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FIRST ORDER PARTIAL FUNCTIONAL DIFFERENTIAL
EQUATIONS WITH UNBOUNDED DELAY

Z. KAMONT AND S. KOZIEL

Abstract. The phase space for nonlinear hyperbolic functional differential
equations with unbounded delay is constructed. The set of axioms for gener-
alized solutions of initial problems is presented. A theorem on the existence
and continuous dependence upon initial data is given. The Cauchy problem
is transformed into a system of integral functional equations. The existence
of solutions of this system is proved by the method of successive approxi-
mations and by using theorems on integral inequalities. Examples of phase
spaces are given.
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1. INTRODUCTION

For any metric spaces U and V' we denote by C'(U, V') the class of all continu-
ous functions from U to V. We use vectorial inequalities with the understanding
that the same inequalities hold between their corresponding components. Let
us denote by My, the set of all k£ x n matrices with real elements. For x € R",

Y € Myyn, where x = (z1,...,2,), Y = [Yijli=1,...k, j=1...n, We define the norms
n n
loll = > laal VI = max { 3 lyl -1 < i < k.
i=1 j=1

We will denote by L([0,¢], Ry), ¢ > 0, Ry = [0,+00), the class of all functions
v :[0,¢] — R, which are integrable on [0, c]. Let B = (—o0, 0] x [—r, 7] where
r=(r,...,rn) € R}, Ry =[0,400). For a function z : (—o0,a] x R* — R,
a > 0, and for a point (¢, ) € (—o0,a] x R™ we define a function z(,) : B — R
as follows: 24 (s,y) = z(t + s, 4+ y), (s,y) € B. Suppose that the functions
o 1 [0,a] — R and ¢ = (¢1,...,¢,) : [0,a] x R" — R™ are given. The
requirement on g is that ¢y(t) < ¢ for ¢t € [0,a]. For (t,x) € R'™ we write
w(t7 :E) = (1/}0(07 wl(tv ZL’))

The phase space X for equations with unbounded delay is a linear space
with the norm || - ||x consisting of functions mappings the set B into R. Write
Q2 =10,a] x R" x X x R™ and suppose that the functions

f: Q=R and ¢:(—00,0]x R" — R
are given. We consider the nonlinear functional equation

Oz(t,x) = f(t,x,z¢(t7x),8mz(t,x)), (1)

ISSN 1072-947X / $8.00 / © Heldermann Verlag www.heldermann.de



510 Z. KAMONT AND S. KOZIEL

with the initial condition
z(t,x) = p(t,x), (t,x) € (—00,0] x R", (2)

where 0,2(t,x) = (0, 2(t,2),...,0,,2(t,x)). Note that the symbol 2y, de-
notes the restriction of z to the set (—oo,vg(t)] X ['(t,x) — r, ¢’ (¢,z) + r] and
this restriction is shifted to the set B.

We consider weak solutions of problem (1), (2). A function z : (—o0, ¢|]xR" —
R, 0<c<a, is a solution to the above problem if

(i) Zypa) € X for (t,x) € [0,¢] x R™ and 0,% exists on [0, c] x R",

(ii) the functlon Z(-,x) : [0,¢] — R is absolutely continuous on [0, ¢| for each
x € R",

(iii) for each z € R™ equation (1) is satisfied for almost all ¢ € [0, ] and
condition (2) holds.

Numerous papers have been published concerning functional differential equa-
tions of the form

Oyz(t,x) = F(t,x, Z(t,2)s 8362(25,1‘)),

where 0,z = (0,2, ...,0,2), and for adequate weakly coupled systems. The
following questions have been considered: functional differential inequalities
generated by initial or mixed problems ([3]-[5]), uniqueness of classical or gen-
eralized solutions ([12], [24], [25]), existence theory of classical and different
classes of weak solutions ([2], [6], [7], [9], [11], [16], [18], [20], [22], [23], [26]-
28]), approximate solutions of initial or mixed problems ([17], [30]), difference
inequalities and applications ([13], [19]). All these problems have the prop-
erty that the initial or boundary functions are given on bounded sets. The
theory of hyperbolic functional differential problems has been developed in the
monograph [14].

The paper [8] initiated the investigation of nonlinear hyperbolic functional
differential equations with unbounded delay. The main assumptions in the
existence theorem concern the space X and the space C([0, a] x R™, R) and their
suitable subspaces. The assumptions are formulated in the form of inequalities
for norms in some functional spaces. They are strictly connected with initial
problems and are not applicable to initial boundary value problems.

The purpose of this paper is to give sufficient conditions for the existence of
generalized solutions to problem (1), (2). The Cauchy problem is transformed
into a system of integral functional equations. The method of bicharacteristics
is used. It consists of linearization of the right-hand side of equation (1) with
respect to the last variable. In the second step a quasilinear system is con-
structed for unknown functions and for their spatial derivatives. The system
obtained in this way is equivalent to a system of integral functional equations of
the Volterra type. The classical solution of this system generates a generalized
solution of the original problem. A result on continuous dependence is proved
by using the method of integral inequalities. Note that our results are new also
in the case where the set B is bounded. It is important in our considerations
that all the assumptions on the phase space can be adapted to initial boundary
value problems.
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Existence results for a class of parabolic differential integral equations with
unbounded delay can be found in [1]. The theory of ordinary functional dif-
ferential equations with unbounded delay is studied in [10], [15]. For further
bibliography concerning functional partial differential equations see the mono-
graphs [14], [21], [29].

