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A UNIFIED CHARACTERIZATION OF ¢-OPTIMAL AND
MINIMAL ENTROPY MARTINGALE MEASURES BY
SEMIMARTINGALE BACKWARD EQUATIONS

M. MANIA AND R. TEVZADZE

Abstract. We give a unified characterization of g-optimal martingale mea-
sures for ¢ € [0,00) in an incomplete market model, where the dynamics of
asset prices are described by a continuous semimartingale. According to this
characterization the variance-optimal, the minimal entropy and the minimal
martingale measures appear as the special cases ¢ =2, ¢ = 1 and ¢ = 0 re-
spectively. Under assumption that the Reverse Holder condition is satisfied,
the continuity (in L' and in entropy) of densities of g-optimal martingale
measures with respect to ¢ is proved.
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1. INTRODUCTION AND THE MAIN RESULTS

An important tool of Mathematical Finance is to replace the basic proba-
bility measure by an equivalent martingale measure, sometimes also called a
pricing measure. It is well known that prices of contingent claims can usually
be computed as expectations under a suitable martingale measure. The choice
of the pricing measure may depend on the attitude towards risk of investors
or on the criterion relative to which the quality of the hedging strategies is
measured. In this paper we study the g-optimal martingale measures using the
Semimartingale Backward Equations (SBE for short) introduced by Chitashvili
[3].

The g-optimal martingale measure is a measure with the minimal L-norm
among all signed martingale measures. The g-optimal martingale measures (for
q > 1) were introduced by Grandits and Krawczyk [16] in relation to the closed-
ness in LP of a space of stochastic integrals. On the one hand, the g-optimal mar-
tingale measure is a generalization of the variance-optimal martingale measure
introduced by Schweizer [37], which corresponds to the case ¢ = 2. Schweizer
[38] showed that if the quadratic criterion is used to measure the hedging error,
then the price of a contingent claim (the mean-variance hedging price) is the
mathematical expectation of this claim with respect to the variance-optimal
martingale measure. The variance optimal martingale measure also plays a

crucial role in determining the mean-variance hedging strategy (see, e.g., [33],
[6], [14], [20]).
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On the other hand, it was shown by Grandits [18] (in the finite discrete time
case) and by Grandits and Rheinldnder [17] (for the continuous process X)
that if the reverse Holder condition is satisfied, then the densities of g-optimal
martingale measures converge as ¢ | 1 in L' (and in entropy) to the density of
the minimal entropy martingale measure. The problem of finding the minimal
entropy martingale measure is dual to the problem of maximizing the expected
exponential utility from terminal wealth (see [7], [34]). Note also that the g-
optimal martingale measures for ¢ < 1 (in particular, for ¢ = 1/2 it defines
the Hellinger distance martingale measure) are also closely related to the utility
maximization problem (see [15], [35]).

The aim of this paper is to give a unified characterization of g-optimal mar-
tingale measures for ¢ € [0, 00) in an incomplete semimartingale market model.
We express the densities of g-optimal martingale measures in terms of a solution
of the corresponding semimartingale backward equation, where the index ¢ ap-
pears as a parameter. According to this characterization the variance-optimal,
the minimal entropy and the minimal martingale measures appear as the spe-
cial cases ¢ = 2, ¢ = 1 and g = 0, respectively. Besides, the above mentioned
convergence result of Grandits and Rheinlénder [17] naturally follows from the
continuity properties of solutions of SBEs with respect to q. We show that the
same convergence is valid if ¢ — 1, and if ¢ | 0, then the densities of the ¢-
optimal martingale measures converge to the density of the minimal martingale
measure. Moreover, we prove that the rate of convergence in entropy distance is
|g—1], although we require an additional condition of continuity of the filtration,
not imposed in [17].

To formulate the main statements of this paper, let us give some basic defi-
nitions and assumptions.

Let X = (X;,t € [0,7]) be an R%valued semimartingale defined on a filtered
probability space (2, F, F' = (F;,t € [0,T]), P) satisfying the usual conditions,
where F = Fp and T is a finite time horizon. The process X may be interpreted
to model the dynamics of the discounted prices of some traded assets.

Denote by M€ the set of equivalent martingale measures of X, i.e., set of
measures () equivalent to P and such that X is a local martingale under Q).
Let Z;(Q) be the density process of ) relative to the basic measure P. For
any Q € M¢, denote by M? a P-local martingale such that Z9 = £(M®) =
(&(M?),t € [0,T]), where E(M) is the Doleans-Dade exponential of M.

Let

M =1{Q € M®: EZL(Q) < oo},
1={Q e M*: EZp(Q) In Zp(Q) < oo}.

Assume that
A) X is a continuous semimartingale,

B) M #@ifg>1,and M® # @ if ¢ < 1.
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Then it is well known that X satisfies the structure condition (SC), i.e., X
admits the decomposition

¢
X, = X +/ d(M)sAs + M, a.s. forall te0,7], (1.1)
0

where M is a continuous local martingale and )\ is a predictable R%valued pro-
cess. If the local martingale 7, = E(—=N- M), t €[0,T]) is a strictly positive
martingale, then dp /dP = ZT defines an equivalent probability measure called
the minimal martingale measure for X (see [12]). In general (since X is con-
tinuous), any element of M€ is given by the density Z(Q) which is expressed
as an exponential martingale of the form £(—X- M + N), where N is a local
martingale strongly orthogonal to M. Here we use the notation \ - M for the
stochastic integral with respect to M.
Let us consider the following optimization problems:

min EEL(M© 1 1.2
QE}W (M%), q>1, (1.2)
EEL(M® 1 1.
52% Er (M), O<a<l, (13)
E°1 M@ =1. 1.4
Qrgjlae n&r(M¥), q (1.4)

Provided that conditions A) and B) are satisfied, these optimization problems
admit a unique solution in the class of equivalent martingale measures (see [5],
[16], [27] for ¢ = 2, ¢ > 1, ¢ < 1, respectively, and [31], [13] for the case ¢ = 1).
Therefore we may define the g-optimal martingale measures for ¢ > 1 and
q¢ < 1 and the minimal entropy martingale measure as solutions of optimization
problems (1.2), (1.3) and (1.4), respectively.

