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ON SOME PROPERTIES OF COHOMOTOPY-TYPE
FUNCTORS

S. KHAZHOMIA

ABSTRACT. It is shown that if II", n > 2, are Chogoshvili’s cohomo-
topy functors [1, 2, 3], then
1) the isomorphism

I"(X; x Xo) = II"™(X1) & 1" (X2)
holds for topological spaces X7 and X2;
2) the relations
rank IT" (X)) = rank 7y, (X),
Tor II"t1(X) ~ Tor 7, (X)

hold under certain restrictions for the space X.

In [2-5] we investigated Chogoshvili’s cohomotopy functors
" (—; —; G; H) (see [1]) from the category of pairs of topological spaces
with base points into the category of abelian groups. The aim of this paper
is to give full proofs of the results announced in [4, 5]. Like everywhere in
our discussion below, we considered the case when H is the integral singular
theory of cohomologies (G = Z). In this paper all definitions, notions, and
notation used in [3] are understood to be known and hence are not explained
in the sequel. Note only that the auxiliary subcategories needed for defining
functors II" will be denoted here by L,, (as distinct from [3] where they are
routinely denoted by K,). The base points of all spaces will be denoted by
x and, as a rule, will not be indicated if this does not cause any confusion.
Moreover, as follows from [2], the base points may not be indicated at all
for simply connected spaces which are mainly considered here.

We shall treat here mainly the absolute groups which were defined for
n > 2 (see [3]). Therefore an arbitrary connected and simply connected
space X with a finite-type module of homologies and H*(X) = 0,0 < i < n,
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can be regarded as the object of L,,, n > 2. We shall also use the fact that
for X € L,, the analogues of Gurevich homomorphisms in the II theory

di : H(X) — II'(X)

are isomorphisms for 2 < i < n (see [2]).

The paper consists of two sections. In Section 1 we state our results and
prove some of them. In Section 2 we prove the statements that have been
given in Section 1 without proof.

1. In this section we present our results and develop some of their proofs.

Proposition 1.1. If a space X consists only of a base point *, then
Im"(X) =0 for all n > 2.

Proof. Let p € I"(X) and
a=(Xn f) €w(X;n)

be an arbitrary index. Then f ~ 0 and from Corollary 1.3 of [3] it follows
that P, = 0. Therefore p = 0 and the proposition is proved. []

By K(Z,m) denote any Eilenberg-MacLane space of the type (Z,m),
having the homotopy type of a countable CW -complex.

Proposition 1.2. Forn >2 and m =1,2,--- we have

0, if n#m;

I (K(Z,m)) = {Z if n=m.

Proof. For m > n we have K(Z,m) € L, and the proposition follows from
the isomorphism
dy : H*(K(Z,m)) — II"(K(Z,m)).
Let now n > m, p € I"(K(Z, m)), and
a=(X;f) ew(K(Z,m);n), X € Ly,

be an arbitrary index. Then since H™(X) = 0, the mapping f : X —
K (Z,m) is null-homotopic. Hence p, = 0. Therefore p = 0 and the propo-
sition is proved. [J

In Section 2 we shall prove
Theorem 1.3. For n > 2 the isomorphism
Hn(Xl X XQ) ~ Hn(Xl) D Hn(XQ)

holds for arbitrary spaces X1 and Xs.
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By K!, denote an arbitrary space of the homotopy type Hi:1 K, where
Ko =K(Z,m),a =1,2,...,t. By K% denote a space containing only one
point .

Proposition 1.2 and Theorem 1.3 imply

Corollary 1.4. Forn>2 m=1,2,...,t >0, we have

. 0, if m#mn;
I(K,) = ZaZ® - ®Z if m=n.
—_—

t

Let B,, € L,, n > 4. Choose some system hi, ho, ..., hs of generators of
the group H"(B,,) and consider the corresponding mappings

h;: By, — K(Z,n), 1=1,2,...,s.