2. DEFINITIONS AND FUNDAMENTAL AXIOMS

Assume that ¢ > 0, w : (—o0,¢] x [-r,7] = R and t € (—o0,c]. We define
a function wy @ B — R by ww(s,y) = w(t + s,y), (s,y) € B. For each
t € (=00, c] the function w is the restriction of w to the set (—oo,t] x [—r, 7]
and this restriction is shifted to the set B. If w : (—o0,¢] X [-r,r] = R, ¢ > 0,
and w|jo,¢x[-rr 1S continuous, then we write

lwllpg = max {Jw(s, y)| : (s,y) € [0,¢] x [-r, 7]},

where t € [0, ¢].

Assumption H[X]. Suppose that (X, | - ||x) is a Banach space and

1) there is x € R, independent of w such that for each function w € X we
have

w(0,2)| < xlwllx, @€ [-rr], (3)

2) if w: (—o0,¢] X [-r,r] = R, ¢ >0, is a function such that wy € X and
[0, x[~ry] 18 continuous, then wyy € X for t € [0, c] and

(i) the function t — w, is continuous on [0, ¢/,

(ii) there are K, Ky € R, independent of w such that

lwellx < Klwllpg + Kollwellx, t €0, (4)
Now we give examples of phase spaces

Example 1. Let X be the class of all functions w : B — R which are
uniformly continuous and bounded on B. For w € X we put

Jullx = sup {fus, )] s (5.9) € BY. o)
Then Assumption H[X] is satisfied with all the constants equal to 1.

Example 2. Let X be the class of all functions w : B — R, such that
w € C(B,R) and there exists the limit lim;, o w(t,z) = wp(x) uniformly
with respect to x € [—r,r]. The norm in the space X is defined by (5). Then
Assumption H[X] is satisfied with all the constants equal to 1.

Example 3. Let 7 : (—00,0] — (0,00) be a continuous function. Assume
also that v is nonincreasing on (—o0,0]. Let X be the space of all continuous
functions w : B — R such that

el
tEI_noo v(t) ! 6[ ) ]
o wit,2)
Jule = sop { =G (1) € 5},

Then Assumption H[X] is satisfied with K = ﬁ, Ky=1, x =~(0).
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Example 4. Let p > 1 be fixed. Denote by V' the class of all w : B — R
such that
(i) w is continuous on {0} x [—r,r] and

0
/ |w(r,z)|PdT < 400 for x € [—r, 7],

(ii) for each t € (—o0, 0] the function w(t,-) : [-r,r] — R is continuous.
We define the norm in the space V' by

|wlly = max{|w(t,x)| (t,x) € {0} x [—r, r]}

+ sup { (/_OOO w(r, x)|pd7> e 7, 7’]}. (6)

Write X = V where V is the closure of V with the norm (6). Then Assumption
H[X] is satisfied with K =14 c'/?, Ky =1, x = 1.

Example 5. Denote by V' the set of all functions w : B — R which are
bounded and

(i) w is continuous on {0} x [—r, 7] and

—(m—1)
I(x) = sup {/ lw(r,z)|dr :m € N} < 400,

where z € [—r,r] and N is the set of natural numbers;

(ii) for each t € (—o0, 0] the function w(t,-) : [-r,r] — R is continuous.

The norm in the space V' is defined by

Jwlly = max {|w(t,z)| : (t,z) € {0} x [-r,7]} +sup {I(z) : z € [-r,7]}.
Put X = V where V is the closure on V with the above given norm. Then
Assumption H[X] is satisfied with K =1+ ¢, Ko =2, x = 1.

If z: (—00,c] x R" — R, ¢ > 0, is a function such that 2| g~ is continuous
and (t,z) € [0,¢] x R™, then we put

||Z||[07t;96] = maX{|Z(Say)| : (87y) S [Ovt] X [‘T - TV,E + ’I“]}

Suppose additionally that the function z|(g q«r» satisfies the Lipschitz condition
with respect to z. Then we write

|2(s,y) —=(s,9)|
ly — 9l
Lemma 1. Suppose that Assumption H|[X] is satisfied and z : (—o0, c]x R™ —
R, 0<c<a Ifzi € X forz € R" and Z|[0,c]><R" 1s continuous, then
20 € X for (t,x) € (0,c] x R" and
12t lx < Kl|2j0,6a) + Kol 20,0 [l x- (7)

If we assume additionally that the function z|jqxrr Satisfies the Lipschitz con-
dition with respect to x, then

Lip[e]lourer =sup{ (s, 9)s (5,9) €[0,] x R",y%y}.

|20) — 22 llx < K Lip[2]|jo,6r0 |2 — 2| + Koll20.0) — 20.5) | x5 (8)
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where (t,x),(t,5) € [0,c] x R".

Proof. Inequality (7) is a consequence of (4) for w : (—o0,¢] X [-r,7] — R
given by w(s,y) = z(s,z + y) with fixed z € R™. We prove (8). Suppose that
(t,x), (t,z) € [0,¢] x R™ and the function Z : (—oo, ] x R" — R is defined by
Z(s,y) = 2(s,y + T — ), (s,y) € (—o0,c] x R". Then Zy ) = 247 and

2ty = 2¢0)llx = (2 = D))l < Kz = Z|lj062) + Kol (2 = 2) 0.2 I x
S KLlp[ZH[O’an]

z —Z|| + Koll202) — 2002 llx,
which proves (8). O

Our basic assumption on the initial functions is the following.

