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SEQUENTIAL CONVERGENCE IN TOPOLOGICAL
VECTOR SPACES

A. K. KATSARAS AND V. BENEKAS

ABSTRACT. For a given linear topology 7, on a vector space E, the
finest linear topology having the same 7T convergent sequences, and
the finest linear topology on E having the same T precompact sets, are
investigated. Also, the sequentially bornological spaces and the se-
quentially barreled spaces are introduced and some of their properties
are studied.

INTRODUCTION

For a locally convex space F, Webb constructed in [1] the finest locally
convex topology on E having the same convergent sequences as the initial
topology and the finest locally convex topology having the same precompact
sets as the initial topology.

In this paper, using the notion of a string introduced in [2], we construct
the finest linear topology which has the same convergent sequences as the
initial linear topology and the finest linear topology having the same pre-
compact sets. Some of the properties of these topologies are studied. We
also give the notion of a sequentially bornological space. A space F is S-
bornological if every bounded linear map from FE to an arbitrary topological
vector space is sequentially continuous. This is equivalent to the following:
Every bounded pseudo-seminorm on FE is sequentially continuous. The con-
cept of a sequentially barreled space is also given and some of the properties
of the S-bornological spaces and the S-barreled spaces are investigated.

1. PRELIMINARIES

All vector spaces considered in this paper will be over the field of real
numbers or the field of complex numbers. Following [2], we will call a string,
in a vector space F, any sequence U = (V,,) of balanced absorbing sets such
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that V41 + V41 C V, for all n. A string U = (V,,), in a topological vector
space F, is called topological if every V,, is a neighborhood of zero. The
string U is called closed (resp. bornivorous) if every V;, is closed (resp.
bornivorous). Every string U = (V,,) defines a linear topology 7+ U having
as a base at zero the sequence {V,, : n € N}. The set Ny Q V,, is a subspace

of E. We will denote by Ey the quotient space E/Ny. The space Ey with
the quotient topology is a metrizable topological vector space. By EU we
will denote the completion of Ey;, and so Ey is a Frechet space and is a
complete metrizable topological vector space. Any family F of strings in
E defines a linear topology, namely the supremum of the topologies 7,
U € F. A family F of topological strings, in a topological vector space
E, is called a base for the topological strings if for any topological string
W = (W,,) there exists U = (V,,) in F with U < W, where U < W means
that V,, C W, for all n. The family of all closed topological strings is a base
for the topological strings.

Definition 1.1 ([3,6.1]). A pseudo-seminorm, on a vector space E over
K, is a function p : E — R with the following properties:

1) p(z +y) < p(z) + p(y), for all 2,y in E.

2) p(Az) < p(z) for all x € E when |\ < 1.

3) If A, — 0, then K for all p(A,2) = 0inx € E.

4) If p(x,) — 0, then p(A,z) — 0 for all A in K.
If p(x) > 0 when x # 0, then p is called a pseudo-norm.

Lemma 1.2. If p is any pseudo-seminorm on E, then d, : E x FE — R,
dy(z,y) = plx — y), is a pseudo-metric, and the corresponding topology T,
is linear. If p is a pseudo-norm, then d, is a metric.

Lemma 1.3. If p is a pseudo-seminorm on E and V,, = {z : p(z) <
27"}, then U = (V,,) is a string and 1, = 7p.

Lemma 1.4 ([3,6.1]). IfU = (V,,) is a string in E, then there exists a
pseudo-seminorm p, on E such that

{zeE :p,(x)<2" '}V, C{z : p,(x)<27"}
and so T, =T, .

Any linear topology on F is generated by the family of all continuous
pseudo-seminorms on E.

Lemma 1.5. Let (p,) be a sequence of pseudo-seminorms on E and de-
1 pa(x)
nep on E by p(x) = —
fi y p(x) n;Z" T+ po(@)
on E and T, coincides with the topology generated by the sequence (pn) of
pseudo-seminorms.