Then we can construct the mapping
S
f:Hhian—>KfL.
i=1

The homomorphism f* is obviously an epimorphism in the dimension n.
Let further

Ky

.1~ EK] — K}
be the standard Serre path-space fibering (K7_; = QK}) and

n—1 —
K ““E .’ B
n—1 n—1 n

be the principal fibering induced by the mapping f (see [6]). Consider the
diagram

KrtL—Q — Ent1
lpnfl

Ky, B, L K (1)

Lpn
f s
B, — K; |,
where the number ¢, the mapping f’, and the fibering p,_; are defined

similarly to s, f, and p,, respectively.
In Section 2 we shall prove
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Lemma 1.5. For n > 4 we have

1) Ep 1€ Ly and 1" Y(E,,_1) ~ H" " Y(E,_1) are free groups;

2) M(E,_1) = H"(E,_1) =0;

3) The homomorphism pf : H"Y(B,) — H"*Y(E,_1) is an isomor-
phism;

4) Homomorphisms pff : II"**(B,) — O"**(E,_,) are isomorphisms
for k> 0;

5) Epy1 € Lpga, t < s, and if H™(B,,) is a free group, then t = 0 and
E, 1= En+1'

Let F % E 2 B be a fibering in the Serre sense. In [2] we obtained the
semiexact sequence

n—1 p* -1 i* n—1 §* n

-— I (B) —MI""(F) —O"(F) —IOI"(B) — ---. (2)
Here the coboundary homomorphism 6# is defined from the semiexact se-
quence of the pair (E, F') by means of the isomorphism (see [2])

p* 1"(B,*) — II"(E,F), n>3.

Namely: 6# = p#~16# where §# is the coboundary homomorphism of
the pair (F, F'). We shall now give another definition of the homomorphism
6#. For simplicity consideration will be given to fiberings in the Gurevich
sense, which is sufficient for our purposes. These are, for example, all prin-
cipal fiberings (see [6]). Let f : (X,,*) — (B,x), where X,, € L, is an
arbitrary mapping. Consider the mapping

fx : (COX,,0X,) — (B,*)

and the diagram

(CQX,, QX,)

(SQX,, %) — (X, %) — (B, %)

where C'X and SX denote respectively the cone and the suspension over the
space X in the category of spaces with base points, ex and wx are standard
mappings, and f is the lifting of the mapping fx = frxex. As is known,
the mappings f and fx define each other uniquely up to homotopy. We
introduce the notation mxex = ¥x and, moreover, consider the mapping

7= fl0X,:0X, - F
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and the indices

a=(Xp; f) € w(B;n),
a=(0X,;9) ew(F;n—1).

Note that X,, € L,, implies QX,, € L,,_1, n > 3, and SX,, € L1 (see [2]).
Besides, as is known (see, for example, [2]), for the spaces X,, € L, n > 3,
the induced homomorphism 7% will be an isomorphism in cohomologies of
dimension n. In the sequel we may not specially indicate this fact. Let
q € I""}(F). We assume

o = VX ' (6(da)),

where § is a cohomological coboundary operator of the pair (CQX,,, QX,,).
In the sequel we may not indicate the corresponding pair for the operator §.

We shall now show that the set {7,} defines an element of the group
IT"(B). Consider the diagram

T T
(CQX,,0X,) _ Ux _ (X% h (B, )
cav,av)  —2 e v /> (B, #)

fz\‘ (E, F) //p/'

where fop ~ f; and the mapping ¢; = CQg is defined in the standard
manner. Then

phapr = fatbypr = faptx ~ frpx = phi.
Accordingly, fo ~ fi. Let
g1 = [1QXn, 2= lQY,, o = ¢1]QX,.
Then gopo ~ g1. Consider the indices

a1 = (X, 51) €w(Fyn—1),

ag = (QY;52) € w(Fy;n — 1),
a1 = (Xp; f1) € w(B;n),
az = (Yp; f2) € w(B;n).
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We have a1 < ag and a1 < @o. Then

9" (Goz) = " (U3 (0(052))) = ¥X (91 (0(4as))) =
=% (0(05(da.)) = ¥x " (0(4a)) = oo -

This means (see [3]) that we have defined the element g € II"(B, *) and
thereby the mapping

§F LI H(F, %) — IT(B, %).