Assumption H[y]. Suppose that ¢ : (—o0,0] x R — R and there exist the
derivatives (O, @, ..., 0s, @) = O on (—o0,0] x R™ and

1) go(Ox)eXand(a ) €X,1<i<n,forzeR",

2) there are by, by, cy,c1 € Ry such that

leoollx <bo, e —onlx < bllz— 2z,
1(0x0)0,0)lx < co,  1(0e0)02) — () 0,3 |Ix < crllr — 7,

where x,z € R" and

1(020) 0,0)Ix = Z 1(92:0) 0,01 x5

1@22)00) = (Dep)00) || = ZH s 2)0a) — (Oe) 00| -

Let us denote by I[X] the class of all initial functions ¢ : (—00,0] X R — R
satisfying Assumption H[p]. We define some function spaces. Let ¢ € I[X] and
let 0 < ¢ <a,d=(dydi,ds) € B3, X = (X, A1), where Ao, Ay € L([0,¢], Ry).
Let us denote by CLZ[d, A] the class of all functions z : (—oco, ¢] X R* — R such
that

(i) z(t,z) = @(t, z) for (t,x) € (—o0,0] x R™;

(ii) the derivatives (0,2, ...,0:,2) = O,z exist on [0, ¢] x R" and

|2(t, )| < do, |2(t,x) —2(t,2)| < Ao(T)dT

t

Y

and

t
t

on [0,¢] x R™.

Let ¢ € I[X] be given and p = (po,p1) € R, p € L([0,¢],R1), 0 < ¢ < a.
We will denote by Cf, .[p, ¢ the class of all functions u : (—oo,c] x R* — R"
such that

(1) u(t,z) = Op(t, ) for (t,x) € (—o0,0] x R™;
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(ii) for (¢,z) € [0,¢] x R™ we have

lu(t, )l < por |[ult,2) — u(f, )| < \ [ utryie| + il = 2l

We will prove that under suitable assumptions on f and v and for sufficiently
small ¢, 0 < ¢ < a, there exists a solution z to problem (1), (2) such that
z e CLLd, ) and 9,7 € CF, [p, p].

Let us fix our notations on vectors and matrices. The product of two matrices
is denoted by ¢. If Y € My, then Y7 is the transposed matrix. We use
the symbol o to denote the scalar product in R". If y = (y1,...,y,) € R",
w = (wy,...,w,) and w; € X for 1 <i < n then y ow is the function defined
by yow = ywy + ... + y,w,. In the sequel we will need the following lemma.

Lemma 2. Suppose that Assumption H|[X] is satisfied and ¢ € 1[X], z €
CLEld, N, where 0 < ¢ < a. Then

209 — €09 — (@) 0y © T —v)||x < ally —7l1% 9)
where y,y € R™, and
[20) = 2(w) = (022) ey © (T = y)|| ¢ < (Kdo + Koer)lly = 9lI*,  (10)
where (t,y), (t,y) € [0,c] x R".
Proof. Suppose that y, g € R" and the function ¢ : (—o0,0] x R" — R is defined
by @(1,2) = (1,7 —y + ), (1,2) € (—00,0] x R". Write f =@ — ¢ — (0,¢) ©

( — y). Then inequality (9) is equivalent to ||Bo |l x < ]|z — y||>. It follows
that there is s € [0, 1] such that

Bow) = [(0:0) 0y+s-) — (0x0) 0] © (1 — 1)

Then we obtain (9) from condition 2) of Assumption H[y].
We prove inequality (10). Let z : (—o0, ] X R — R be the function given by

zZ(r,x) =z(r,y —y+x), (1,2)€ (—o0,c] x R"
and v =z — z — (0,2) o (§ — y). Assertion (10) is equivalent to
v llx < (Kda + Koer)lly — 7)™
According to Lemma 1, we have

oy lx < Kllollpay + Kollvog llx < Kdally — gl
+Kol[00.5) — 0w — (0:0) 0 © (1 —v)|| < (Kdz + Kocr)lly — %,

which completes the proof of (10). O
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3. BICHARACTERISTICS OF NONLINEAR FUNCTIONAL DIFFERENTIAL
EQUATIONS

We will need the following assumptions.
Assumption H[0,f]. Suppose that f: Q — R and
1) the derivatives

(0 f(P), ..., 04, f(P)) = 0, f (P)

exist for P = (t,z,w,q) € 2 and the function 9,f(-,z,w,q) : [0,a] — R" is
measurable for every (z,w,q) € R" x X x R" and there is a function o €
L([0, a], Ry ) such that

(00 (8, 2,0, q)| < alt) on Q,
2) there is a function v € L([0, a], Ry) such that

Haqf(t,l’,w,(D - 8qf(t,f,u7,(j)H < 7(t> [HQZ - j” + ||’UJ - U_)”X + Hq - (‘7”}

on ).

Assumption H[y]. Suppose that the functions 1y : [0,a] — R and ¢’ =
(1,...,0¥,) = [0,a] x R — R™ are continuous and y(t) < t for t € (0,al.
Assume that the partial derivatives

[&fj%(t’x)}i,jﬂ n 2 (¢ )

-----

exist on [0,a] x R™ and there are sg, sy € R, such that
0.0 (8, 2)|| < s0, |0t (t,2) — 0ut)' (£, T)|| < s1llz — Z[| on [0,a] x R™.
Suppose that Assumptions H[X], H[J,f], H[¢] are satisfied and ¢ € I[X],
z e CLEd, N, ue Cf, [p,u]. Consider the Cauchy problem
77/(7_) - _aqf(Ta 77(7—)7 Zop(rn(T))> U(T, 7](7')), U(t) =T, <]'1>

where (¢,z) € [0,c] x R™. Let us denote by g[z,u](-,t,z) the solution to (11).
The function g|z, u] is the bicharacteristic of equation (1) corresponding to z and
u. We prove a theorem on the existence and uniqueness and on the regularity
of bicharacteristics. For functions ¢ € I[X] and z € CLL[d,\], u € C§, [p, 1]
we write

ol x,r» = sup {|l¢0allx : z € R"}
and
12]l: = sup {|2(s, )| : (s,y) € [0,t] x R"},
Julle = sup {|lu(s,y)|| : (s,y) € [0,] x R"},
where t € [0, ¢].