The main statement of this paper (Theorem 3.1), for simplicity formulated
here (and proved in section 3) in the one-dimensional case, gives a necessary
and sufficient condition for a martingale measure to be g-optimal.

We show that the martingale measure Q*(q) is g-optimal if and only if
dQ*(q) = Er(M@D)dP, where

QW@ — ). M4
M M+ Y Q) L(q),
and the triple (Y (q),v(q), L(q)), where Y (q) is a strictly positive special semi-
martingale, 1(q) is a predictable M-integrable process and L(q) is a local mar-
tingale orthogonal to M, is a unique solution of the semimartingale backward
equation

t
+3 0o Y !
in a certain class (see Definition 3.1) of semimartingales.

In Section 4 we study the dependence of solutions of SBE (1.5) on the pa-
rameter ¢ and additionally assume that:

C) the filtration F' is continuous,



292 M. MANIA AND R. TEVZADZE

B*) there exists a martingale measure () that satisfies the Reverse Holder
inequality for some ¢y > 1.
In Theorem 4.2 we prove that for any 0 < g < ¢y, 0 < ¢’ < qo

M@ — M D[y, < const |q — |3 (1.6)

According to Theorem 3.2 of Kazamaki [22], the mapping ¢ : M — E(M) —1
of BMO, into H' is continuous. Therefore, in particular,(1.6) implies that

|EM @) — £ |1 =0 as g — 1, (L.7)
|EM @) — £(=A- M)[|sr — 0 as q |0, (L8)

where Q(F) = Q*(1) is the minimal entropy martingale measure and £(—\- M)
is the density process of the minimal martingale measure. The convergence
(1.7)) was proved by Grandits and Rheinlénder [17] in the case ¢ | 1 and then
by Santacroce [36] for the case ¢ T 1.

Moreover, it follows from Theorem 4.3 that

1(Q"(q),Q7(¢") < const |q — (|, (1.9)

where 1(Q, R) is the relative entropy, or the Kullback—Leibler distance, of the
probability measure ) with respect to the measure R and is defined as

r 40 In dQ

dR  dR’

In particular, (1.9) implies the convergence of g-optimal martingale measures
(as ¢ | 1) in entropy to the minimal entropy martingale measure, which was
proved by Grandits and Rheinlénder [17] without assumption C).

Backward stochastic differential equations (BSDE) have been introduced by
Bismut [1] for the linear case as equations for the adjoint process in the sto-
chastic maximum principle. A nonlinear BSDE (with Bellman generator) was
first considered by Chitashvili [3]. He derived the semimartingale BSDE (or
SBE), which can be considered as a stochastic version of the Bellman equation
for a stochastic control problem, and proved the existence and uniqueness of a
solution (see also [4]). The theory of BSDEs driven by the Brownian motion
was developed by Pardoux and Peng [32] for more general generators. They ob-
tained the well-posedness results for generators satisfying the uniform Lipschitz
condition. The results of Pardoux and Peng were generalized by Kobylansky
23] for generators with quadratic growth.

BSDEs appear in numerous problems of Mathematical Finance (see, e.g.,
[11]). In several works BSDEs and the dynamic programming approach were
also used to determine different martingale measures. By Laurent and Pham
[24] the dynamic programming approach was used to determine the variance-
optimal martingale measure in the case of Brownian filtration. Rouge and El
Karoui [11] derived a BSDE related to the minimal entropy martingale measure
for diffusion models and used the above-mentioned result of Kobylansky to show
the existence of a solution. The dynamic programming method was also applied
in [26], [27], [28] to determine the g-optimal and minimal entropy martingale
measures in the semimartingale setting. In [27] the density of the g-optimal

I(Q,R)=FE
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martingale measure was expressed in terms of an SBE derived for the value
process
Vi(q) = essinf B(EL(M?) | F 1
a) = essinf E(&(MF) [ F), - a > 1,
corresponding to the problem (1.2). As shown in Proposition 2.3, the solution
Y (q) of (1.5) is related to V' (¢) by the equality

Yi(g) = (Vi(g)) ™.

As compared with the SBE derived in [27] for V(¢), equation (1.5) has the
following advantages: N

1) equation (1.5), unlike the equation for V'(¢), in the case ¢ = 1 determines
the minimal entropy martingale measure and

2) equation (1.5) is of the same form with and without the assumption of the
continuity of the filtration, whereas the equation for V' (¢) becomes much more
complicated (there appear additional jump terms in the generator, see, e.g.,
[29]) when the filtration is not continuous.

It was shown in [30] that the value function for the mean-variance hedg-
ing problem is a quadratic trinomial and a system of SBEs for its coefficients
was derived. It was proved that the first coefficient of this trinomial coincides
with V(2)7! and satisfies equation (1.5) for ¢ = 2, which is simpler than the
equation for V(2). This fact was more explicitly pointed out by Bobrovnytska
and Schweizer [2], who gave a description of the variance optimal martingale
measure using equation (1.5) for ¢ = 2.

