the operator I ,, we introduce the following class
of analytic functions as

2(Iruf(2)) + 02 (I f(2))" < gp(z)} :

Q(A’ H, &, 90) = {f : f € A and (1 — oz)(I)\”uf(Z)) + OZZ(I)\,uf(Z))/
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Remark 1

feQ\ p a,¢) if and only if {(1—a)(Ir,f(2))+az(In.f(2))} € 5" (¢

2 Preliminary Results

Lemma 1 [6] Let f,, and fx, ., @ = 1,2, be defined by (2). Then for \; >
_17 M > 07 1= 1727

f)\7 ui = f)\, 7% *f,uzfl, 1o

and
f)\g, w = f)q, I * f)\g,()\1+1)7
where
1
(5) Pru(z) =2+ Z o + I ,

and f(z) is given by (1).

Lemma 2 [4] If f € C, g € S*, then for each function h analytic in E,

(f * hg)(E)

Fra)(B) COME)

where Coh(E) denotes the closed convex hull of h(E).

Lemma 3 Let 0 < a< 3. If 6 >2 or a+ (> 3, then the function

o0
(6]
ﬁla Zﬁnn—kl ze bk

belong to class C of conver functions.

Lemma 3 is a special case of Theorem 2.13 contained in [5].
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3 Main Results

Theorem 1 Let A > —1, >0, 0<a<1. If f € Q\ u,a,¢), then

Rl A1), ! o(w(t
© =[S e e [ 2
n= 0

where w(z) is analytic in E, with w(0) =0, |w(z)| <1 for z € E.

Proof. Let f € Q(\, u, o, p). Then there exists a function w(z) analytic in E,
with w(0) =0, |w(z)| < 1 such that

Z(I)\,uf(z))/ + 0522(1)\7#]0(2))”

(7) (1 — a)(])\“uf(Z)) + az(j)\#f(z))/ = @('LU(Z))
From (7) and after some simplifications, we have
® B (1= () + azr' ()] = exp [ 28
0
Let
¢(Z):(1—Oz)1_z+oz(1_z)2
Then
(9) (o )(2) = (1 —a)f(z) +azf'(2).

From (2), (8) and (9), we have

(10) ()« £ = exp [ £

0

L.

From (5) and (10), we obtain the required result.

Theorem 2 Let 0 < pu; < pg, A > —1,0<a<1and p € N. If uo > 2 or
p1+ p2 > 3, then

QA p2,a,0) C QX pi1, a, ).
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Proof. Let f € Q(\, u2,, ). Then there exists a function w(z) analytic in
E, with w(0) =0, |w(z)| < 1 such that

2(Inpn (2) + 02 (I f(2))”

(11) (1= ) (I f(2) + az(Inn f(2)) p(w(2)).
Let
(12) o) = 2D @) + 02 (I [(2))"

(1 - a)(I/\,,ulf(z)) + OéZ(I/\”ulf(Z))/.

From (2), (12) and using Lemma 1, we have

Z(f)\,uz * fuz—l,)\ * f)/ + O‘Z2(f>\,u2 * f,uz—l,)\ * f)”
(]' - a)(f)\,uz * fp,g—l,/\ * f) + OéZ(f)\”uQ * f,ug—l,)\ * f)l

(13)  plz) =

From (13) and using some properties of convolution, we obtain

p(z) _ fuzfl,)\ * [Z(I)\,uzf(z))/ + Ck22([)\7“2f(2:))//]
Fua=12 % [(1 = a)(Dy o f(2) + az(In e, f(2))']

Using (11) and after some simplifications, we have

_ Sum1ax o(w(2) (1 = a)(In £ (2) + az(Iap, f(2))']
fua—ax# (1= ) (I f(2)) + 02(Dn i f(2))]T

It follows from Remark 1, that

(14) p(2)

{(1 =) (I f(2) + az(Dnu, f(2))'} € S (9),

since f € Q(A, i, , ). Also by Lemma 3, f,,—1x € C. Therefore, by (14),
we have

p(E) C Cop(w(t)) C ¢(E),
¢ € N in E. Hence p(z) < ¢(z) and consequently f € Q(\, 1, ). O
Special Cases. For a = 0,1, we obtain the result proved in [6] as special

cases.

Theorem 3 Let o € N, A > =1, p>0and ¢ € C. If f € Q(\, p,,9),
then f 1 € QO\, 1, @, ).
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Proof. Let F = f %1 and set

Z(IA,,uF(Z))/ + O‘ZQ(I)\,/LF(Z))”
(1 =), F(2)) + az(Iy,F(z)"

(15) p(z) =
From (2), (15) and after some simplifications, we have

Y [2(Duf (2)) + a2 (D, f(2))"]
U (1= a)(auf(2) + z(Dnuf(2))]

Now proceeding in a similar way as in Theorem 2, we obtain the required

p(z) =

result.
Applications of Theorem 3
The class Q(A, i, o, ) is invariant under the following integral operators

o e - [Ma

0
(@) n) = [ s
0

i) s = [

LI g oy <1, 021,
0
(V) falz) = 1;‘3 / ()t R(e) > —1.
0

The proof immediately follows from Theorem 3, since we can write, see [1],
fi =[xy, fori=1,2,3,4 with

v1(z) = —log(l—2),
pa(z) = -2 [—”log(l - Z)] ,
z
1 1—2zz2
= <
v3(2) 1_$10g(1_z),]a;\_1,x7é1,
> 1+ec m
pa(z) = mZ:lercz R(e) > —1

and each ¢; is convex for 1 = 1,2, 3, 4.
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