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On double gai difference sequence space defined by
a sequence of Orlicz functions !

N.Subramanian, U.K.Misra

Abstract

In this paper we define double gai difference sequence spaces by a
sequence of Orlicz functions and establish some inclusion relations.
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1 Introduction

Throughout w, x and A denote the classes of all, gai and analytic scalar valued
single sequences, respectively.
We write w? for the set of all complex sequences (2,,,), where m,n € N, the

2 is a linear space under the coordinate wise

set of positive integers. Then, w
addition and scalar multiplication.

Some initial works on double sequence spaces are due to Bromwich[4].
Later on, the double sequence spaces were studied by Hardy[5], Moricz[9],
Moricz and Rhoades[10], Basarir and Solankan|2], Tripathy[17], Turkmenoglu[17],
and many others.

Let us define the following sets of double sequences:
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M, (t) = {(l“mn) cw?: sup |xmn|tm" < oo} )

m,neN

Cp(t) == {(xmn) cw?:p— lim |zm, — 1" =1 for some [ € (C} ,

m,n—00

m,n—

COp (t) = {(l‘mn) (S w2 p— hmoo ‘xmn’tmn = 1} ,

Lo (t) = {(azmn) cw?: > || < oo} ,

m=1n=1
Cop (t) :=Cp (t) Y My (t) and Copp (t) = Cop (t) () M (1);

where t = (t,,) is the sequence of strictly positive reals ¢,,, for all m,n € N

and p— lim denotes the limit in the Pringsheim’s sense. In the case t,,,, = 1
m,n— 00

for all m,n € N; M, (t),Cp () ,Cop (t) , Lu (t) , Cp (t) and Copp () reduce to the
sets My, Cp, Cop, Lu,Crp and Copp, respectively. Now, we may summarize the
knowledge given in some document related to the double sequence spaces.
Gokhan and Colak [21,22] have proved that M, (t) and C,, (t) , Cyp (t) are com-
plete paranormed spaces of double sequences and gave the a—, 5—,y— duals
of the spaces M, (t) and Cy, (t). Quite recently, in her PhD thesis, Zeltser
[23] has essentially studied both the theory of topological double sequence
spaces and the theory of summability of double sequences. Mursaleen and
Edely [24] have recently introduced the statistical convergence and Cauchy
for double sequences and given the relation between statistical convergent and
strongly Cesaro summable double sequences. Nextly, Mursaleen [25] and Mur-
saleen and Edely [26] have defined the almost strong regularity of matrices for
double sequences and applied these matrices to establish a core theorem and
introduced the M —core for double sequences and determined those four di-
mensional matrices transforming every bounded double sequences x = (z;)
into one whose core is a subset of the M —core of x. More recently, Altay and
Basar [27] have defined the spaces BS,BS (t),CSp,CSp,CS, and BY of dou-
ble sequences consisting of all double series whose sequence of partial sums
are in the spaces My, M, (t),Cp, Cpp, Cr and L,,, respectively, and also exam-
ined some properties of those sequence spaces and determined the a— duals
of the spaces BS, BV, CSy, and the §(¥) — duals of the spaces CSy, and CS,
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of double series. Quite recently Basar and Sever [28] have introduced the
Banach space £, of double sequences corresponding to the well-known space
¢, of single sequences and examined some properties of the space £,. Quite
recently Subramanian and Misra [29] have studied the space X%, (p, q,u) of
double sequences and gave some inclusion relations.

We need the following inequality in the sequel of the paper. For a,b, > 0 and
0 < p<1, we have

(1) (a+0)F <aP +0°

o
The double series Z Tmn 1s called convergent if and only if the double
m,n=1
m,n
sequence (Spyy) is convergent, where Sy, = Z zij(m,n € N) (see[l1]).
i,j=1

1/m+n

A sequence x = (x,5,)is said to be double analytic if sup |2, | < 00.

The vector space of all double analytic sequences will brgndenoted by A2. A
sequence x = (Z,y,) is called double gai sequence if ((m + n)! \:nmn|)1/ mE 0
as m,n — o0o. The double gai sequences will be denoted by x2. By ¢, we denote
the set of all finite sequences.