Consider the diagram

K
m—1(F, %) Inm"(E, F)
(B, *)

Proposition 1.6. Diagram (3) is commutative and the mapping ot =
p#*=16% is a homomorphism.

Proof. Let g € TI"~Y(F). It is sufficient to check the equality p* (g#(q)) =
6% (q) for indices of the form (see [2])

o = (CXn—laXn—l;f) S W(EaF;n)a Xn-1€ Ly 1.

Consider the commutative diagram

(CQASXp_1, Q05X 1) < (CXn_1,Xn1) -1 (BE,F)

lel l@ lp 9
(SQSanl,*) L) (Sanlv*) i) (B,*)
where the mapping ¢ is induced by the mapping f, the mappings e, e and
7 are standard mappings, and the mapping k1 = ck is obtained from the
standard mapping
k- Xn—l — QSXn_l.

We introduce the notation we; = 1. Let
D (COASX,,—1,05X,,-1) — (E,F)
be the lifting of the mapping ;. Consider the indices
o1 =(Xp—15 f|Xn-1) € w(F;n - 1),
(CXn—1,Xn-1;pf) € w(B,*;n),
(SXn-1:¢) € w(B;n),
81 =(QSX,,—1;P|Q5X,,_1) € w(F;n—1).
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Since p®k, = i1k = pe = pf, we have Pk ~ f. Therefore
(®IQS X _1)k = (Pk1)| Xp—1 ~ f|Xn-1.
Thus oy < 1. Then, on the one hand, we have (see [1,2])

[67(9)]a = 6(4a,)
and, on the other hand,

[p* (6%(9))a = 6 <>]p<a>=e*<[5#<q>}ﬁ>=
e (771 (0(gs,))) = (€T O (gan))) =
= (" (k™ 1(( ) =
= (€} k) (0(gmy) = 0(ga)-

Therefore p#s = 6#. 0O
In the sequel the homomorphisms 5# and 6% will both be denoted by §7%.

Remark. The boundary homomorphism 67 has been defined here only
for fiberings in the Gurevich sense because we wanted arbitrary indices to
participate in the definition. For a fibering in the sense of Serre the definition
will be more sophisticated, since we shall have to use CW-approximations
of spaces. On the other hand, it should be noted that Theorem 2 from
[3] could make it possible for the indices to limit our consideration to the
suspended C'W-complexes X,, = SX,,_1, Xp_1 € L,_1. Then a simpler
diagram

i (E.F)

(Canlaanl) ¢

\p‘

(SXp 1,0 —1L (B,+)

than ours would allow us to define the homomorphism 6# for all fiberings.
As is known, using this diagram we can easily define the boundary homo-
morphism dy4 in fiberings for homotopy groups.

Consider now the diagram

%
K3

0 — Hn—l(En_l) N HTI 1(K€

T

) — H'(Bn.) — 0

n—1
dor | ~ dor |~ da] ~ (@)
i* 5
0 — H"fl(En_l) e 1(KfL 1) — I*(B, — 0,

where the upper row is part of the cohomological exact Serre sequence for
the fibering p,,.
In Section 2 we shall prove
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Proposition 1.7. Diagram (4) is commutative and its lower row is also
an eract sequence.

Corollary 1.4, Lemma 1.5, and Proposition 1.7 imply that the following
proposition is valid.

Proposition 1.8. The semiexact sequence (2) for the fibering p, splits
into short exact sequences

Pk

i#
0 — " YE, ) — YK ) > T"(B,) — 0

n—1 )

#
0 — II"**(B,) X5 M"**(E,_;) — 0, k> 0.

Now consider segments of the exact sequences for the fiberings p, and
Prn—1 from diagram (1) for the functors II" and 7,:
a) By Proposition 1.8, for cohomotopy functors II" we have

n—1 i* n—1 s Cid n
0 — " () o I (K ) 25 T (B,) — 0

#
0 — 2K ) 25 1Y (E,_y) — 0.

After replacing the group II"~1(E,,_;) by the group II"~2(K! _,), we shall
have the exact sequence

0 — T 2(K_y) 2 (K3 ) — TI7(B,) — 0,

where the imbedding homomorphism ¢,_; is defined as the composition
0p_1 = i#5%. We shall repeat our construction procedure this time for the
space Fp41 (in the role of B;,). We have

" Y(B,) ~ T"YE,_1) ~ TT"Y(E,;1).