Theorem 1. Suppose that Assumptions H[X|, H[0,f], H[}| are satisfied
and ¢, ¢ € I|X], z € CLLd, N\, z € CLL[d, N, u € ng[p,;z], u e C’gw[ 1,
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where 0 < ¢ < a. Then the solutions g|z,ul(-,t,x) and g(z,u|(-,t,z) exist on
0, ¢|, they are unique and we have the estimates

[ aterte+e-al] a2

:|, A:1+p1+80(Kd1+K0b1),

Hg[z,u](T,t,x) — glz, u](7, ¢, J_U)H < O(r,t) [

for (t,z),(t,z) € [0,c] x R™, T € [0, c], where
G

Hg z,ul(,t,z) — g[Z, ﬂ](T,t,x)H

O(r,1) = exp | A

and

K Nlz=zZlle+|u = ulle+ Kollp—@llx.me]dS,  (13)

<orm)] [

where (1,t,x) € [0,¢] x [0,¢] x R™.

Proof. We begin by proving that problem (11) has exactly one solution. It fol-
lows from Assumptions H[¢|, H[9, f] and Lemma 1 that the following Lipschitz
condition is satisfied:

Haqf(T7 Y, le(r,y)u U(T, y)) - aqf(Tu g? Z¢(T,g)7 U(Ta g)) H S 7<T>A||y - ?jH?

where 7 € [0, ¢], y,y € R". It follows that there exists exactly one Carathéodory
solution to problem (11) and the solution is defined on the interval [0, c].

Now we prove estimate (12). We transform (11) into an integral equation.
Write

P[Z7 u](€7 t, I’) = (fy g[Z, u] (57 t? {L‘) zw(é glz,u](&,t,x)) (g g[Z U] (5 t J})))
It follows from Assumptions H[¢], H[0,f] and Lemma 1 that

lglesel(mty2) — glesul (rE,2) | < 1o — 2] + \ / a(é)dé‘

| [ hous(Ples e o) - 0y (Plevulte 7o) e

/ ta<£>d5‘+A JEG

where (¢, x), (t,Z) € [0,¢] x R™, T € [0, ¢]. Now we obtain (12) from the Gronwall
inequality Our next aim is to prove (13). For z € CLL[d, \], z € CL[d, \] and
C’aw[ | C’aw[ 1] we have

< |lz—z(|+ lglz, ul(&,t, ) —glz, ul (€, £, )] €|,

Hg [z,u](T,t,z) — g[Z, ﬂ](T,t,m)H

= ’ / 102 (Plz,ul(&, 1, 7)) — 0, f (P[Z, ﬂ](f,t,x))de’. (14)
t
It follows from Assumption H[X| and Lemma 1 that

2o gtz = Zoesaetan |l x < |zoeauene) —Zuesmaes |
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+Hzueglza o) — Zegaeson || x < so(Kdi+ Kobi)||glz, ul(€, ¢, )
—glz, (&t 0)|| + K|z = 2l + Kol — @l x.am,
where (£,t,x) € [0,¢] x [0,c] x R™. In a similar way we obtain
|u(€, glz, ul(€,t, ) — alé, glz, @)(& t,2)) ||
< Hu - aHg +p1Hg[27 U](f,t, x) - g[ga ﬂ](g,t,@“,

where (&,t,2) € [0,¢] x [0,¢] x R™. The above estimates and (14) imply the
integral inequality

Hg[z,u](T,t,x) — g[é,a](T,t,a:)H

<| [ @l = 2l + =l + Kalle — el
t

Y

+A' / ") glz (6t 2) — glz, A(E 1) | de
[0

where (£,t,z) € [0,¢] x [0,¢] x R*. Now we obtain (13) from the Gronwall
inequality. U

4. FUNCTIONAL INTEGRAL EQUATIONS

Let us denote by CL(X, R) the set of all linear and continuous operators
from X to R. The norm in the space CL(X, R) will be denoted by || - ||.. We
formulate further assumptions on f.

Assumption H[f]. Suppose that Assumption H[0J, f] is satisfied and

1) there is ¥ € L([0,al], Ry) such that |f(¢, z,w,q)| < A(t) on £,

2) for every P = (t,z,w,q) € Q there exist the derivatives

(0ur f(P), ..., 00, f(P)) = 0 f (P)
and the Fréchet derivative d,,f(P) € CL(X, R) and the estimates

10:f(P)I; 10w f (P)]lx < a(t)

are satisfied on (2,
3) the Lipschitz conditions

10t 2w, q) = Ouf (1, 7,@, || < vt [llo — Z[| + [lw — Dllx + Iy — 7lI],
10w f(t, 2w, q) = 0uf(t.2,@,)]|, <¥(t)[lle — 2] + lw —@|x + Iy - 7l],

are satisfied on €.

Remark 1. To simplify the formulation of the existence result we have assumed
the same estimate for the derivatives 0, f, 9,f and 0,,f. We have also assumed
the Lipschitz condition for these derivatives with the same coefficient.