After finishing this paper (during the reviewing process), we received a copy
of the paper by Hobson [19] who also studied g-optimal martingale measures
using BSDEs driven by the brownian motion, called in [19] the fundamental
representation equation. In a general diffusion market model, assuming that
a solution of representation equation exists, this solution is used to charac-
terize the g-optimal martingale measure, with the minimal entropy martingale
measure arising when ¢ = 1. Note that one can derive the fundamental repre-
sentation equation from equation (1.5) using the It formula for inY (¢) and the
boundary condition. Therefore Theorem 3.1 implies the existence of a solution
of the representation equation of [19] for the models considered in that paper.
It should be mentioned that in [19] the representation equation was explicitly
solved in the case of Markovian stochastic volatility models with correlation.

For all unexplained notations concerning the martingale theory used below
we refer the reader to [21], [8] and [25]. About BMO-martingales and the reverse
Hoélder conditions see [9] and [22].

2. Basic OPTIMIZATION PROBLEMS AND AUXILIARY RESULTS

In this section we introduce the basic optimization problems and study some
properties of the corresponding value processes.
Instead of condition B) we shall sometimes use a stronger condition:
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B*) there exists a martingale measure () that satisfies the reverse Holder
R,(P) inequality if ¢ > 1, and the reverse Holder Ry, (P) inequality if ¢ = 1,
i.e., there is a constant C such that

E(E L (MP) | F,) <C if ¢>1,
E(gT,T(MQ) lngT,T(MQ) | FT) S C it q = 1

for any stopping time 7.
Here and in the sequel we use the notation

_ &r(N)
~&(N)

Er(N) = &1(N = Npy)

for a semimartingale N and
(N)rr = (N)r = (N)s
for a local martingale N for which the predictable characteristic (V) exists.
Remark 2.1. Condition B*) implies that M@ € BM O, for M@ = —\-M + N,
where N is a local martingale orthogonal to M (see [22] for ¢ > 1 and [17] for

the case ¢ =1). Since (A- M),y < (=A-M + N),, for any 7 <t <T, we have
that A - M also belongs to BMO and the minimal martingale measure exists.

We recall that a uniformly integrable martingale M = (M;,t € [0,T]) belongs
to the class BM O, if and only if M is of bounded jumps and for a constant C'

EV2((M).r | F,) <C, P-as.

for every stopping time 7. The smallest constant with this property (or +oo if
it does not exist) is called the BAM Oy norm of M and is denoted by || M| sno,-
Let H! be the space of martingales N with | N| g1 = sup, |V;| < co. Note
that H' is the dual space of BMO, (see [8]).
Denote by II, the class of predictable X-integrable processes such that

E&l(m-X) <oo for p< oo, (2.1)
Ee™ X1 < o0 for p= +oo. (2.2)

Remark 2.2. For all m € II, the strategy ™ = m€(m - X)) belongs to the class
Hs of [35] since 1+ 7+ X = E(m- X) is a Q-supermartingale for all QQ € M€, as
a positive ()-local martingale.

We consider the following optimization problems:

min EEY(m - X), p>1,

well,

min Ee™X)7 p = Fo00,

well, (2 3)
maxEEL(m- X), 0<p<1,

well,

min EEL (7 - X), p<O.

well,
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and
Qrg/iggEEq(MQ), q>1,
QrgfiggEQ In&Er(MP), g=1 o
min BEH(MO), g <0, '
QI%%EE%(MQ), 0<¢g<l1

Throughout the paper we assume that g = p%l
It is well known that if condition B) is satisfied, then each of these optimiza-

tion problems admits a unique solution.
Let Q* be a g-optimal martingale measure and let 7* be the optimal strategy
for problem (2.3). It follows from [15],[35] (see also [16], [13], [17]) that
EX N X)) = c&p (M) for p < oo, (2.5)
e X — & (MP) for p= +oo. (2.6)
Moreover, £(m* - X)(n* - X if p = £00) is a martingale with respect to Q*.

Thus the g-optimal martingale measure M%" and the optimal strategy 7* of
the corresponding dual problem are related by the equality

EX(m* - X) = AEL(MY).

Now let us define the value processes

(essliqnf E(E(n - X)|F), p>1,
melly
essinf E(exp(j;T 7. dX,)|Fy), p=+oc
Vip) = § i (27)
! eﬁzliqnf E(&0(m- X)|F), p <0, '
esssup E(E(m- X)|Fy), 0<p<l,
\ 7€y
and
( .
5o inf E(EF(M@)|F,), q>1,
ess inf E(gtT(MQ) lngtT(MQ>|Ft), q = 1
Vilg) =4 o (2.8)
! esssup E(EL(MQ)|F), 0<qg<1,
QeMe
inf E(EL(M®)|F,
| sl (& (M%)|F), q <0,

corresponding to problems (2.3) and (2.4), respectively.
The optimality principle for the problem (2.3) can be proved in a standard
manner (see, e.g., [10], [24]) and takes the following form.
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Proposition 2.1. There exists an RCLL semimartingale, denoted as before
by Vi(p), such that for each t € [0, T

GSSIiInf E(&(m- X)|F,) a.s. for p>1 or p <0,
melly

Vi(p) =
) essHinf E(erX)r=(rX) | [ q.s. for p= 4o0.
melleo

Vi(p) is the largest RCLL process equal to 1 at time T such that the process
Vi(p)EP (- X) (the process Vi(p)e™X)t if p = +00) is a submartingale for every
m e 1I,.