After replacing the group II"**(E,, ;1) by the group II"**(B,,), we obtain
an exact sequence

0 — I H(KL_)) 2% IY(K) — I7HY(B,) — 0

n—1

and so forth.
b) For homotopy functors ,, we have

0— 7Tn(En—l) p—#> Wn(Bn) —#) Tr’ﬂ—l(K;; 1) —#>

i_#> ’/Tnfl(Enfl) IH_L#’ anl(Bn) — 07

Wn(En—l) ~ 7Tn(En+1)-

0.
0 — o1 (Bpo1) = T2 (Kj_p) — 0,
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After replacing the groups m,(F,—1) and m,_1(E,_1) respectively by the
groups mp(E,y1) and 7, (KL _,), we obtain an exact sequence

0 — T (Eng1) — mn(Bn) — m1 (K3_y) 25

(5)
E anQ(Krtz—2> — anl(Bn) — 0,

where the homeomorphism 9,,_; is defined as the composition 0,1 = Oxix.
Note, besides, that the isomorphisms
(PnPn—1)# : mi(Eng1) — mi(Bp)

holds for i > n 4 1. On repeating our construction procedures this time for
the space E,;1 (in the role of B, ), we obtain an exact sequence

s’y On
0 — i1 (Eny2) — Tpg1(Engr) — ma(Ky ) —

(6)

- anl(KrtL/—l) — T (Engr) — 0.
Moreover, we have
7Tn+l(En+1) ~ 7rn+1(En—1) ~ 7rn+1(Bn)-

After replacing the group 7,+1(E,+1) in (6) by the group m,41(By,), com-
bining sequences (5) and (6) in the term m,(Ey,4+1), and continuing our
constructions, we obtain a gradually long exact sequence

,/)&)ﬂ_nil(Kt/

n—1) — ™ (Bn) —
— o1 (K1) == T2 (K, _3) — mno1(By) — 0.

Note that because of the fact that the groups m,_1(B,), mn(En+1), and
so forth are the finite ones the image of homomorphisms 9;, ¢ > n — 1, for
an arbitrary element of the corresponding free abelian group contains some
multiple of this element.

Let now X be an arbitrary space, n > 2, p € II"(X), and f : S™ — X be
an arbitrary mapping where S™ is the standard sphere. Consider the index

a=(5"f) € w(X;n)

and assume
e@)([f]) = pa-

As follows from [3], we have correctly defined the mapping
e(p) : ma(X) — H™(S™).
In Section 2 we shall prove

Proposition 1.9. €(p) is a group homomorphism.
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For p = 0 we evidently have €(p)([f]) = pa = 0. Besides, let p, ¢ € II"(z).
Then

elp+ ) ([f]) =P+ dla =Pa + ¢a = (P)([f]) + e(@)([f])-
Thus we have defined the homomorphism
e: I"(X) — Hom(m,(X), H"(S™)), n > 2.

Proposition 1.10. If X = K!, then € is an isomorphism of dimen-
si0m N.

Proof. Consider the space S®) = V}!'_ Sk, S = S, k = 1,2,...,t. Let
ir : S™ — S be the standard imbeddings. Fix the system of generators of
the group 7, (K}):

fr:S" = K! k=1,2,...,t
Consider the commutative diagram
Ky,
2N

gn Lk - ()

where f = V f. It is understood that the homomorphism f* induced in
cohomologies of dimension n will be an isomorphism. Let ¢ be an arbitrary
homomorphism from

Hom(m, (KL), H™(S™)).
Define an element h € H™(S®) by the condition if(h) = o([fx]), k =
1,2,...,t. Let hg = f*1(h) € H*(K!). Assume that

p=dy(h) € I"(K,),

where d,, is the analogue of the Gurevich homomorphism in the II theory.
Then

e@)([f&]) = Pay = fii(ho) = ()7 (h) = i (h) = ¢([fe])-

Therefore e(p) = ¢ and € is an epimorphism. By applying the dimensional
reasoning (Corollary 1.4) we now have Kere =0. O

