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On the composite Bernstein type cubature
formula !

Dan Barbosu, Dan Miclaus

Abstract
Considering a given function f € C([0,1] x [0,1]), the bivariate in-
terval [0,1] x [0, 1] is divided in mn equally spaced bivariate subintervals
[E=L KT [j;17 fl], k=1,m, j =1,n. On each such type of subinter-

vals the Bernstein bivariate approximation formula is applied and a cor-

responding Bernstein type cubature formula is obtained. Making the sum
of mentioned cubature formulas, the composite Bernstein type cubature
formula is obtained. The coefficients of above formula are determined
and an upper-bound for its remainder term is given.
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1 Preliminaries

Let us to denote N = {1,2,...} and No = NU {0}.

The Bernstein bivariate operator By, , : C([0,1] x [0,1]) — C([0, 1] x [0,1]) is
defined for any f € C([0,1]x [0, 1]), any (x,y) € [0,1]x[0, 1] and any m,n € N,
by

(1) (Bmnf) (@, y) Zmek )i (y )f(k ‘7),

k=0 j5=0
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(2) P (z) = (:?) 21 — gyt

(3) Pni(y) = (?) y(1—y)"

are the fundamental Bernstein’s polynomials. The polynomial (1) is called the
Bernstein bivariate polynomial.
Let f € C([0,1] x [0,1]) be given. The following equality

(4) f(z,y) = (Bmnf) (2,9) + (Rmnf) (2,9)

is known as the Bernstein bivariate approximation formula, where R,,, is
the remainder operator associated to the Bernstein bivariate operator B, p,
i.e. Ry pnf is the remainder term of the bivariate approximation formula (4).
Regarding the remainder term of (4), D. Barbosu and O. T. Pop [7] established
the following:

Theorem 1 For any f € C([0,1] x [0,1]) and any (x,y) € [0,1] x [0,1], the

remainder term of (4) can be expressed under the form

()
m—1 n k ktl

( mnf)@jy) E::E:ZM11k an@D [ mem ;f]
k=0 j

J
m
m n—1 &
EE:EE:Z%njr pn 1j<y) [ im_il ;f]
k=0 5=0 Yurn
ry(l — (1 ) e @, ey S
Zzpm 1k pn 17](y) j g+l 7f .
k=0 j=0 Y%

In (5) the brackets denote the bivariate divided differences.

Theorem 2 ([7]) Let be p,q € No, a < 29 < 21 < ... < xp < b, c < yp <
y1 < ... < yq < d and the function f : [a,b] X [c,d] — R be given. If f €
CP=19-1)([a,b] x [, d]) and there exists % on ]a,b[x]c,d| then, there exists
(&,n) €]a,b[x]e, d] such that

To,T1,...,xp | 1 oPFif
Yos Y1, - -+ Yq plq! OxPIy1

(6) (& n)-
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Theorem 3 ([7]) Let f :[0,1] x [0,1] — R be a function with the properties
4 2
that f € C([0,1] x [0,1]), there exists 252 on 10,1[x]0,1[ and gmé, gyg’,

az#af?ﬂ are bounded on |0,1[x]0, 1[. Then, the inequalities

(7)

z(1—x) y(1—y) zy(l—z)(1 —y)
< 2N A2
(B P )| = 21 ) 4 L ngy )4 DY) g
1 1 1
< _
< Sli[f] + 8nM2[f] + 64mnM3[f]
hold, for any (z,y) € [0,1] x [0,1] and any m,n € N, where
0% f ‘
M = sup A5\, )
1] (2)€l0.1[x]0,1] 57"
0% f
8 M f] = sup 5Ty ‘7
® = (2,9)€10,1[x]0,1] o7 V)
84f
Mslf] = sup ———(x, ‘
o (2.)€10,1[x]0,1] 5707 V)

Integrating the Bernstein bivariate approximation formula (4) one arrives to
the following Bernstein’s cubature formula [6]:

) jjfmydwdy—zzfluf( 2) 4 Rl
00

=0 j=0
where

1
10 Aij=————, i=0,m, j=0,
(10) It Dy T IR
and
(1) R[] < o My [f] + o Mo[f] + ——— Ms[f]

mald = Tom ™! 12n" 2 144mn YD

where Mi[f], Ma[f] and M3|[f] were defined at (8).
The focus of the present paper is to construct the composite Bernstein type
cubature formula. For this aim, the bivariate interval [0, 1] x [0, 1] will be

divided in mn equally spaced bivariate subintervals [%, %} X [%, %} k=

1,m, j = 1,n. On each such type of subintervals [%, %] X [%, n} the
Bernstein’s cubature formula (9) will be applied. Next, adding the mentioned
cubature formulas, the composite Bernstein cubature formula on [0, 1] x [0, 1]

will be obtained.
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2 Main results

We start by the simple results contained in the following two lemmas.

Lemma 1 Suppose that a,b,c,d € R, a < b and c < d, f € C([a,b] X [¢,d]).
Then, the bivariate Bernstein polynomial associated to the function fis defined

by

(12) (Bmnf)(z,y) =

(b—a)m(d—c)™ ZZ( )()x—a)k(b_x)m—k

k=0 j=0

%y—dﬁd—ywﬁf<a+kb c+]i%—>.

Proof. The parametric extensions [5] of the Bernstein’s univariate operator
[8] are defined by

(13) (B2.0)(w9) = G—mmi—a ZZ( )()m_am_mk

k=0 7=0

(= ed = f (s )

respectively

(1) (BN = G _’f%z< ) () ar—a

(== (e 2.