Moreover, T is optimal if and only if Vi(p)EF(n* - X) (Vi(p)e™ Xt for p =
+00) is a martingale.

Proposition 2.2. For all t € [0,T] the value process Vi(p) is an increasing
function of p on [—00,1) and [1,00] separately. Moreover, if p > 1 and p' <0,
then Vi(p) < Vi(p') a.s. for allt € [0,T].

Proof. Let p,p’ be such that p > p’ > 1 or 0 > p > p/. It is sufficient to
consider the case p’ — p+ 1 > 0. Applying successively the optimality of 7*(p),
representation (2.5), the Bayes formula, the Hélder inequality and the fact that
E(m*(p) - X) is a martingale with respect to Q*(p), we get

Vi(p') = ElEq (" (0) - X)/F) < E[€5(x*(p) - X)/F})
= BlEL (7 (p) - X)EL"H (7" (p) - X)/ F]
(M)

& (m (p) - X)
€M) BEY(x*(p)- X)/F)
~ &N () - X) & (p) - X)

EY (& (7 (p) - X)/F)

= Vi(p).

If p = o0, then
Vt(p/) < E[gfq:(ﬂ . X)/E&] < E[ep/(w-X)T*P/(w-X)t/Ft]

for all 7 € I, and hence V(p) < V(o0). Similarly, V(—oo) < V(p) for p < 0.
Now suppose that 0 < p’ < p < 1. By the Holder inequality and by the
optimality of 7*(p) we have

Vi) < BlEh(x* () - X)/F) < Bleh(x*(p) - X)/F)% = Vi(p)'r.

Since Vi(p) > 1, we get Vi(p') < Vi(p) as.
If p>0>p, then Vi(p) > 1>V, (p').
Assume now that p > 1 and p’ < 0 and denote r = max{p, —p'}. Thus

p > —r > 0, and taking into account that V is increasing on [—o00,1) and

(1, 00|, respectively, we have

Vi(p') = Vi(=r) = E[g (" (=7) - X)/ F}]
= B[ (—m"(—1) - X)€T<W*(_T)‘X>”/Ft]
> El&jp(—n"(—r) - X)/F] > ElEfp(m(r) - X)/F]
= Vi(r) = Vi(p). m
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Corollary 2.1. Y(q) = V(%) is a decreasing function on (—00, 00).

Proposition 2.3. The value processes defined by (2.7) and (2.8) are related

by

V(p)=V(g)'™ for q#1
and

V(o) =e PO for ¢q=1.
Moreover,

V(p)EPHn* - X) = cE(M?) for q#1,
V(oo)e™ X)) = c&(M?) for q=1.

Proof. Let us first consider the case ¢ # 1. Using the optimality of Q* = Q*(q),
the Bayes rule and representation (2.5), we have

Fl0) = gy PIEHM V] = gy £ e 01 7
L EE X)) & -X)
g1 M) I (MQ)

Therefore, taking into account ¢ = ¢ and p = q%l, we obtain

—1 gf_l(ﬂ* ) X)

Vilg ' =c & (V)
and
=, &MYy o EBEX  m - X)/F] .
Vi(q) =C 5;;-1(71_* " X) = 5f_l(w* " X) = E[& ( X)/E].

On the other hand, using similar arguments we obtain
BE N (- X)Er(n* - X)) F

Vi(p) = El&r (7" - X)/ ] =

E(m* - X)
_ EEr(M@)er(n - X))/ F] _ CEQ* [Ep(m* - X)) F)E(M)
E (- X) E(m - X)
Q* p—1/ %
= BB B gt xR (29)
E (- X) E (- X)
Therefore V,(q)'* = (& p(m - X)/F)] = Vi(p). Besides, we have Vi(p) =
Ey(M97)
e (m-X)"

Now let us consider the case ¢ = 1. Since
Vi(1) = EY (In&Er(M9) ) F) = EY (InEp (M9 )/ F) — InE(MD),
from representation (2.6) we have

t R
Vi(l)=c +/ 71X, — In E(ect o =9/ F),
0
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Therefore - .
exp(—Vi(oc) = e 4 B(e S N ) = B(e ) < V(o)
Moreover, (2.6) also implies

a.
(OO) E[ e 'X T/E]e—(ﬂ*.x)t — Cgt(MQ*)e_(W*X)t |:|

Remark 2.3. Equality (2.9) implies that the optimal strategy 7* satisfies

ElEh(n" - X)/F] = Elgf (7" - X)/ F].
Note that this fact in discrete time and in the case ¢ = 2 was observed by
Schweizer [38].

Lemma 2.1. Let there exists a martingale measure that satisfies the reverse
Holder Ry (P) inequality for some qo > 1 and let Y(q) = V(7). Then there
1s a constant ¢ > 0 such that

inf Yi(q) >c forall tel0,T] a.s. (2.10)

0<q<qo
Proof. The R, (P) inequality implies that
1< Vi(q) <C,

where C'is a constant from the R, (P) condition.
By Proposition 2.3 we have

v =v(,L) =V

qg—1
Therefore
Yi(ao) > CT . (2.11)
Since by Corollary of Proposition 2.2 Y;(q) > Y;(qo) for any ¢ < qo, inequality
(2.10) follows from (2.11). O

3. A SEMIMARTINGALE BACKWARD EQUATION FOR THE VALUE PROCESS

In this section we derive a SBE for V(p) and write the expression for the
optimal strategy 7*. Then, using relations (2.5) and (2.6) we construct the
corresponding optimal martingale measures.