Let
Y=e"1: H(X) - HT(SX)
be the suspension isomorphism in cohomologies where § is the coboundary

homomorphism and
e: (CX,X)— (SX,x)



ON SOME PROPERTIES OF COHOMOTOPY-TYPE FUNCTORS 65

is the standard mapping. Consider the m-sphere S™ as the space S™(S°)
where S is the O-dimensional sphere. Fix the isomorphism

&LiHYN(S) - Z
and set & = €12, where
3. Hn—2(sn—2) _ Hn—l(sn—l)

is the suspension isomorphism.
Let [f] € 7T7L_1(KZ_1) and p € Hn—l(Ks

n—1
e M YK

n—1

). Define the isomorphism

) — Hom(7m,—1 (K_1),Z)

n—1
by the equality

er()([f]) = &u(e@)([F)-
Let now n > 4. Consider the diagram

Hom (m, 5(K%_y),Z) —== Hom(m, 1(K3_,),Z)

lz lz (7)

m2(Kt_,) 2l TN (KE),

where 9,,_1 and d,,_1 are the above-defined homomorphisms, 5,1,1 is the
homomorphism dual to 0,,_1, and the isomorphism &5 is defined analogously
to 1.

In Section 2 we shall prove

Proposition 1.11. Diagram (7) is commutative.

Theorem 1.12. Let X be a linearly and simply connected space for
which homology groups H;(X,Z) are finitely generated for all i and coho-
mology groups H (X,Z) =0 for 1 <i < 4. Then for n > 2 we have

rank IT" (X) = rank 7, (X),
Tor II" (X)) ~ Tor 7, (X).

Proof. Consider a sequence of fiberings constructed analogously to diagram
(1) (by the conditions of the theorem X € Ls)

k3T ks ks ki
X=X5— X Xg— Xy e— Xg— -+~
sn tn

n—1 / n—2
£ Xn Xn+1 XnJrl ¢ Tty

where instead of the mappings we give the fibers of the corresponding fiber-
ings. Note that this sequence is a certain Moore—Postnikov decomposition
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of the mapping * — X (see [6]). Then, as follows from the above discussion
(items a) and b)), we obtain short exact sequences

0 — T 2(Kl ) 2 I (K ) — TI7(X) — 0,

where n > 4 and a long exact sequence

o T (X) — 1 (K5 ) P (K ) — w1 (X) — -

s 5 (X) — (K 2 ma(KE) — ma(X) — 0.

Proposition 1.11 implies that the homomorphisms 0; and J;, i > 4, can
be regarded as homomorphisms dual to each other. Now, recalling the
well-known results of homological algebra and taking into account the last
remark of item b), we obtain the statement of the theorem for n > 4. For
n = 4 we have TorII°(X) ~ Tor m4(X), while the equality rank IT*(X) =
rank H*(X) = rank m4(X) = 0 is obvious. For n = 3 all groups from the
statement of the theorem are trivial. [

2. In this section we prove the statements that have been given in Section
1 without proof.

1. Proof of Theorem 1.3. It is more convenient for us to assume that
the objects of subcategories L, are finite CW-complexes without cells of
dimension 1,2,...,n — 2 (see [3]). Let X € L, and h € H"(X x X).
Consider the diagram

XL xxx <X
1A
X

where i} and i, are the standard imbeddings and A is the diagonal mapping.
Write h in the form

h=i7(h) x 1+1xii(h),
where 1 € H°(X) = Z. Then
A*(h) = A*(iy*(h) x 1) + A*(1 x iy (h)) =
=i (h) -1+ 1-iy(h) =1 i *(h) + iy (h).
Thus we have the equality
A*(h) =iy (h) + 15" (h)

which we shall use below without indicating that we do so.
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Let
e XaxXo— Xy, t=1,2,
be the standard projections and
i X = X1 x Xo, t=1,2,
be the standard imbeddings. Consider the homomorphisms
G I (X)) - (X x Xy), t=1,2.