Consider a double sequence z = (2;). The (m,n)" section z[™" of the
m,n

sequence is defined by z[™n = Z x;53;; for all m,n € N; where $;; denotes
ij=1

the double sequence whose only non zero term is in the (4,7 )th place

1
i+ )
for each 4,7 € N.

An FK-space(or a metric space) X is said to have AK property if (S, is
a Schauder basis for X. Or equivalently z[™" — z.

An FDK-space is a double sequence space endowed with a complete metriz-
able; locally convex topology under which the coordinate mappings x = (xy) —
(Zmn)(m,n € N) are also continuous.

Orlicz[13] used the idea of Orlicz function to construct the space (L) .
Lindenstrauss and Tzafriri [7] investigated Orlicz sequence spaces in more
detail, and they proved that every Orlicz sequence space £ contains a sub-
space isomorphic to £, (1 < p < 00) . subsequently, different classes of sequence
spaces were defined by Parashar and Choudhary [14], Mursaleen et al. [11],
Bektas and Altin [3], Tripathy et al. [18], Rao and Subramanian [15], and
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many others. The Orlicz sequence spaces are the special cases of Orlicz spaces
studied in [6].

Recalling [13] and [6], an Orlicz function is a function M : [0, 00) — [0, c0)
which is continuous, non-decreasing, and convex with M (0) = 0, M (x) > 0,
for > 0 and M () — oo as © — oo. If convexity of Orlicz function M is
replaced by subadditivity of M, then this function is called modulus function,
defined by Nakano [12] and further discussed by Ruckle [16] and Maddox [8],
and many others.

An Orlicz function M is said to satisfy the As— condition for all values of
u if there exists a constant K > 0 such that M (2u) < KM (u) (u > 0). The
Ag— condition is equivalent to M (fu) < K¢M (u), for all values of v and for
> 1.

Lindenstrauss and Tzafriri [7] used the idea of Orlicz function to construct
Orlicz sequence space

KM:{:UEw:ZM<mk‘><oo, forsomep>0},

k=1 P

The space ¢3; with the norm

Il =inf{p>0:ZM<|xk|> < 1},
k=1 p

becomes a Banach space which is called an Orlicz sequence space. For M (t) =
tP (1 < p < 00), the spaces £)s coincide with the classical sequence space £,.
If X is a sequence space, we give the following definitions:

()X = the continuous dual of X;

o0
(i) X* =< a= (amn) : Z |@mnTmn| < 00, for each z € X 3 ;

m,n=1

o
(1) X? = { a = (amn) : Z AmnTmn 1s convegent, for each z € X } ;

m,n=1
M,N
(iv)X7=1< a=(amn) : supyny>1 Z mnTmn| <00, for each z € X 7 ;
m,n=1

(v)let X be an FK-space D ¢; then X/ = {f(%mn) cfe X’} ;

(vi) X = {a = (amn) : SUP |Gomn@mn| /™™ < 00, for each € X} ;
mn



On double gai difference sequence space defined... 203

X X8 X7 and X° are called o — (or Kothe-Toeplitz) dual of X, 3 —
(or generalized-Kothe-Toeplitz) dual of X, — dual of X,§ — dual of X
respectively. X¢ is defined by Gupta and Kamptan [20]. It is clear that
X* c X8 and X* C X7, but X® C X7 does not hold, since the sequence of
partial sums of a double convergent series need not to be bounded.

The notion of difference sequence spaces of single sequences was introduced
by Kizmaz [30] as follows

Z(A)={z=(z) €ew: (Axy) € Z}

for Z = ¢,co and lo, where Az = x — x4 for all & € N. Here ¢, ¢
and /o, denote the classes of convergent,null and bounded scalar valued single
sequences respectively. The above difference spaces are Banach spaces normed
by

2| = |z1| 4 sup [Azy]
k>1

Later on the notion was further investigated by many others. We now intro-
duce the following difference double sequence spaces defined by

Z (D) ={z = (zmn) € W : (Azpy) € Z}

where Z = A2’ X2 and Axp, = (xmn - xmn—‘rl) - (xm-i-ln - xm+1n+1) =
Tyn — Tmnt1 — Tmiin + Tmying1 for all m,n € N
AmIEmn = AAm_lﬂjmn = (Am_lfﬁmn *Am_l.’ﬂmn_l,l *Am_lfﬁm_l,ln+Am_1$m1Ml)

2 Definitions and preliminaries

Let w? denote the set of all complex double sequences x = (xmn)fnomzl and
M : [0,00) — [0,00) be an Orlicz function, or a modulus function. Let
P = (pmn) be any sequence of strictly positive real numbers.