We say that the process B strongly dominates the process A and write A < B
if the difference B — A € A}, i.e., is a locally integrable increasing process.

Let (A%, Q € Q) be a family of processes of finite variations, zero at time zero.
Denote by ess ian(AQ) the largest process of finite variation, zero at time zero,
S

which is strongly dominated by the process (A? ¢ € [0,T]) for every Q € Q,
i.e., this is an “essinf” of the family (A%, Q € Q) relative to the partial order <.

Now we give the definition of the class of processes for which the uniqueness
of the solution of the considered SBE will be proved.

Definition 1. We say that Y belongs to the class D, if YEP(n - X) € D for
every m € IL,.



SEMIMARTINGALE BACKWARD EQUATIONS 299

Recall that the process X belongs to the class D if the family of random
variables X I ;<) for all stopping times 7 is uniformly integrable.

Remark 3.1. The value process V (p) for p > 1 or p < 0 belongs to the class
D, since V (p)EP(m - X) is a positive submartingale for any = € II,.

Remark 3.2. Suppose that there exists a martingale measure that satisfies
the reverse Holder inequality R,(P). Then by Theorem 4.1 of Grandits and
Krawchouk [16] E sup,., & (- X) < CEEL(w - X) and the process & (7 - X)
belongs to the class D for every 7 € II,. Therefore, any bounded positive
process Y belongs to the class D, if the R,(P) condition is satisfied.

Since X is continuous, the process & (7 - X) is locally bounded for any p € R
and Proposition 2.1 implies that the process V(p) is a special semimartingale
with respect to the measure P with the canonical decomposition

Vi(p) = m(p) + Ai(p), ™M (p) € Mige, A(p) € Alge- (3.1)
Let

t
m) = [ eaM.+ mp), (o), M) =0, (32)
0
be the Galtchouk—Kunita—Watanabe decomposition of m (p) with respect to M.

Theorem 3.1. Let conditions A) and B) be satisfied. Let q € [0,00) and
p= qqu. Then
a) the value process V(p) is a solution of the semimartingale backward equa-

tion
vt =vito) + 5 [ Vietw(n+ Zs_(fq)>>,d<M>s (e 70)

" /t bs(q)dMs + Li(q), t<T, (33)

with the boundary condition

Yo(q) = 1. (3.4)

This solution is unique in the class of positive semimartingales from D,,.
Moreover, the martingale measure Q* is g-optimal if and only if

. 1
M9 =-XN-M+——-L(g 3.5
g (35)
and the strateqy 7 is optimal if and only if
o {(1 — A+ L) for g #1

—)\—;{(8) for ¢=1

forY(q) € D,.

b) If, in addition, condition B*) is satisfied, then the value process V(p) is
the unique solution of the semimartingale backward equation (3.3), (3.4) in the
class of semimartingales Y satisfying the two-sided inequality

c<Y(q) <C forall te€[0,T] a.s. (3.6)
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for some positive constants ¢ < C'.

Proof. For simplicity, we consider the case d = 1. In the multidimensional case
the proof is similar.

Ezistence. Let us show that Y (¢q) = V(p) satisfies (3.3), (3.4). Suppose that
1 <p<ooor —oo<p<0 (ie., we first consider the case ¢ # 1). By the Ito6
formula we have

t J—
5f(7T~X):1+p/ 5§(W'X)|:7Ts s p217r§d<M>s].
0

Using (3.1), (3.2) and the It6 formula for the product, we obtain

Vi)l X) = Vi) + [ e x) [dAS@) Ve (A,

T ppu(pmad(M), + 22—

ﬁ?%(p)d(M)s] + martingale.

By the optimality principle (since the optimal strategy for the problem (2.3)
exists) we get
t

Ap) = —essint. [ [V o+ putm + P22 w2 acan,

wellp 0

and

v m)|aon. 61

Ai(p) = — /Ot [p(Vs-(p)As + @s(p)) s + plp—1)

if and only if 7* is optimal.
It is evident that there exists a sequence of stopping times 7,,, with 7, T T,
such that

1 Tn /At Tn /At
V@)= oo [ 00, <0 [ R, <
0 0

Then the strategy 7" = (1 — q)(A+ 22 )1j0,-,) belongs to the class II, for every
n > 1 and

2
essinf m, + (¢ — 1)(A + ‘Z_(é?)))' Vi—(p)
AV (p) + @5(p) P
§2p—12 li7,<s) — 0, as n — oo.
( ) V. <p) (Tn<s)
Therefore . )
¢ "V (p) + 95 (p))|
=2 d{M), 3.8
R A TR 5
and (3.1)—(3.2) imply that V;(p) satisfies (3.3), (3.4). Moreover, comparing (3.7)

and (3.8), we have

p . ) y
=7 (P UTVE HAVE) + o) =0 p-ae
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and hence 7 = (1 — q)(A + ‘ﬁ(—g)).
For p = 00, V(p)e™X) admits a decomposition
t © 1
Ve = Vo(p) + [ Vi (p)elm- (Asws ot aT ?)d<M>S

