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Superordination Properties for Certain Analytic
Functions'
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Abstract

The purpose of the present paper is to derive superordination result
for functions in the class M f;m(a, A, b) of normalized analytic functions
in the open unit disk U. A number of interesting applications of the
superordination result are also considered.
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Introduction

Let A denote the class of functions of the form

(1) f(z) = z+Zanz"
n=2

which are analytic in the unit disc U = {z : |z| < 1}. We also denote by K
the class of functions f € A that are convex in U.
Given two functions f,g € A, where f is given by (1) and g is defined by

(2) g(z) =z + Z bp2".
n=2
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The Hadamard product (or convolution) f * g is defined by
(3) (fxg)(2) =2+ anbuz" (2 €U).
n=2

Foroj € C (j=1,2,...,l)and 5; e C\ {0,—-1,-2,...} (j =1,2,...,m), the
generalized hypergeometric function ;Fy,(aq,...,a0;01,...,0m; z) is defined
by the infinite series

[e.9]

ey e S "
Fm(an, .. 00581, .0, Bms 2) _;(ﬁl)”(ﬁm)nn‘

(I<m+1;me Ny:={0,1,2,...}),

where (), is the Pochhammer symbol defined by

Wy _DOdn) [ (n = 0)
( )n .—W—{ )\(}\+1)()\+2)...()\+n_1) (nEN ::{1,2,3,...}).

Corresponding to the function

(4) h(O[]_, .. 'aal;ﬂlu “e aﬁm;z) - ZlFm(alval;/Blv cee 7ﬂm§z)-

The Dziok-Srivastava operator [4] (see also [11]) H'™(au, ..., a1, .., Bm)
is defined by the Hadamrd product

(5) Hl’m(al,...,al;ﬂl,...,ﬁm)f(z) = h(ar,...,0501, .., Bm; 2) * f(2).

We note that the linear operator H (a1, ..., aq; 01, . . ., Bm) includes various
other linear operators which were introduced and studied by Carlson and
Shaffer [3], Hohlov [6], Ruscheweyh [10], and so on [5], [9].

Corresponding to the function h(aq, ..., 81, .-, Bm; 2), defined by (4),
we introduce a function F,(av,..., 0561, ..,Bm; 2) given by

h’(alv"'val;/@h"wﬁm;z)*Fu(ah'"7al;ﬂl7"'7ﬁm;z)

(6) = (1_22)# (z €U, u>0).

Analogous to H(aq,...,a;;81,.-.,0m), in [2] we define the linear operator
Julat,...,a;61,...,0m) on A as follows:

J/L(ala'"aal;ﬁla-“aﬁm)f(z):Fﬂ(ala'--aal;ﬁlv"',ﬁm;z)*f(z)
(7) (ai;8; € C\Zosi=1,....0L;5=1,...,myu>0;z € U; f € A).
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For convenience, we write

(8) JEm™ () = Julan, ..., 00 B, .., Bm)-

This operator was defined by Cho [7] special cases were studied by Noor [8]
and Alkharsani [1].

Definition 1 Let g be analytic and univalent in U. If f is analytic in U,
f(0) =g(0), and f(U) C g(U), then one says that f is subordinate to g in U,
and we write f < g or f(z) < g(2). One also says that g is superordinate to
finU.

o0 oo
Definition 2 Let f = Zakzk € A. An infinite sequence {ak} of com-
k=1 k=1
plex numbers where
1
— ap #0
Ccp = ag

0 ak:O

o0
will be called superordinating factor if for evey g = z + Z biz® in K, one has

k=2
(9) f-1xg=<yg
where f_q is defined as follows,
f*f—l*g'<f*g7
then
oo
fo1=2x% Z cp”
k=2
one also says that (11) is equivalent to
[e.e]
chbkzk <g (zeU;e =1),
k=1
o0
or the sequence {ck} is a superordinating factor if and only if
k=1

(10) Re{l+2§:ckzk}>0 (z€U).
k=1
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Definition 3 Suppose that f € A. Then the function f_1 is said to be a
member of the class Li;m(a, A, b) if it satisfies

A\ <Jf¢l"1(al)f—1(Z)> L <Jﬁs’"<alz>fl<z>> 4

a1)f-1(z bm ) fo1(z
(11) AN( it ( 1)f ()>+(1_)\H) (Ju ( 1Z)f 1”)—1—21)(1—0&)—1
(zeU;0<a<;A>0;be C\{0};u>0),

<1

Now, we prove the following lemma which gives a sufficient condition for
functions belonging to the class Lijm(oz, A 0).

Lemma 1 If the function f_1 satisfies the following conditions:

Y [+ Ak = D]C(u, k)ler| < (1 a)lb|
k=2

(12) (0<a<;A>0;0€C\{0};u>0),

where

k
Cluk)=1] ka 1, Yk—1

oo (k—1)!
(13) — (ﬁl)k—l"'(ﬂm)k—l) (M > 0,]{3 _ 172’3’.”)’
(a1)g—1 - (1)p—1

then f_1 € L™ (o, A\, b).

Proof. Supposes that the inequality (12) holds. Using the identity

(14) 2 (T 1) = Il (en) () = (= DI () fa(2),
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we have for z € U,

I () fo1(2)

(1=2) + A" (1) fo1(2) = 1

T (1) f-1(2)

—|2b(1 — ) + (1= A) -

AL () foa(2)) — 1

Z (1+A(k = 1)C(p, k)2
k=

—12b(1 — ) + > (14 Ak — 1)C(p, k)epz"
k=2

<Y [+ Ak = D)C(u, k) |ex] |2

M8

£
[|

2

2b|(1 — «) Z 1+ Ak C(u ,k)]ckHz|k1}
k=2

(15) <2 {Z[Hw— 1)]C (11, k) gl — [bl(1 —a>} <,

k=2

f_/H

which sows that f_; belongs to Lﬁ;m(a, A 0).