Let us show that jt# are monomorphisms. Let p € II"(X;) and jfE (p) =0.
Consider the index
a=(X;f) ewXy;n)
and the commutative diagram
J1
X1 X X2 > X1

S~

B=(X;01) € w(X1 x Xo;n).

where g1 = i1 f. Let

Then
0= [T 0)]s = pa-

Therefore p = 0. Applying an analogous procedure, we obtain that jf is a
monomorphism.
Now we shall show that

Jmji¥ nJmi? =o.

Let
p =37 () = 5% (p2) € I"(X1 x Xa),
where p; € II"(X;), t = 1,2. Consider an arbitrary index

a=(X;f) ew(X1 x Xa;n)
and the mappings
fi=5nf:X— Xy,
f/:iljlle—>X1 XXQ.

We have the commutative diagram



68 S. KHAZHOMIA

X1 XX2 Ji X1

f/

Consider the indices

a1 = (X5 f1) € w(Xy;n),
o = (X;f") e w(Xy x Xa;n).

Then

[j#(pl)]a = [pl]ala
#(

Pa
por = 37 (P1)]lor = [P1]as -
Therefore p, = pos. Consider the commutative diagram

J2
X1 X X2 > XQ

X

and the index
a0 = (X30) € w(Xain),

where 0 is the constant mapping. Using Corollary 1.3 from [3], we obtain

Py = [j#(pQ)]a’ = [p2]a, = 0.

Therefore p, = por =0 and p = 0.
Let now p be an arbitrary element of the group IT"(X; x X5). We shall
show that

i@ ) + 3 (i () = p.
Consider an arbitrary index

a=(X;f) ew(X1 x Xa;n)

and the commutative diagram
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X1 X X2
A
f fo
f1x fa
X X x X X
A -/
31 12
y
A
X

where f; = 4ji f, t = 1,2. It is clear that (f1 X fo)A = fand X x X € L,,.
Consider the indices

ap = (X x X; f1 x fa),
Qp = (X;ft)v t= 1727

where ag, a1, a3 € w(X; X Xo;n). Now

Par + Pas = 11" (D) + 15(Pao) = A (Pay) = Pa-

Consider also the commutative diagram

J 31
X1 X Xg > X1 > X1 X Xg
f/
\ [ h
X

where f' = j1f, and the index
o' =(X;f) € w(Xi;n).
Now
G @ ) = 13 (0)]ar = pas-
By an analogous procedure we obtain [ (i¥ (p))]a = Pa,. Now
T G ) + 35 (F (0))])a = 5T T (0))]a +
+138 (i P)la = Pay + Paz = Pa- O
2. Proof of Lemma 1.5. Consider the homotopy sequence of the fibering p,
) = Tn-1(En—1) = mpn_1(Bn) — 0.

= 1 (K
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Hence it follows that we have m;(F,—1) = 0, ¢ < n — 1, for the linear
connected space E,_;. The spaces B,, and K;_; have finite-type modules
of homologies. Therefore F,,_1 also has a finite-type module of homologies.
Thus E,_1 € L,_1. Since 7, 2(E,_1) = 0, H*" Y(E,_;) is a free group.
Besides, the homomorphism

dn—l : Hn_l(En—l) - Hn_l(En—l)

is an isomorphism. We have thereby proved the first item.
Now let us consider the diagram of the term Fs of a cohomological spec-
tral sequence of the fibering p,,

n+1 0
n 0

n—1 | H"Y(K; )

Z H"(By) H"(B,,)
n n+1

In our case the transgression 7 is an epimorphism. Therefore H"(E,,_1) = 0.
Besides, it follows from the diagram that

P, H'WN(B) — H™ (B, 1)

is an isomorphism. We have thereby proved the third item and half of the
second item.
The number ¢ is defined by the quantity of generators of the free group

H" YE,_1)~Kerr C H" YK:_,).
If H"(B,,) is a free group, then Ker7 = 0 and hence ¢t = 0. Therefore in
that case E,_1 € L,+1. Applying now our above reasoning to the fibering
Pn—1, we obtain that E,,;; € L,, and, moreover,
Hn(En+1) ~ Hn(En_l) =0.