0

t
+/ e™X)sd A (p) + martingale.
0

Thus, in a similar manner one can obtain

welly,

1 [t %) 2
=5 V;— )\s > dMs
2A ( +v;> W

and 7* :—)\——

) = —essint [ (Ve + o p)me+ 72V ata),

Uniqueness. Suppose that Y =Y (q) is a strictly positive solution of (3.3),(3.4)
and Y € D,,. Since Y satisfies equation (3.3) and YEP(r-X) € D for all 7 € II,,

by the Ito formula we obtain
1 Ys
Ts —_ T >\s
+p—1( +Y;>

+local martingale. (3.9)

Hence Y& (7 - X) is a P-submartingale and Y; < E[El. (7 - X)/F,] for every
7 € IL,. Therefore

2

d(M)s

—1 t
Kegf(W'X):Yb+I%/YS
0

Y < Vi(p). (3.10)

On the other hand, (3.9) implies that YEP(7r" - X) is a positive P-local mar-
tingale for 7° = (1 — ¢)(A + :=). Thus it is a supermartingale and

Y, > Bl€lu(n® - X)/F).
Taking ¢ = 0 in the latter inequality, from (3.10) we obtain
EEN(m" - X) < Yo < Vo(p) < o0

and, hence, 7 € II,. Therefore Y; > V,(p) and from (3.10) we obtain Y (q) =
V(p). By the uniqueness of the Doob—Meyer decomposition

L(g) =m(p) and ¥(q) = ¢(p).

For p = +00 the proof of the uniqueness is similar.

Let us show now that the g-optimal martingale measure admits representation
(3.5).

From Proposition 2.3 (for 1 < p < oo or —oo < p < 0) we have V;(p)EF ™" (7*-
X) = c&(M®?") and after equalizing the orthogonal martingale parts, we obtain
8{’:1( “. X)dmy(p) = c&_(M®@)dN;, where MQ" = —X\. M + N*. Thus

fov dms )andMQ*:—/\-M+V+@-m(p).
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Hence, the processes M%" and —\- M + v+(;;) -m(p) are indistinguishable and

. 1
Er(MY=Er =N M+ ——. e M:. 3.11
7( ) T( + V() m(p)) q ( )

For p = 400, similarly to the case p < oo, we again get e Xidm, =
c&(M?)dN; and also

t t
* * _ ,ﬂ_*. 1
Nt = C/O ES(MQ )6 ( X)Sdms = A m de(OO)

Conversely, let a measure Q be of the form (3.5), where Y (¢) is a solution of
(3.3), (3.4) from the class D,. Then by the uniqueness of a solution we have
Y(q) = V(p), L(g) = m(p) and hence

g(—)\.MJr%(q)-L(Q)) 25(_A'M+V+(m'm(p)>

Therefore, by (3.11) Q is g-optimal.

b) If condition A*) is satisfied, then 1 < f/(q) < C. Thus CTs <V(p) <1
On the other hand, by Remark 3.2 all bounded positive semimartingales belong
to the class D, and hence V(p) is a unique solution in this class. UJ

Remark 3.3. If ¢ = 0, then p = 0 and the class D, = D, coincides with the
class D. Since for ¢ = 0 any solution Y of (3.3) is a local martingale and any
local martingale from the class D is a martingale, we have that any solution Y
of (3.3), (3.4) from D equals to 1 for all t € [0, 7] (as a martingale with Yy = 1).
Therefore L(0) = 0 and by (3.5) M@ ©) = —X\. M.

Remark 3.4. The existence and uniqueness of a solution of (3.3)—(3.4) in case
q = 2 follows from Theorem 3.2 of [29]. For the case ¢ = 2 by Bobrovnytska
and Schweizer [2] proved the well-posedness of (3.3), (3.4) and representation
3.5 for the variance-optimal martingale measure, under general filtration. In [2]
the uniqueness of a solution was proved for a class of processes (Y (2),1(2), L(2))
such that

1
—E* (MY e D forall Q€ M§ and (3.12)
Y(2)
1 ~
— A M4 —— - L(2 (P). 1
5( +Y_(2) ())EM( ) (3.13)
The same class was used in [26] to show the uniqueness of a solution of a SBE
derived for V(2) = ﬁ under an additional condition of the continuity of the

filtration. Although the class Dy (from Definition 3.1) as well, as the class
of processes satisfying (3.12)—(3.13), include the class of processes satisfying
the two-sided inequality (3.6), they are not comparable. Therefore the union
of these classes (which needs a better description) should enlarge the class of
uniqueness.
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4. CONNECTION OF THE MINIMAL ENTROPY AND Q-OPTIMAL
MARTINGALE MEASURES

In this section we study the dependence of solutions of the SBE (3.3) on
the parameter g assuming that the filtration F' is continuous. We show that if
condition B*) for some ¢q > 1 is satisfied, then the solution process Y'(¢), the
BMOy-norm’s square of the martingale part of Y'(¢) and the entropy distance
satisfy the uniform Lipschitz condition with respect to g, which implies the
convergence of the densities of g-optimal martingale measures to the densities
of the minimal entropy and minimal martingale measures as ¢ — 1 and ¢ | 0,
respectively.

Hereafter we suppose that condition C) is satisfied, i.e, we assume that any
local martingale is continuous.

Let us first prove some auxiliary statements.