If Assumption H[f] if satisfied and P = (¢t,z,w,q) € Q, w = (Wy,...,W,)
and w; € C(X, R) for 1 <i < n, then we write

Owf(P)xw = (O f(P)1, ..., 0uf(P)Wy).
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Now we formulate the system of integral functional equations corresponding
to problem (1), (2). Suppose that ¢ € I[X] and z € CL[d, \], u € C§, [p, .
Write

Flz,u)(t,z) = (0, g[z, u(0,, z))
+/O [f(Plz (&, t, 7)) = 0y f (Plz, ul(&, t,2)) o w(€, glz, ul(&, t,2))]dE  (15)

and

Glevult,) = dup(0.glzv0.6.0)) + [ [of(PEwl(e.t.2)

+ [awf(P[Za u] (57 t, JZ)) * ul/’(fyg[zﬂ](f»t:ﬂ?))} < aﬂc,@w(& 9[27 u] (ga t, l‘))] d§7 (16)

where wp(sy) = ((W)y(sy)s - - - (Un)p(sy) for (s,y) € [0,¢] x R™ and G[z,u] =
(Gilz,ul, ..., Gylz,u]).
We will consider the following system of functional integral equations:

z=Flz,u], u=G[zu], and z=¢, u=0,p on (—o0,0] x R". (17)

The proof of the existence of a solution of problem (17) is based on the following
method of successive approximations. Suppose that ¢ € I[X] and that Assump-
tions H[X], H[f] and H[¢] are satisfied. We define the sequence {z(™ u(™} in
the following way. Write

2Ot 2) = o(t, ) on (—00,0] x R", 29(t,2) = ©(0,2) on (0,¢] x R" (18)
and
u (t, ) = 0,0(t, z) on (—o0, 0] x R", u(t,z) = 0,0(0,z) on (0, | x R"™. (19)

Then 2 € CLL[d, \] and u© € C§ .[p, u]. Suppose now that =™ e CLL[d, A]

and u(™ € C}, o[p, ] are known functions. Then
(i) u™*1) is a solution of the problem

u=G™u], wu(t,x)=0,p(t,xr) on (—o00,0]x R (20)
where G = (G ..., G™) and
G (t, z) = 0,0(0, g[2"™,4](0, ¢, 2))

+/0 {8xf(P[z(m),u](§,t,x))+[awf(P[z(m),u](f,t,x)) * (U(M))w(ﬁ,g[z(m>,u](§,t,x)):|
0 0! (€, g2, u](€, 1, ) e (21)
(ii) the function 2™+ is given by

Z(m—i—l) (t, .27) — F[Z(m), u(m—l—l)](t’ ZL’) on [O’ C] X Rn7
(1 x) = ot 1) o (—00,0] x R
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The problem of the existence of the sequence {z(™ u(™} is the main difficulty in
our method. We prove that this sequence exists provided ¢ € (0, a] is sufficiently
small.

5. THE EXISTENCE OF THE SEQUENCE OF SUCCESSIVE APPROXIMATIONS

We begin with the construction of function spaces C L[d Al and CF, [p, 1],

where ¢ € I[X] and 0 < ¢ < a. Let us denote by F,F : [0,a] — Ry the
functions given by

£(0) = 00.0)xer +3 [ e +5 | ta(&)dg} ,

1) = 00.0)[xh + (44 1) [ a(€)de +ma [ 2(6)ae]

where

b= A[l + so(Kpo + Koco)}, b= s1(Kpo+ Koco) + sa(Kpy + Kocy).
Write
¢=T(c) + 1+ so(Kpo+ Kocop),
Xo(t) = [T(a) + pola(t) +F(8), Ai(t) = p(t) = éa(t).
Assumption Hg[c]. Suppose that

Po > xco+ [1 4 s0(Kpo + Koco)] / a(r)dr, p1>T(c),
0

do > xbo +/ [3(s) + pocr(s)]ds, di=po, .da=p
0

Remark 2. If we assume that py > xco, p1 > xc1 and dy > xbg, then there is
¢ € [0,a] such that Assumption Hy[c] is satisfied.

Theorem 2. Suppose that ¢ € I[X] and that Assumptions H[X|, H[¢], H[f]
and Holc] are satisfied. Then there ared € R3, p € R%, Ao, A1, € L([0, ], Ry)
such that for m > 0 we have

(In) 2™ and u™ are defined on (—oco,c]x R" and 2™ € CLE[d, \], u™ €
Cop.elp, 1),

(I1,,) 02 (t,2) = u™(t,x) on [0,c] x R™

Proof. We will prove (I,,) and (II,,) by induction. It follows from (18), (19)
that conditions (Iy) and (IIy) are satisfied. Supposing now that conditions (I,,)
and (IL,,) hold for a given m > 0, we will prove that there exists a solution
u™t) e Cf, [p, p] to problem (20) and that the function 2™ given by (22)
is an element of the space C’;:f [d, A]. We have divided the proof into a sequence
of steps.

I. We first show that

G Cf lp. i) — Ciyclp. 1. (23)
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Write

wz( U 7t LU Zazz% E g ](T7t?m))(ug'm))w(T,g[z(m),u](T,t,x))7 l<i<n

It follows from Assumptlons H[X] and H[¢] that for u € C§, [p, ] and y =
g[z™, u)(7,t, ) we have

S w7t 1l
=1

< 50 D™ ot < 50D [ Kl o + Koll (™ )0 x|
j=1 j=1

S SQ(KP() + K()Co), 1 S 1 S n. (24)
Therefore it follows that

G2, 2)[| < xeo+ [1+ so(Kpo + Koco)] /0 a(r)dr <po (25)

for (t,z) € [0,¢] x R™
Our next goal is to estimate the number |G [u](t,z) — G [u](t, z)|. Tt is
easily seen that for y,y € R™ we have

1020, 9) = 9200, 9)|| < xerlly = 7.
Using Theorem 1 and the above inequality, we get
10200, g[2"™,u] (0,1, 2)) — Dpp(0, g2, u] (0, £, 7))

/ttOé<7')d7'

From Assumptions H[X] and H[f] it follows that the terms
10:£ (P, u] (6,1, 2)) = 0,f (P, ul(€, £, 2)
100 f (PE, ul(&,1, 2)) = 0 f (P, ul(€, T 2))

can be estimated from above by

lgle"™, ul(€, t.2) — g[=™, (€, £, 7).
We conclude from Assumption H[¢)| and Lemma 1 that

< xex0(0,0) {Hx e+

1 on [0,¢ x R". (26)

Z Hw [u; €, t, x] —w; )[u;g,f T ||X<b||g }(f,t,a:)—g[z(m),u](f,f,f)H.