1/m+n
X?\/[:{a: € w?: (M (((Wm)”xr;"‘) i )) —0 as m,n — oo for some p>0}

and

) ) ’xmn‘l/m+n
Ay =qzcw’: sup | M| ——— < oo for some p >0 .
m,n>1 P

A sequence x € A? is said to be almost convergent if all Banach limits of
coincide. Then
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py
=2 = (Tmn): ”—17 Z Tmtsnts — 0, asp,y — oo, uniformly in s
m,n=1
Let M = (M) be a sequence of Orlicz function and p = (ppy) be any
sequence of strictly positive real numbers. We define the following sequence

sets
Xar 6, A™, p] =
1 & LA™ 1/mstns \ |Pmn
e o) i L S [ar (A" ) ol
pmee iy mn=1 P
uniformly in s, for some p > 0,
A%, (e, A™ p] =

{x—(xmn): sup L Z

s,(uy) MY

Ms+ns Pmn
M ((’Amxm+s,n+s\)l/ i )] _ 0} ,
p

If My, (x) = x for every m,n; then X?w (e, A™ p] = x?[¢,A™,p]. We
denote X?w [¢, A™, p] and A?M (6, A™ p] by x%[é, A™ p] and A% [¢, A™, p], re-
spectively, when p,,, = 1 for all m,n.

uniformly in s, for some p > 0.

3 Main results

Theorem 1 Let M = (My,,,) be a sequence of Orlicz functions. Then the
following statements are equivalent
(i) A? [e, A™,p] € A3, [e, A™, pl;
(ii) X* [¢, A™,p] € A e, A™, p]; ,
1 Y ' Am 1/ms+zns mstns
(iii) sup— Y | My, SULAROR S L) < oo
mwy BY P
for some p>0.

Proof. (i)=(ii) is obvious, since x? [¢, A™,p] C A2 [¢, A™, p].

(ii)=(iii)Let x?[¢, A™,p] C x3,[¢, A™, p]. Suppose that (iii) is not satisfied.
Then for some p > 0

1 & S LN | L Y
SupZ[an<<<m 1) AT s ) .

ey HY P

mn=1
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and therefore there is sequence (u;7;) of positive integers such that

1 Hi%i Z_l Pmn
2 My, [ Sii=1,2,-
? 2 [ m”(ﬁ)]

Hi%i

m,n=1
Define = = () by
1

| 1/m+4n _ o
(((m +n)'zmn)) { 0, ifm > pi,n >y

if 1 <m,n < py,i=12,---

Then x € x%[é,A™,p], but by (2), = ¢ A3, [¢, A™, p] which contradicts (ii).
Hence (iii) must hold.

(iii)=(i) Let (iii) be satisfied and =z € AZ%[¢,A™,p]. Suppose that
x ¢ A?[¢, A™, p]. Then

Hy m 1/m5+ns Pms+nsg
(3) sup 1 Z [an ((’A Tmtsnts|) )] — 0

s,(pyy) K p

mn=1
Let t = |Ammm+s,n+s|l/ms+ns for each m,n and fixed s, then by (3)
1 [l t Pms+nsg
ot £ Q)
wy HY S 4
which contradicts (iii). Hence (i) must hold. This completes the proof.

Theorem 2 Let 1 < pyp < SUP P, < 00. Then the following statements are
mn

equivalent for a sequence of Orlicz functions M = (M) -
(i) X3r e, A™, p] € X2 [¢, A™, p] 5
(”) X%w [é’ Amvp] - A? [é’ Am7p] )
Y ¢ DPmn
(i) i fy 21 [an (p)} >0(t,p>0).

Proof. (i)= (ii) is obvious.