Then p is a pseudo-seminorm
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Lemma 1.6. A topological vector space E is pseudo-metrizable iff its
topology is generated by a countable family of pseudo-seminorms and this is
true iff the topology of E is generated by a single pseudo-seminorm.

2. SEQUENTIAL SPACES

Definition 2.1. Let V be a subset of a topological vector space E. Then
V is called a sequential neighborhood (S-neighborhood) of zero if every null
sequence in F lies eventually in V. The set V is called sequentially closed
(S-closed) if every = in E, which is a limit of a sequence in V', belongs to V.

Definition 2.2. A string U = (V},), in a topological vector space E, is
called S-topological if every V,, is an S-neighborhood of zero.

Lemma 2.3. Let U = (V,,) be a string in a topological vector space E
and let p be a pseudo-seminorm on E such that 7, = 7,. Then, U is S-
topological iff p is sequentially continuous.

Proof. Let U be S-topological and let (z,,) be a sequence in E converging
to some z. Given ¢ > 0, the set W = {z : p(z) < e} is a 7,-neighborhood of
zero and so there is m such that V,,, € W. Since z,, —x — 0in E and V,,
is an S-neighborhood, there exists ng such that =, —x € V,;; when n > ny,
and so p(x, —z) < e if n > ng. The converse is proved analogously. [

Definition 2.4. A topological vector space E is said to be a sequential
space if every S-topological string in E is topological.

Proposition 2.5. Let U = (V,,) be a string in a topological vector space
and let EU be the completion of Ey. If J = Jy : E — Ey is the canonical
mapping, then the following are equivalent:

(1) U is S-topological in E.

(2) J is sequentially continuous.

(3) J is sequentially continuous as a map from E to EU.

Proof. Tt is clear that (1)=(2)=(3).
(3)=>(1). For each subset A of Ey, let A denote its closure in Er;. Then,

the family {J(V,,) : n € N} is a base at zero in Ey. Since the closure of
J(Vy12) in Ey is contained in J(Vy42) + J(Vpao) C J(Vit1), we have

I (Vag2)) = J NI (Vag2) NE,) C T (I (Vagr)) =
= Vg1 + Ny C Vg1 + Vgt C Wy,

which shows that V;, is an S-neighborhood of zero in E since J is sequentially
continuous. [
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Proposition 2.6. For a topological vector space E, the following are
equivalent:

(1) E is sequential.

(2) Every sequentially continuous linear map, from E to an arbitrary
topological vector space, is continuous.

(3) Every sequentially continuous linear map, from E to an arbitrary
Frechet space, is continuous.

(4) Every sequentially continuous pseudo-seminorm on E is continuous.

Proof. (1)=(2). Let f : E — F be a linear and sequentially continuous
and let V' be a neighborhood of zero in F'. There exists a topological string
U = (V,) in F with V; = V. Since f is sequentially continuous, f~1(U) is
S-topological and hence topological by (1). Hence f~1(V) is a neighborhood
of zero in E.

(3)=(1). Let U = (W,,) be an S-topological string. By Proposition 2.5,
the canonical mapping J : £ — EU is sequentially continuous and hence by
(3) continuous. As in the proof of the implication (3)=-(1) in the preceding
Proposition, it follows that each V,, is a neighborhood of zero in E.

(1)=(4). Let p be a sequentially continuous pseudo-seminorm and set
Vi ={x : p(x) <27"}. Then U = (V) is an S-topological string and hence
topological, which implies that p is continuous.

(4)=(1). Let U = (W,,) be an S-topological string and let S be as in
Lemma 1.4. By Lemma 2.3, p,, is sequentially continuous and hence by (4)
continuous, which implies that (1) is topological. O

Proposition 2.7. Let {E, : a € I} be a family of topological vector
spaces, E a vector space and, for each o, fo : Eq — E a linear map. If T is
the finest linear topology on E for which each f, is continuous and if each
E, is sequentially, then (E,T) is sequential.