The above estimates and Theorem 1 imply

< T(e) { /t {a(s)ds

on [0,¢] x R™. By the above inequality and (25) we obtain (23).

||G |(t,x) — G(m)[u](t,a’:)H

P
+ [jz — ;EH} + [1 + so(Kpo + Kobo)] ‘ / a(s)ds
t
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IT. Our next claim is that
¢
HG 1(t,z) — G™]a)(t, x )| < c/ y(7)||u — @l dT, (27)
0

where u, @ € Cj, [p,p] and (t,) € [0,¢] x R*. The proof starts with the
observation that

|G (t,x) — G [a)(t, 2)]|
H@wOQ“m]@th—@ﬂQﬂ57mmiw»H

/ 1021 (P (7,t,2)) = O F(P[=™, i) (.1, ) || d
[ 1P x>>—0wf<P[z<m%amm»mZ el fus 7,8,

+/ H(?wf(P[z( J(7,t,2))||, Z”w [u; T, t, x] —w( )[u;T,t,x]HXdT
0

It follows from Assumption H[f] that
/ |0,/ (P (r,t,2)) — O, f(P=™, (7,1, 2) || dr
< / () [t = @l + Allgle™ ) (. t,2) — g™ ](r. t,2) ] dr

and the same estimate holds for the Fréchet derivative 0, f. We conclude from
Assumption H[X| and H[¢] that

Z Hw [u; 7, t, 2] wz(m)[ﬂ;T,t,x]HXdT
< Harw 7, g[2") (7, t,2)) — 9 (7, g[2"™, 4](r, 8, 2)) |

XZH strglem almean ||y + 10 (7, g2 i) (7, 1, 2)) |

(m)

XE:W@mmewmwwm—@%)MWMMM@WM&
=1

< Bl ulr,1,2) — 912, )71, 2)]
26) imply
| <ex|lglz™, ul (0,8, 2)—g[="™, @)(0, t, z)||

t
1+ so(Kpo + Koco)] / () — il dr
0

The above estimates and (2 ),

(
|G (¢, x) — G™[a](t, x)

+/0 [6’7(7') + 504(7_)} Hg[z(m)vu](T’tv CL’) - g[z(m)7ﬂ](7',t, :L‘)HdT
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Then using Theorem 1 we get (27).
III. Write

t
[lu —a|] = sup {Hu — ul[; exp [— 26/ ’y(T)dT] :te |0, c]},
0
where u, % € Cj, [p, p]. We claim that
m myt 1 _
1G] = G™a] < 5 llu —all (28)

According to (27) we have
t T
||Gm) (t,z) — G™[a](t, x )| < [lu—alle / exp [ / (€)d£}
0 0

< jllu-allesp |22 [ tv(@dg], (t,2) € [0, x ",

and inequality (28) follows. From the Banach fixed point theorem it follows
that there is exactly one u(™™) € C§_ [p, u] satisfying (20).

IV. We next claim that the function z(™*Y given by (22) satisfies condition
(IL,41)- It is sufficient to show that the function

A(t,z,7) = 2"t 7) — 2D (¢ 2) —u™D (¢ 1) o (7 — )
satisfies the condition .
|A(t,z,7)| < Cllz — 2| (29)
with a constant C' € R, independent of (t,z), (t,Z) € [0,¢] x R". Write
g™ (. t,2) = g[z™, um (7, ¢, x)
and
A (7t x, T)

= [ U P 6 .3)) = B, ST 6 )
Then we liave
A (7t 2, 7)) = g™ (1, t,T) — g™ (1, t,x) — (T — ).
According to (20), (22) we have
A(t,z,7) =F[2" wm)(t, ) — F[z0, wmD](t, z)
—GM ™) (t, x) 0 (Z — ).
Throughout the proof, Q™ denotes the intermediate point
Q) (s, 1,t,x,T)
= (™ 1[5 — ™), Z0m) 4 5[ Z0m) 7] o)y g[G70m _rom))
where 0 < s <1 and
Yy =g (rtx), g =g (rt,7),
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(m) _ _(m) S(m) _ _(m)
2T =2y gy L Fp(rgm (rea)

U™ = ) (7 g (r ¢ z), T = D (7 g™ (7 ¢, 7).
The proof of (29) is based on the following observation. Write
A(t,z,7) = (0,9 (0,£,2)) — (0,9 (0,1, 7))
~0:0(0,9"™(0,t,2)) o [¢""(0,8,7) — g"(0,2, )]

+/Ot/01 [%f(Q(m)(S,é,t,x,f)) — Op f (P2, u™ V) (g, I))]d
o[g"™ (&, t,7) — g™ (&, x)}dg
// O (Q)(5,6,t, 2, 2)) = D f (P, ul™ V(¢ 1, 2)) | ds
X[yt gm ey ~ Zteatmicran) %
// 0T (@™(5,6,1,,2)) — 8,F (P, u™ V] (€, ) s
[ (&, g (€ 1, @) — u I g (€ 8, )] de