Lemma 4.1. For all g € [0,00) the martingale part L(q) = 1(q) - M + L(q)
of any solution 'Y (q) € D of the equation (3.3), (3.4) belongs to the class BM Oy
and

IZ(q) || saro, <1, for all g € [0, 00). (4.1)
Proof. If Y(q) € D then (Yi(q),t € [0,7]) is a submartingale and
Yi(q) < E(Vr(q)/Fr) = 1. (4.2)

Using the It6 formula for YZ(q)—Y.?(¢) and the boundary condition Y7(q) = 1,
we have

~

(L)) — (L(g))- +2 / Y (q)s(g)dM, + 2 / Y,()dLs(q)

1q / (\Ya(g) + u())?d(M), = 1 — Y2(g) (4.3)

for any stopping time 7. Without loss of generality we may assume that L(q)
and 1 - M are square integrable martingales, otherwise one can use localization
arguments. Therefore, if we take conditional expectations in (4.3) we obtain

T

BUE@) ~ @l 1r) + a8 ( [ O+ v@Pan./F) <1 (1)
for any stopping time 7, which implies that L belongs to the space BM Oy and
the estimate (4.1) also holds. O

Lemma 4.2. Let there exist a martingale measure that satisfies the Reverse
Hélder R,(P) inequality for some qo > 1 and for any 0 < q < gy let Y(q) be a
bounded positive solution of (3.3), (3.4). Then for any 0 < ¢ < qo,0 < ¢ < qo

Yi(q) = Yi(q)| < const g — ¢|. (4.5)
Proof. By Theorem 3.1b we have Y(¢q) = V(.%) and Proposition 3.3 with
R,(P) condition imply that

Yi(q) > CTa forall te [0,7] as. (4.6)
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Moreover, it follows from Lemma 2.1 that

inf Yi(q) >c forall ¢t€]0,7] as. (4.7)

0<¢<qo

for a constant ¢ > 0.
If the triple (Y (q),%(q), L(q)) is a solution of (3.3), then using the It6 formula

for InY;(q) we have (¥ (q), d(q), L(a)), where Y(q) = Y (q), ¥(q) = 12

Y(q)’
L(q) = + - L(q), satisfies the SBE
. . "(a - ¢—1-
Tita) = Yilo) + [ (B2 vt + 1020 Yo,
0
1 - . -
5 (L) +/ Us(q)dMs+ Li(q), t<T, (4.8)
0
with the boundary condition
Yr = 0. (4.9)

Taking the difference of two equations (4.8) for ¢ and ¢’ we have

O + ()20,

T / (Bu(a) = Bu(e)) (q' L@+ Tl ) + q'As)d<M>s

—% (L(q)): + % (L(q"))e + /0 (Vs(q) — ¥s(¢'))dM, + Li(q) — Li(q').  (4.10)

For any ¢,¢' € [0,q0] let us define the measure @ = Q(q,¢') by dQ =
Er(N(q,q"))dP, where

/

N =N(q,q) = (q/ i+ L) +Q’A) - M + % (L(q) + L(¢)).

2 2

Lemma 4.1 and inequality (4.6) imply that N = N(q, ') is a BM Oy-martingale
hence for any ¢,q¢" € [0,q0], @ = Q(q,q’) is a probability measure equivalent
to P.

Denote by N the martingale part of Y (q) — Y (¢), i.e.,

N = N(q,q") = (¥s(q) — ¥s(¢")) - M + L(q) — L(q).
Therefore by the Girsanov theorem,
Y(g) - Y(q) - q‘q (A —(q)* (M) = N — (N, N)

is a local martingale with respect to the measure (). Moreover, since N also
belongs to the class BM O, (again by (4.6) and Lemma 4.1), according to Propo-
sition 11 of [9]

N — (N,N) € BMO,(Q)
for any fixed ¢ and ¢ from [0,

o)
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Thus, using the martingale property and the boundary condition Y7(q) = 0,
we obtain

Vo - ¥() = -5 Lee( [ - daaon. ),

or
V(o) _  rome("Fon-du@)a<is./m) (4.11)
Y(¢) ' '
Note that, this implies that ¢ > ¢’ = Y;(q) < Yi(¢') for any ¢, ¢’ € [0, qo], which
gives the proof of Proposition 2.2 and its Corollary as a consequence of a special
comparison assertion for SBEs.
Let us show that

EQ@d) ( /t T()\S — 1by(q))2d (M), /Ft) < const, (4.12)

where the constant does not depend on ¢ and ¢'.
Since A-M € BMO; (see Remark 2.1 ), inequality (4.7) and Lemma 4.1 imply
that the BM O, norms of N(q,q’) and (A — ¢(q)) - M are uniformly bounded

for ¢,¢' < qo

sup ||N(Qa q/)HBMOz < o0, (413)
0<¢,9'<qo
sup  [|(A = ¥(q)) - M| paso, < o0 (4.14)
0<¢,9'<qo
According to Theorem 3.1 of Kazamaki [22], (4.13) implies that
sup E(EX(N(q,q))/F;) < const (4.15)
0<4,¢'<q0 ’

for some > 1. Taking n so that "y < « and using the conditional Holder
inequality, we have

Q) ( / 0 ws<q>>2d<M>s/Ft)

n=l 75 1 T n
< E (& (N(g, )/ F)E (A= d(q) - M)ir/Fy). (4.16)
On the other hand, it follows from the energy inequality (see [22, p. 28]) that
E({(\ = ¥(q) - M)yz/Fy) < nlll(A = (q) - M|[Fs0,-
Therefore from (4.14), (4.15) and (4.16) we conclude that the estimate (4.12)

holds.
Thus it follows from (4.11) and (4.12) that

< econst (¢"—q) if q/ > q,

Y(q)

y (4.17)
(Q> > econst (¢'"—q) if q/ < q.