Let M ,ljm(a, A, b) denote the class of functions f in A whose Taylor-Maclaurin
coefficients ay, satisfy the condition (12).

We note that

ly;m lm
(16) MY, A, b) € LE™(a, \,b).
|

Example 1 (i) For 0 < a < 1,A > 0,b € C\ {0} and p > 0, the following
function defined by

p(A+1)

(17)  fo(z)= +m

1 1
12% 3Fy (172,1 + X’2+ X,M—H;Z) (z€U)

is in the class Lﬁm(a, A, b).
(i) For0 < a <1, A>0,be C\ {0}, and pn > 0, the following functions
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defined by
_ p(A + 1)y
fi(z) = mzz (2 €U),
f2(2) =2 £ ac tll)—(za);]—l; DI 2 (zel),

plp+ DA+ s 3

f3(2) = 2+ n(A+ g2 £ 2 )b~ 1]

(ze€U).

are in the MY™ (o, A\, b).

In this paper, we obtain a sharp superordination result associated with the
class M Lm (a, A, b). Some applications of the main result which give important
results of analytic functions are also investigated.

2 Main Theorem
Theorem 1 Let f_1 € M;™ (o, \,b). Then

A+ 1)y
2[p(A + 1)thy + [b](1 — )]

(18) (f~1x9)(2) <g(2) (z€U)

for every function g in K, and

CpA+ DY+ 01— )
p(A + 1)ty '

The constant p(A 4+ 1)1 /2[p(X + 1)1 + [b](1 — «)] cannot be replaced by a
larger one.

(19) Re f_1(z) >

Proof. Let f_; € M;™(a, A\, b) and let

(20) g(z) =z + Z byz"
k=2

be any function in the class K. Then we readily have

(A + 1)ahy
SO Vo A=y 9

(21) = p+ Dy (z + i bkckzk> .
k=2

2N+ Dy A+ [Bl(1 - a)]
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Thus, by Definition 3, the superrordination result (18) will hold true if the
sequence

(22) { pA+ Dert }OO

2[p(A + D)h1 + [b](1 = )] J oy

is a superordinating factor sequence, with ¢y = 1. In view of Definition 2, this
is equivalent to the following inequality:

(23) {1+Z A+12;r+1\)§y}z1a)]ckzk} >0, (zeU).
Now, since
(24) 14+ Ak —1)]C(p, k) (A>0,u>0)

is an increasing function of K, we have

/\+1)¢1
{HZ O+ D) + 01 —a)]c’“’zk}

p(A + D)ahy ;
p(A+ 1)y + [b|(1 — @)

= Re{l +

1 o
+ A+ iz
WO D T @) 2O+ D '}

A+ 1)y .
A+ 1)1 + [b(1 — )

1 (o)
(A + 1)1 + b (1 — )

p(A+ 1)
p(A+ 1)ty + [b|(1 = a)
_ [b](1 —a)

(A + 1)¢1 + [b (1 — )]
This proves the inequality (23), and hence also subordination result (18) as-
serted by Theorem 1. The inequality (19) follows from (18) by taking

>1-—

(1+A(k = DO, k))lexr*
k=2

>1-—

r>0 (]z]=r).

(25) g9(z) = e K.
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Next, we consider the function

pA+ DY 5

(26) fl(Z):Z— (1—Oé)|b|

0<a<1;A>0;beC\{0},u>0)

which is a member of the class M,ljm(a, A,b). Then by using (18), we have

p(A + 1)1y z
27 _ < — elU).
&0 S+ Do+ pla =) P S 1=y ¢€U)
It can be easily verified for the function fi(z) defined by (26) that

: pA+ 1)y _ 1 ;
@ R (g @) = ey

which completes the proof of Theorem 1. m

3 Some Applications
Taking @ = 1 in Theorem 1, we obtain the following:

Corollary 1 If the function f_1 satisfies
(29) S+ Ak - Dol <m  (A=0, m>0),
k=2

then for every function g in K, one has

A+ 1D
2[(A + 1)¢py +m]

Re f_1(2) > — {H(Aﬁ)wl}

(frax9)(z) <g(2) (2€U)
(30)

A+ 1)y
2[(A+ D1 +m]

Putting A = 0 in Theorem 1, we have the following corollary.

The constant cannot be replaced by larger one.

Corollary 2 If the function f_1 satisfies

(o]
(31) > Clp k)l <m,  m>0,
k=2
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where C'(u, k) is defined by (13), then for every function g in K, one has

i m
— LT (f_1%xq)(2) < gz zeU), Ref_1(z)>—(1+——|.
S () <) e U e fa) > - (14 )
The constant . cannot be replaced by larger one.
2[puyp1 +m]

Next, letting A = 1 and g = 1, in Theorem 1, we obtain the following
corollary.

Corollary 3 If the function f_1 satisfies

(32) > klelpr <m  (m>0),
k=2

then for every funcion g in K, one has

1 m
— = (f _ —14+—).
s )E) < 92) (EU) Refal) >~ (1457

Y1
The constant ———— cannot be replaced by larger one.
291 +m

Also, by taking A =0 and p = 1, in Theorem 1, we have the following:

Corollary 4 If the function f satisfies
(33) > poalal <m (m > 0),
k=2

then for every function g in K, one has

(G
2(p1 +m)

1
2(¢1 +m)

(34) (f19)(2) <g(z) (z€ D), mfm—Q+%)

The constant cannot be replaced by larger one.
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