Therefore Ey41 € Ly41 C Ly, We have proved the fifth item. Let

a=(Xn;0) €w(Ep_1;n)
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be an arbitrary index (here and in the sequel, when an analogous situation
occurs, it will be assumed that the objects of auxiliary subcategories L,, are
the finite CW-complexes (see [3])). The mapping

w: Xy — En
can be lifted to the mapping in the space of the fibering p,,_1
0:Xn— Eny1.
This follows from the fact that the obstruction to this lifting is zero (see [6])
c(p) € H" 1(X,,®Z) = 0.
Consider the index
B = (Ent1,Pn—1) € w(Ep_1;n).

Since pn,—1p = ¢, we have a« < . Let p € II"(E,_1). Then pg €
H"™(E,+1) = 0. Therefore

Pa = ¢ (ps) = ¢°(0) = 0.

Hence p = 0. We have thereby completely proved the second item. It
remains to prove the fourth item.
Let p € I"t*(E,_1), k > 0, and let

2 Xn+1 - Bn

be an arbitrary mapping, X, +x € L,1k. Obstructions to the lifting of the
mapping ¢ and to the homotopy between two such liftings belong, respec-
tively, to the groups (see [6])

H" (X1, ®Z) = 0,
H" Y (X4, ®Z) = 0.
Therefore we can choose up to homotopy a unique lifting @ of the mapping ¢
¢ Xpyk — Eng,
pn = . Consider the indices
o= (Xnik; ) € w(Bn,n+k),
& = (Xuiri @) € W(Bur,n + ).
Assume that
[e(p)]a = p3-

As follows from [3], our definition is correct. Let us show that the set [e(p)]a
defines an element ¢(p) of the group II"**(B,,). Consider the diagram
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Enfl
Jpn
) v
B,
/’ w
g
Xn+k > Yn+k ’

where 1g ~ ¢, pth = ¥, =g, Yopx € Lnsk. Then
Pn® = putbg = g ~ .
Also consider the indices

B = Ynix;9) € w(Bn,n+ k),
B = (Vsri 0) € w(Bu 1+ k).
Then a < B and we have
9" ([e()]s) = 9% (p3) = p5 = [e(P)la-
Thus we have defined the mapping
e "M (B, ) - II"H(B,).
Let now p € II"™*(B,,) and
: Xnyx — By
be an arbitrary mapping. Consider the indices
a = (Xnik; p) € w(Bp;n + k),
@ = (Xnyr; 9) € w(Ep_15n + k),
Pn(@) = (Xngk;Pnp) = (Xntk; @) = @ € w(Bn;n + k).

Then
[E(Z)#(p))]a = [P#(P)]g = ppn(g) = Pa-

Therefore ep# = id.
Let further p € II"**(E,_) and

SZ: Xn+k - Enfl
be an arbitrary mapping. Consider the indices
a=(Xpyr;9) € w(En_1;n+k),
@ = pn(a@) = (Xpgr; pn®) € w(Bnin + k).
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We can use the mapping ¢ as the lifting of p, . Then
P ()5 = @), &) = E@]a = -

Therefore p#e = id. We have thereby completed the proof of the fourth
item and Lemma 1.5. [J
3. Proof of Proposition 1.7. The commutativity of the left square follows
from the fact that homomorphisms di are natural. Consider the right square
where K3 | = QK32. Let h € H" 1(QK?). Since B,, € L,, it suffices to
check the equality

(6% dn—1)(h) = (du7)(h)
only for the index

B = (Bn;id) € w(By;n).
The fibering

QK | — E,_1 2~ B,

is obtained here from the standard fibering
OK: |, — EK: 2 K3
by the mapping
f:B,— K,.
Therefore
r=fm= s,
where the mapping
T X0K, - K,
is the known mapping, the homomorphism
Y H" Y QK:) — H"(SQKE)

is an isomorphism of the suspension in cohomologies, and 7o = 77 '3 is the
transgression of the fibering p. Now consider the commutative diagram

(Enflﬂ QK’ISL)
/ w\
(2] B
(CQB,,QB,) (SQB,,, *) (B, *)
caf SQf J f
€ ™
(CQK;,QK;) (SQKE, %) (K5, %)
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where

E,_1={(be)be B,, ec EK,, f(b)=p(e)}.
Next define the lifting mapping ®. But first note that when defining the
cone C'X, we contract the subspace

(X x0U(xxI)cXxI

to the base point.
Let
ceQB,, 0<t<1, 0<¢<1.