Their tensorial product [9] is the bivariate Bernstein operator (12).

Lemma 2 Suppose that a,b,c,d € R, a < b, ¢ < d andlet f : [a,b] X[c,d] — R
4

be a function with the properties that f € C%2([a,b] x [c, d]), there exists afz—afyz

n la,b[x]e,d[ and %, giy];, aj;gyg are bounded on la,b[x]c,d[. Then, the

remainder term of the Bernstein bivariate approximation formula on [a,b] x

[c, d] verifies the following inequality

1) Rl < SO Dag 4 LoD gy

g,
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for any (z,y) €]a,b[x]c,d] and any m,n € N, where

0% f

Mi[f] = sup 3@ Y),
1[ ] (z,y)€la,b[x]c,d| 8$2( )
0% f
16 MI = sup EWCRCIE R
(16) 5[] S A ayg( )
o f
M} = su T,y ‘ .
i/ () elaixled] 870y ")

Proof. One applies (7) and the method of parametric extensions [9].
In what follows, let us to consider the bivariate interval [0, 1] x [0, 1] divided
’m n 'n|’

in the mn equally spaced bivariate subintervals [% ﬁ] x =2 l} k=1,m,

j = 1,n. In each interval [%, %] X [%, %} one considers the distinct knots

kp—p+h p+h _ Jg—q+l

Applying Lemma 1 yields the following Bernstein type bivariate polynomial

Tp = =0, p, respectively y; =

(17)

(Bpkail)(@y) mpnqléé( >< )( —%>h<%—x)p_h

( j—l)l<j ) (kp—p+h jq—q+l>
Ny - -yl f ) .
n n mp ngq

The following Bernstein type bivariate approximation formula

(18) f(@,y) = (Bp kg )@, y) + (Rprgif)(z,y)

holds, on any interval [%, %] X [ﬂ 1], k=1,m,j=1,n.

n’'n
For any f € C%2([0,1] x [0,1]) the following upper-bound estimation for the
bivariate remainder term

(19)

_ n(v—i=1) (i _
(Bpas D) < ") G20 gy (-5) ) My[f]
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holds, where

2
M1f] = sup 4 y)’ :
(zy)e] it E[x] 2L 1] Oz
2
» ML= T a—é(% y)’ :
(wy)e] Bt b [x]izt 4] Oy
o'f
Mgl,/[f] = sup 4(1‘;2/)‘ )
(zy)e] it B x| 2L 4] x20y>?

Theorem 4 If f € C([0,1] x [0,1]), the coefficients of the Bernstein type
cubature formula

(21)

—if
\:\w

p q .
kp—p+h jg—q+1
f(ﬂ?ay)dl’dyzzzflh,k,l,jf< Came LI A >+Rk7j[f]

m n
ik h=0 1=0 p q

E

d
d

can be expressed under the form

(22) Ah,k,l,j =

Proof. Integrating (18) on [%, %] X [9%1, %}, k=1,m, j=1,n and taking
(17) into account, yields
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1 1
L o h Lo 1
—mpnq<><)/mp+1t (1 —t)P~ dt/mu(l—u)q du
0 0
1 1
= < >< >/th )P~ hdt/ul(l—u)qldu.
0 0

1
The integral [ 2%(1—z)"‘dz is the Euler function of first kind B(i+1,n—i+1).
0

Taking the well known properties of Euler function of first kind into account,
it follows that

1 (p\ /(¢
Ap g = — B lL.p—h+1)Bl+1.qg—1+1
hok,lj mn<h> <l> (h+1,p—h+1)B(I+1,q—-1+1)

1 p Rlp—nh) ¢ MNg—1)

mnhl(p—h)! (p+1)! U(g—10D! (g+1)!
1

mn(p+1)(g+1)

Theorem 5 Let f € C*%(]0,1] x [0,1]) be given so that there exists &C#gyg on

10,1[x]0, 1[ and %, giyéc, ax#afy? are bounded on 10,1[x]0, 1[. Then the follow-

ing upper-bound estimation for the bivariate remainder term of the Bernstein

type cubature formula (21) is
- 12 12mn2?  144m?n?’
where M{'[f], MY[f], MY[f] are given at (20).

Proof. The inequality (23) follows by integrating the Bernstein type bivariate
approximation formula (18) and taking the inequality (19) into account.

Theorem 6 For any f € C*2(]0,1]x[0,1]), the following composite Bernstein
type cubature formula

(24)
P A k +h +1
p—p jg—q
[ s = — PR BRIWE )
00 p+1 (q+1) k=1 j—=1 h=0 I=0 ngq
+Rm,nf:|

holds, where | Ry, [f]| were defined at (11).
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Proof. Adding the relation (21) for any k¥ = 1,m, j = 1,n, we get the

following composite Bernstein type cubature formula (24).

Remark 1 It is easily to see that we get the same result for the bivariate

remainder term of the composite Bernstein type cubature formula, as the result
obtained by D. Barbosu and O. T. Pop in [6].

Corollary 1 The following equality

(25)

) 1 non 4 kp—p+h jg—q+1
m}flbrgoomn(pﬂLl)(qul)Z‘ ZZf( mp  ng )

holds.

Proof. Yields immediately from Theorem 6, because lim |Ry,,[f]| = 0.

m,n— o0
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