Since Y;(q) is uniformly bounded from below by a positive constant and de-
creasing with respect to ¢, we obtain from (4.17)

Yi(q) = Yi(¢')| < const |q — (/|
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O

Lemma 4.3. Let there exist a martingale measure that satisfies the Reverse
Hélder R, (P) inequality for some qo > 1 and for any 0 < g < qo let Y(q) be a
bounded positive solution of (3.3), (3.4). Then for any 0 < q < qo,1 < ¢’ < qo

IL(q) — L(¢) | saro, < const g — |2, (4.18)
where L(q) is the martingale part of Y (q).

Proof. Applying the Ito formula for (Yr(q) — Y7(q'))* — (Yi(q) — Yi(¢'))? and the
boundary condition Yr(q) = 1, we have

(L(q) — L(q"))er + 2/t (Yi(q) = Yi(d')d(As(q) — As(d))
1 / (V(g) — Yuld) (0e(0) — ou(d))dM,
2 / (Yalg) — Ya(d))d(La(g) — Lo(q)) < 0.

Since by Corollary of Proposition 2.2 Y(q) > Y (¢') if ¢ < ¢/, by taking condi-
tional expectations we obtain (e.g., if ¢ > ¢')

E(L(q) — L(d))r/F) < 2E( | i) - Ys<q>>dAs<q>/m)
< const (¢ —¢)E(Ar(q) — Ai(q)/ F), (4.19)

where the last inequality follows from Lemma 4.2. On the other hand, Lemma
2.1, Lemma 4.1 and the boundedness of Y (¢q) imply that

T (AYi(q) + ¥s(q))?
Yi(q)

which (together with (4.19)) results in the estimate (4.18). O

Br(o) - Adoy/F) = B( [ AO0).JF) < const,

Theorem 4.1. Let there exist a martingale measure that satisfies the Reverse
Hélder R,(P) inequality for some qo > 1. Then for any 0 < g < qp, 0 < ¢ < q

|A19° @ — M| rgo, < const | — |- (4:20)

Proof. From Theorem 3.1 we have

M@ _ pped) — . L(q) _
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and

({50 10 - 3y - 1), /)
1 1
= 2E(<<y @ Y ,)> ’L<Q)>T,T/FT)
+28 (- (L - L) /)
E

Y

~on( [ " Ylo) — Yo (g))" d<L<q>>s/FT)

v D) - L(q’)>s/FT). (4.21)

Since the process Y_(g) is uniformly bounded from bellow by a strictly posi-
tive constant, it follows from Lemma 4.2 that the right-hand side of (4.21) is
estimated by

const (¢ — ¢’ 1L(@)[5ar0, + 1L(a) = L(@ ) Bso,)-
Thus Lemma 4.1 and Lemma 4.3 results in (4.20). O

Corollary 4.1. Let there exists a martingale measure that satisfies the Re-
verse Holder R,(P) inequality for some qo > 1. Then

€MD) —g(M¥)n =0 as g — 1, (4.22)

1€V D) = E(=X- M)l — 0 as ¢ L0,

where Q(F) = Q*(1) is the minimal entropy martingale measure.
The proof follows from Theorem 4.2 and from Theorem 3.2 of Kazamaki [22].

Theorem 4.2. Let there exists a martingale measure that satisfies the Reverse
Hélder R,(P) inequality for some qo > 1. Then for any 0 < g < gy, 0 < ¢ < qo

1(@Q"(q),Q"(q")) < const g —¢|. (4.23)
Proof. By the definition of the entropy distance we have
1(Q"(9),Q"(¢)) = BEM@ ) In £ @)
* * ]_ * *(a! ]_ * (!
— FQ (@ Mq@ (@) _ §<MQ (q)>T_M7(:2 (¢') +§ (M@ (q)<T .

Since M?"@ ¢ BMO,, by Proposition 11 of [9] the processes
MO (@) _ <MQ*(<1)> and M@ @) _ <M'Q*(q)7 MQ*(<1’)>
are BM Oy-martingales with respect to the measure Q*(¢q). Therefore

1(Q(9),Q"(d)) = %EQ*WM C@ — M)y (4.24)
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Since A - M € BMO; (see Remark 2.1), inequality (4.7) and Lemma 4.1
imply that the BMO, norms of M2 (@ are uniformly bounded for ¢, ¢ < qo.
Therefore Theorem 3.1 of Kazamaki [22] implies that

sup  E(EX(MP D)) < o (4.25)
0<q,q'<qo
for some o > 1. Taking n so that "5 < «a and using (4.25), the Holder
inequality and the energy inequality (see [22, p. 28]) we have that

EQ*(q)<MQ*(q) _ MQ*(q’)>T
< E"T_lgﬁ(MQ*(q))E% (M@ @ — g @Nn
< const ||[M@ @ — M2 < const |q— ], (4.26)

where the last inequality follows from Theorem 4.2.
Therefore from (4.24) and (4.26) it follows that the estimate (4.23) holds. [

Corollary 4.2. Let there exists a martingale measure that satisfies the Re-
verse Holder R,(P) inequality for some qo > 1. Then

liﬁl Q*(q) = Q(E) in entropy. (4.27)

Remark 4.1. Corollary 4.2 was proved in [17] without assumption of the
continuity of the filtration and under assumption that the Reverse Holder
Rprinp(P) inequality is satisfied. As proved in the same paper, the Reverse
Hoélder Ry, (P) inequality implies that the Reverse Holder R,(P) inequality
for some ¢y > 1 is satisfied.
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