Define the path s; € EK; by the equality
st(§) = ((2f)(0)) (1)

and set

O([(a,1)]) = (a(t), 50)-

It is obvious that for ¢ = 1 we have ®|QB,, = Qf. Consider the index
81 = (QBn; Qf) € w(QK;,n—1).
Then we have
[6%(dn-1(h))]p = ¥~ (Oldn-1(R)]5,) = ¥ ' (8((2F)* (),
where ¢g = mgeg. On the other hand,
[dn((h))]g = 7(h) = f*(10(h)) = f*(7" " (S(h)))
= (frm (e TH6(h)) = (m  (SQf) e (8(h) =
= (mp tep D(CQ)*8)(h) = ¥ ' (6((Q)*(W)). O
4. Proof of Proposition 1.9. It is obvious that €(p)(0) = 0. Let now
fi:S"—=X, i=1,2,

be arbitrary mappings. Let, moreover,
ig: ST —=8"VvS" k=12
be standard imbeddings and
Jg StV St =8 k=12
be standard projections. Also consider the mapping
v:S8"— Stvst

which brings the H-cogroup structure onto the sphere. We have the com-
mutative diagram
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BN

1V fa v

STy st ——  §n

We introduce the notation (f; V fo)v = f3 and consider the indices
:(Sn7fl)7 7::172737
B=(S"VS" fiVfa).

Then o; < 3,7 =1,2,3. Let e € H"(S™) be the generator of the group
H™(S™). Then the elements j;(e) and j3(e) are the generators of the group
H™(S™V S™). Let

pp = k1ji(e) + kajs(e), ki k2 € Z.
Then
Pas =V (pg) = k1" (ji(€)) + kav™(jz (€)) = kre + kae,
Pay = 11(pg) = ki1 (57 (€)) + k2] (j3(€)) = kre + k20 = kye.
Analogously, pa, = kee. Therefore p,, = pa; + Pa,- Then
e(p) ([l + [f2]) = Pas = Pay + Pax =@)([f1]) +e@)([f2]). O

5. Proof of Proposition 1.11. Let
g: 8"t S K8

n—1

be an arbitrary mapping. Consider the commutative diagram

n+17K7thZ)
// Pn—1
(€S, Qsn1) (50571 %) — T2 v (5! ) — L (B, %)
k. s ]
Csn—2 , S 2 e SSn—2 * 7T;Zd,(sn 1 *) ‘9 (En—17*)
Pn-1

n+17 )
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where the mapping
k:S"? - Q8" =085
and the mappings 7, e, e are the standard ones, the mapping g is obtained

by lifting the mapping (ig)mses, and 9= gk.. Consider the mappings

go=9 |S"2: 8" 2 5 K,
g2 =glQs" s - K,
Then we obviously have

On-1(l9]) = 04 ([id]) = [go], g0 = gak-

We introduce the indices

B=(S""1g) € w(EK;, _;;n—1),
Bo = (5""%g0) € w(K}_yn—2),
B =(S""Yig) € w(Bn_1;n — 1),
By = (QS" 1 go) € WKL _oim —2).

Then (y < B2. Let p € I""?(K! _,). Then

(Fn-1(220))([9]) = £2(p) (On-1([9])) = &2(c(p) (D4 ([ig)))) =
= &2(pso) = §1(5(pg,)) = &1(B(K7(pg,))) = &1((BK7)(pg,))-
But, on the other hand,

(e1(0n—1()))([9]) = & ((e(0n-1(p)))([9])) = &1 ([6n-1(p)]5) =
=& ([ (6% (p)]s) = & (07 P)]py) = &((V3718) (ps,)),
where 13 = mges. Since &7 is an isomorphism, it is sufficient for us to check
the equality SK* = ¢*~1§. Using the equality, mses K. = e we shall have
YEK* = (e 1) (0T K = K0 =
=elefer nr s =S O
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