(ii)= (iii) Let x3, [¢, A™,p] € A% [e, A™,p]. Suppose that (iii) does not hold.
Then

(4) mfwulfy f: [an (;)an =0(t,p>0).

m,n=1

We can choose an index sequence (y;7y;) such that
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1 g: M i pmn<r1i—123---
/»‘L'L’Yz mn p 9 U T Ly Ay Yy

m,n=1

Define the sequence x = (zy,y,) by

i, fl1<mmn<pvy,i=1,2,---
07 if m,n > i, Y

(M + n)z )/ = {

Thus by (4), z € x3,[¢,A™,p] but x ¢ A?[¢, A™, p] which contradicts (ii).
Hence (iii) must hold.

(iii)=-(i) Let (iii) hold and z € x3, [¢, A™,p],

(5)

1 wy A™ s s 1/ms+ns Pmn
(i.e) lim — Z [M (((’ Tmtsts|) = 0, uniformly in s.
pr=00 1y p

mn=1

Suppose that = ¢ x? [¢, A™, p] . Then for some number ¢y > 0 and index pgo,
we have

((ms + ng)! ’Amxm+5’n+5’)1/m5+ns > €, for some s > s and 1 < m,n < uoyo.
Therefore

Pmn m 1/ms+ns Pmn
(Mo ()] < [Myy (Lt )77 )

and consequently by equ (5). Hence
1 ol Pmn
lim — > [M (60)] —0
HY=oo Y p
which contradicts (iii). Hence x2,[¢, A™,p] C x?[¢, A™,p]. This completes

the proof.

Theorem 3 Let 1 < ppp < SUppmn < 0o. The inclusion A3, [é,A™, p] C
mn

26 A, p] hold if

1 ny ¢ Pmn

- Mpn | — = s .
® i 2, Do ()] etz

mn=1
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Proof. Let A%, [¢,A™,p] C x?[é, A™,p]. Suppose that (6) does not satisfied.
Therefore there is a number ¢y > 0 and an index sequence (u;7;) such that

1 Hi%Yi t() Pmn
(7) > [an ()] <N <o00,i=1,2,3,-
pivi “— P

Define the sequence x = () by

to, 1f1§m7n§/1272>Z:1727a
Ton = .
07 if m,n > i, Y

Thus by (7), z € A%, [¢, A™, p], but = ¢ x?[¢, A™, p]. Hence (6) must hold.

Conversely, let (6) be satisfied. If z € A3, [¢, A™, p], then for each s and
Ky

1 & A™ 1/ms+ns Pmn
(8) — Z an ‘ $m+s,n+s| S N < Q.
MY P

Suppose that x ¢ x?[¢, A™, p] . Then for some number ¢y > 0 there is a number
sp and index oy

‘Amxm—&-s,n—&—s’l/ms—i_ns > €0, fors > so.

Therefore

Pmn m 1/mgs+ns Pmn
M ()] < [ (222t ]

and hence for each m,n and s we get

Y €0 Pmn
2 e (3)] e

mn=1 p

for some N > 0, by (8) which contradicts (6). Hence A3, [¢, A™, p] C x? [¢, A™, p]
This completes the proof.

N

Theorem 4 Let 1 < ppy, < SUP Pn < 00. Then the inclusion A% [¢, A™, p]
mn
X%4 [¢, A™ p| hold if

() i N f: [an (“’)rm —0, (t,p).
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Proof. Let A%[¢,A™ p] C x3%,[¢,A™, p]. Suppose that (9) does not hold.
Then for some ty > 0,

(10) lim — f: [an <to)rm L A0
pr—oo pry A= p
Define © = (z,,) by
((m + 1)) " = 1 mf" (=1)" x
v=0
(’y+(m,n) —v— 1)
(m,n) —v
for myn = 1,2,---. Thus = ¢ x3,[é,A™, p] by (10), but x € A%[¢, A™ p].

Hence (9) must hold.
Conversely, Suppose that (9) hold and = € A% [¢, A™,p]. Then for every m,n

and s
|Am$m+s,n+s|1/ms+ns <N < o0
Therefore
[an <<<ms ) |Amxm+8,n+sr>1/m*”s)]W < [ (W]
p p
and

IA

ms+ns Pmn
$- [M (<<ms+ns>!|Amxm+s,n+sr>1/ o )]

1
wy p
N Pmn
[an ()} — 0 as p,y — 00
P

by (9). Hence z € x2,[¢, A™,p]. This completes the proof.

n=1

1 ny
Ly

m,n=1
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