/ Ow f ]<§ t I))[ “p(egmi(E ) T F(Egm (&)

523

(™) e gom ey © Dt (€, 9" (€8, 2))] © [9" (€, 8, 7) —g(m)(ﬁ,t,x)]]dg

and

A = 8,0(0,9"(0,t,x)) 0 AU™(0, ¢, 2, 7)

/af () D] (¢, 2)) 0 A (€t 2, 7)dE

/0 [‘9 F (P, ™) (€, 8, 2)) » (U(m))w(é,gw(sm))}Oaxw/(é,g(m)(fat,x))

A&t x, 7)dE
t
= [ [out (P s 1) = B, FPL, s, .) s
0
u™ (e, g™ (€, 8, 2))dE.
By applying the Hadamard mean value theorem to the difference

FPL™, ut™ V(g 8, 7)) = f(PL™,u™ D)€, 7))
we get
A(t,z,z) = A(t,z,T) + A(t,z,z) on [0,c] x R".
V. We prove that
A(t,z,7) =0 for (t,x),(t,z)€[0,c] x R™.

(30)
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It follows easily that

Btr3) = [ [0 (P V) 1,5) - 0,7 (P V) )
O[W( N1, t,2) — u™ ) (7, g™ (7,8, x))]dr,

where

W (r,t, 2) = 9,0(0,9"™(0,¢,2)) + / ' Ouf (P2, ul™ V)&, t, @) ) dE
0

/ 100 (PO, a1, 1, 0)) 5 () e o e )| 00 (€5 9 (6, 1)) €.
The equality
which is a consequence of Assumption H[0, f], implies that
w ™D (7 g™ (1t 2)) = W (rt, ), (t,z) € [0, x R", T €[0,d],

which completes the proof of (30). Thus we have proved that A(¢,z,z) =
A(t,z,%) on [0, c] x R™.

VI. It remains to prove (29) for A. It follows from Assumption H[f] and
from Lemma 1 that

0. £(Q(s,¢,t, 2, 7)) — O, f(P[2™ M+ (g ¢ )]
< Av(€ ||g(m (&,t, ) —g(m) (&,t,7) H

and the same estimate holds for the derivative d,f and the Fréchet derivative
Owf. According to Assumptions H[¢)], H[¢] and Lemma 1, we have that
(m) m m
HZ (s.9(™)(&,t.2)) Z¢(sg(m )(& L)) H < o Kd1+K0d1 ”g( f ¢ :C) ( )<f,t,I>H.
An easy computation shows that

(0, 9" (0,8, 7)) = ¢(0, 9 (0., 7)) = Dap(0, 9" (0., 7))
olg™(0,4,2) = g™ (0, t,0)]|| < xerl|g"™ (0,8, 7) — g™ (0, t,)]|"
Since 0,2 = 4™ we have that there is C' € R, such that
(m) (m) m m
24 gom oy Z¢<g,g<m><§,t,x)> = [y gtm e © 0t (€ 9 (€ 1, 2))] o
m) m ~ m = m 2

It follows from the above estimates and the definition of A that there is Cy € R,
such that

At z,7)| < xed|| g™ (0,,2) — g™ (0,8, 2)||”

+0y [ 0O + (@) o €60) — g et )|l on (0.0 x R

Thus it follows from Theorem 1 that there is C' € R, such that estimate (29)
holds and consequently 9,z = ¢ (m+1),
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VIL Now we prove that 2™t e CLLe, A, From (I,41) it follows that
0,2tV (¢, 7)|| < dy and

3
10,2 (8, 2) — 9,2V (E, 3) || < ‘ / Al(é)dé‘ + dy||z — 7|
¢
on [0,¢] x R". Assumptions H[¢)] and H[f] imply

2D (1 )] < xbo + / A(E) + pocr©))dE < do

and

[2m D (¢, ) — 2" (F,2)] < T(e)

[a(ﬁ)dﬁ' + ‘ /j [ﬁ(é“) +poa(§)}d§‘
/tt [(f(C) + po)a(€) + 7(5)]d§‘ - /tt /\o(ﬁ)dﬁ‘.

This completes the proof of the theorem. O

6. CONVERGENCE OF THE SEQUENCE {z(™) (™)}

We prove that the sequences {z(™} and {u(™} are uniformly convergent if
the constant ¢ € [0, a] is sufficiently small. Write

6(0) = exp ¢ [ 2(61de] - [1+ [[[F(En(6) + p(©) + 2a(6)a]

no(t) = soKé(a)a(t), n(t) = y(t) [Ké(:)(a) + KT(a) —I—po} + af(t).

Assumption H]c]. Suppose that Assumption Hy|c] is satisfied and ¢ is such
a small constant that

g = max { /0 n()de, /0 C no(i)di} <1 (31)

Theorem 3. If Assumptions H[X], H[¢], H[f] and H]c] are satisfied and
¢ € I[X], then the sequences {z"™} and {u™} are uniformly convergent on

0,c] x R™.

Proof. An easy computation shows that the integral inequality

t
o ]|, <& [ @)
0

+K/ [é'y(é)Hz(m) — z(m’l)H5 + spa(€) |Ju™ — u(m’l)HJ d¢, tel0,cl,
0

is satisfied. This gives

t
Jum s —u ), < K [ @l =m0+ soa(e) ™ — ) J g
0
t

X exp [6 /O 'y(é“)df], m>0 telod (32)
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It is easily seen that

om0 = 2|, < / F()7(€) + por(€) + al€)]

[ = s ) - )

+/ta(§)Hu(m+1)—u(m)Hgdf, m>0, tel0c. (33)
0
Combining (32) and (33) we deduce that
e s, < 1 [ PR +po@) + (o] — =0
+K{@(t) —exp {a / wgmg} }
0
5 (m) _ (m-1) m) _ om0 14 34
<[ [l =2+ sa@)u™ — ) Jae @0

where t € [0,¢], m > 1. Adding inequalities (32) and (34), we conclude that

t
) — ], 20 | < ™ - g
0

t
+/ ()| 2 — 2m || de, teo,d, m>1,
0

and consequently
e S e

< q[Hu(m) - u(mfl)”t + Hz(m) - z(m’l)HJ, te0,c, m>1.
There is ¢ € R, such that
”u(l)—u(o)‘}t+Hz(l)—z(o)”t <c¢ for te|0,c].