Proof. 1f U is an S-topological string in (E,7), then each f;!(U) is S-
topological in E, and so it is topological in E, which implies that U is
topological in (E,7). O

Corollary 2.8. Quotient space and direct sums of sequential spaces are
sequential.

The family Fg of all S-topological strings in (F, 1) is direct. We will
denote by 7% the linear topology generated by the family Fs.

Proposition 2.9. (1) 77 is the coarsest sequential topology finer than T.

(2) 75 is the finest linear topology on E having the same with T convergent
sequences.

(3) The topologies T and T° have the same bounded sets.

(4) If 7y is a linear topology such that every T-null sequence is also T1-null,

then 7 < 75.
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(5) A linear map f, from (E,T) to an arbitrary topological vector space
F, is sequentially continuous iff it is 75 -continuous.

(6) 7 is generated by the family of all sequentially continuous pseudo-
seminorms on (E,T).

Proof. Clearly 7 < 75. Tt follows directly from the definition that every
75-null sequence is also 7°-null and so 7 and 7° have the same convergent
sequences and the same bounded sets. If 7 is a linear topology on E such
that every 7-null sequence is also 77-null, then every 7;-topological string is
sequentially 7-topological, which implies that 7 < 7°. This proves (2),(3),
and (4).

(1) Since every 7°-sequential string is also 7-sequential (by (2)), the
topology 7° is sequential and it is clearly the coarser sequential topology
finer than 7.

(5) If the linear map f : (E,7) — F is sequentially continuous, then for
each topological string U in F, f~*(U) is an S-topological string in (FE,T)
and so f~1(U) is 7-topological, which proves that f is 7°-continuous. The
converse is clear.

(6) It follows from Lemma 2.3. O

Proposition 2.10. If the linear map f : (E,7) — (F,71) is continuous,
then f is (7°,7{)-continuous.

Proof. Tt follows from the fact that, for each S-topological string in F,
f~1(U) is S-topological in E. [

Corollary 2.11. If (E,7) = [[ (Ea,Ta), then 7% > [ 75.
acl a€cl

Proposition 2.12. If (E,7) = [[ (Ek,Ta), then 7° = [] Tzf-
k=1

Proof. Let 19 = H Tk By the preceding corollary, we have 7o < 75.

On the other hand let U(V,) be an S-topological string in (F, 7). For
each k, 1 < k < n, let jip : Ex — FE be the canonical mapping. Set
Vi = j,;l(Vm+n+1) Each V;™ is an S-neighborhood of zero in (Ej, 1) and
so Uy = (VI™)2_, is an S- topologlcal string in Ej. The set

W = ﬁ 174
k=1

is a Tg-neighborhood of zero in E and W,, C V,,,, which implies that U is
To-topological. Thus 7° < 79, and the result follows. [
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Proposition 2.13. Let (E,7) = @ (Fa,Ta), where each (Ey,To) i8
I

ac
Hausdorff. Then 75 = @ 75.
ael

Proof. Let 0 = @ 72. If f, : E, — F is the canonical mapping, then f,
acl

is (77, 7%)-continuous and so 7° < o. On the other hand, let U = (V},) be
an S-topological string in (E,7) and let (z(™) be a null sequence in (F, 7).
By [2, 5.10], there exists a finite subset In = {aq,...,amn} of I such that
28 =0 for all n and all o & Io. Let

m
gt(E,T)Hk@ (XkaT(th H Otvaock

be a canonical projection. If 79 = H Tay, then g is (7, 7p)-continuous and

k=1
so g is (79, 75)-continuous. The canonical embedding

h: @ (Eak, 5}) — (E,0)
is continuous. But
_ S _
= H TS =
k=1
Thus, h is (75, 0)-continuous and so
hog:(E,m°%) — (E,0)

is continuous and hence (™ = ho g(z(™) — 0 in (E,0). This proves
that the identity map from (F,7%) to (E, o) is sequentially continuous and
therefore continuous. This implies that ¢ < 7° and the result follows. O