Finally, the convergence of the sequences {z(™} and {u™} follows from con-
dition (31). This is our claim. O

7. THE MAIN THEOREM

We state the main result on the existence and continuous dependence of
solutions on initial functions. For a function ¢ € I[X]| we write

(0, )1l = sup {|(0, )| : @ € B}, [[920(0, )|l = sup {[|0:(0,2)|| : = € R"}.

Theorem 4. If Assumptions H[X], H[¢], H[f] and H|c] are satisfied and
¢ € I[X], then there is a solution v : (—oo,c] X R — R to problem (1), (2).
Moreover, v € CLE[d,\] and O,v € C§, [p,p). If ¢ € I[X] and © € CLL[d, N is
a solution of equation (1) with the initial condition z(t,z) = ¢(t,x) for (t,z) €
(—00,0] X R"™, then there are Q,A € C([0,¢c|, Ry) such that

o= ol + 1020 = 2.l < AB)[[[(0, ) = 20, ) + 92000, ) ~ .50,
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+Q(t)(||90 - @HX,R” + ||aI90 - 8$@||X7R”)]7 te [07 C]. (35)

Proof. It follows from Theorem 3 that there are functions v € C;'.f [d, A] and
u € C§, |d, p] such that

o(t,x) = lim 20 (t,2) and a(t,z) = lim w™(t, z)

m—00 m—00

uniformly on [0, ¢] x R™. Furthermore, we have that 0,v exists on [0, ¢| x R"
and 0,v(t,x) = u(t,z) for (t,x) € [0,¢] x R". The passage to the limit in (22)
implies that

v(t,z) = ¢(0, g[v, 8,0](0,t, z)) —I—/O [f(P[v,@xv](ﬁ,t,x))

—8qf(P[v,&CU]({,t,m))oﬁxv(g,g[v,(?mv]({,t,x))]df, (t,z)€[0,c]x R™. (36)

For z € R™ let us put y = g[v, 9,v](0,t,z). It follows that g[v, d,v|(7,t,z) =
glv, 0,v](7,0,y] for t,7 € [0,c] and x = g[v,d,v](t,0,y). Write §(¢,0,y) =
glv, 9,v](t,0,y), (t,y) € [0,¢] x R™. Then relation (36) is equivalent to

U(t> g(ta 07 y)) = 90(07 y) + /0 |:f (57 g(ga 07 y)a U¢(5,§(£,O,y))> axv(éa 9(67 Oa y)))

_6qf(€> §(€7 07 y)7 Vi (£,5(€,0,y)) s a:CU(57 g(ga 07 y))) o ax’l)(f, 9(57 Oa y)):| d&a

where (t,z) € [0, ¢] x R™. Differentiating the above relation with respect to ¢ and
making use of the inverse transformation = = §(¢,0,y), we see that v satisfies
equation (1) for almost all ¢ € [0, ¢] with fixed x € R".

Now we prove inequality (35). It follows that the functions (v, d,v) satisfy
the functional integral equations (17), and (v, 0,0) is a solution of an adequate
system with ¢ and 0,p instead of ¢ and 0,¢p. Analysis similar to that in the
proof of Theorem 2 shows that

lo =2l < {l¢(0,-) = &(0,-)]]

+(D(t) + po) /0 Y& [E v = vlle + 1050 — 8l + Koll — Gllx.rn]dE

t

+ [ @O [+ 100 dutlle+ Kallo— o]+ [ al€)or0-uoleds
0 0

and

Hamv - aa:@”t < Ham(p(oa -) — 9.9(0, )H

t
+6/ Y [Klv = 0lle + 1050 — 0ol + Kollo — @l x.rn ] dS
0

t
+50/ a(f) [KH&EU - a:v@HE + KOHa:vSO - aac@”X,R"} df7
0
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where t € [0, ¢]. Write
A=KT(a)+po+&y(t) + (K +1+ Ksop)a(t), K =max{l, K},

t t
Q(t) = Ko(T'(a) + po + 6)/ v(&)dE + K0§/ a(é)dé, s5=max{l, s}
0 0
According to the above estimates, we have the integral inequality

[o =l + [0z = 2]l < [|¢(0, ) = (0, )| + [|92p(0, -) = B2p (0, -) |
t
+Q(1) [l =@l x,r + 11000 — 0o Pl x, 1 | +/0 A& [llv = vllg+ 11020 —05lle] dE

for t € [0,c] and we get (35) with

A(t) = exp [/0 A(f)df}, t €0,
This is our claim. OJ

Remark 3. The results of the paper can be extended to nonlinear weakly
coupled systems

Oyzi(t,x) = f; (t,x, Zp(t,2) 8xzi(t,:v)), i=1,...,k,
with the initial condition
2(t,x) = p(t,x) for (t,z) € (—o0,0] x R",

where z = (21,...,2x). These systems are of special hyperbolic type because
each equation contains the vector of unknown functions z = (z1,...,2;) and
first order derivatives of only one scalar function.
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