Proposition 2.14. Let F' be a topologically complemented subspace, of
a topological vector space (E,T), and let T’F be the topology induced by T
on F. Then 75|F = (|F)®

Proof. Since the inclusion map from F to E is ((7|F)®, 7%)-continuous, we
have that TS\F < (7'|F ). To prove the inverse inequality, let G be a
topological complement of F and let w1, w2 be the projections of E onto F
and G, respectively. Then 71,79 are continuous. Let now 7, = 7'|F and let
U = (V,,) be an S-topological string in (F, 7). Let W,, = V,, + G. Each
W, is an S-neighborhood of zero in (E, 7). In fact, let (z,) be a 7-null
sequence. Since 71 () — 0 in F', there exists mg such that m(z,,) € V,,
if m > mg and so xg € W,, if m > ng. Now, W = (W,,) is an S-topological
string in (E, 7). Smce W,NF =1V,, it follows that U is S|F -topological,
which proves that 77 < 79 |F O
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3. THE ToroLoGY TP

Definition 3.1. A string U = (V},) in a topological vector space (E,T)
is called precompactly-topological (pr-topological) if for each n and each
T-precompact subset A of E there exists a finite subset S,, of A such that
ACS,+V,.

Lemma 3.2. If U = (V,) and W = (W,,) are pr-topological strings in
E and A a non-zero scalar, then \U = (A\V,,) and UNW = (V,, N W,,) are
also pr-topological.

Proof. 1t is easy to see that AU is pr-topological. For the U N W, let A
be a non-empty 7-precompact set and let & € N. There are z1,...,2,,
Y1, .-+, Ym in A such that

n n
AC U (ac, + Vk+1 U Y; + Wk+1
i=1 j=1
Let
D ={(i,5) : AN (i + Vig1) N (y; + Wip1) # 9}
Clearly,

AcC U (2 + Vig1) N (yj + Wigr).

(i,j)€D
For each o = (4,j) € D, choose zo € AN (x5 + Vig1) N (y; + Wiyr). If
z € (i + Vig1) N (y; + W), then
2—=x; € Viy1, 2a— i € Vir1, 2—9j € Wir1, 2o —y; € Wi,
Thus
2= 2o = (2 —x;) — (20 — 5) € Vi1 + Viey1 C Vi,

and similarly z — z, € Wi, ie., 2 —24 € Vi N Wy, Thus A C {z, : a €
D}+WpNVi. O

Notation 3.3. For alinear topology 7 on E, we will denote by 7P the linear
topology generated by the family of all pr-topological strings in (E, 7).

We omit the proof of the following easily established proposition.

Proposition 3.4. 1) 7P is the finest linear topology on E having the
same T precompact sets.

2) 7 < 7P and if 11 is a linear topology on E such that every T-precompact
set is also T -precompact, then 7 < TP.

Proposition 3.5. A linear map f : (E,7) — F is 7P-continuous iff it
maps T-precompact sets in E into precompact sets in F'.
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Proof. The condition is clearly necessary since every 7T-precompact set is
also TP-precompact and images of precompact sets, under continuous linear
mappings, are precompact. For the sufficiency, let U = (V},) be a topological
string in F. If A is a T-precompact set, then f(A) is precompact in F and so,
given n, there exists a finite subset S,, of A such that f(A) C f(S,) + Va,
which implies that A € S,, + f~%(V;,). Thus f~1(U) is pr-topological in
(E, ), which proves that f is 7P-continuous. [

Proposition 3.6. If the linear map f : (E,7) — (F,71) is continuous,
then f is (7P, 7F)-continuous.
Proof. Tt follows from the fact that for every pr-topological string in (F, 1),
f~Y(U) is pr-topological in (E,7). O

Corollary 3.7. If (E,7) = ][ (Fa,Ta), then 7P > ] 72.
acl acl

For the proof of the following Proposition we use an argument analogous
to that of Proposition 2.12.

Proposition 3.8. If (E,7) = [] (Ek,7%), then 7 = ] 1.
k=1 k=1
Proposition 3.9. Let (E,7) = & (E4,Ta), where each 14 is Hausdorf}.

acl
Then 7P = @ 7P.
acl

Proof. Let 0 = @ 72. If f, : B, — E is the canonical embedding, then f,
acl

is (72, 7P)-continuous and so 7”7 < ¢. On the other hand, let U = (V) be
a o-topological string. We need to show that U is pr-topological in (E, 7).
To this end, let A be a T-precompact set. By [2, 5.10], there exists a finite
subset I’ = {ay,...,a,} of I such that z, =0forallz € Aand all « & I'.
If 7, : E — E,, is the canonical projection, then A) = 7 (A) is precompact
in E,,. Given n, there exists a finite subset S of A such that

A Cme(S) + fojkl(Vnerfl)
for k=1,...,m. Given x € A, there are x € A, k= 1,...,m, such that

=Y fo.(x). Since
k=1

Vn+m—1 + Vn+m—1 +-+ Vtrz—&-m—l C Vn

m—times
and since fo, (zr) € fo(Sk) + Vintn—1, Sk = m(S5), it follows that z €
T+ Vo, T = > for(Sk). Thus, A C T + V,,, which shows that U is
k=1

pr-topological in (E, 7). This clearly completes the proof. O
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Proposition 3.10. Let F be a topologically complemented subspace of a
topological vector space (E,T). Then Tp’F = (7|F)P.

Proof. For the proof we use an argument analogous to that of Proposi-
tion 2.14. O

Proposition 3.11. Let {(Ey, 7o) : « € I} be a family of topological
vector spaces, E a vector space, and fo : B, — E a linear map, for each
a € 1. If T is the finest linear topology on E for which each f, is continuous
and if T2 = 7P for all o € I, then P =T.

Proof. If U is a pr-topological string in (E, 7), then f, 1(U) is pr-topological
in (Ea,7q) and so f~1(U) is 1,-topological, which implies that U is 7-
topological. [

Corollary 3.12. Let F be a subspace of (E,T) and let 19 be the quotient
topology on E‘F If 7P = 7, then 7§ = 7.

Lemma 3.13. Let 71,7 be two linear topologies on E. If every T -
precompact set 18 also To-precompact, then every T1-
bounded set is To-bounded.

Proof. Assume the set A is 7i-bounded but not 7o-bounded. Then there
exists a balanced mo-neighborhood V' of zero in F and a sequence (x,,) in A
such that x, & n?V. If y, = n~'x,, then y, > 0 (since A is 7;-bounded),
and so the set B = {y, : n € N} is 7y-precompact. By our hypothesis, B is
To-precompact and hence B is 7o-bounded, which is not true since B is not
absorbed by V. O

Corollary 3.14. 1) 7 and 7P have the same bounded sets.

2) If (E,T) is a bornological space, then T = 1° = 7P.

Recall that a topological vector space E is called countably barreled if
every string in E which is the intersection of a countable number of closed
topological strings is topological. Also, E is called countably quasi-barreled
if every bornivorous string in £ which is the intersection of a countable
number of closed topological strings is topological.

Notation 3.15. If 7 is a linear topology on FE, we will denote by 77 the
linear topology generated by the family of all 7-closed strings. By 77* we will
denote the linear topology generated by the family of all closed bornivorous
strings in (E, 7).

Proposition 3.16. Let (E,7) be a topological vector space.
1) If (E,T) is countably quasi-barreled, then 7% < 7P,
2) If (E,T) is countably barreled, then 7° < 7P.
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Proof. Tt follows from [2, 18.5] since every 7-precompact set is 7°* (resp.
7#)-precompact when (E,7) is countably quasi-barreled (resp. countably
barreled). [

4. SEQUENTIALLY BORNOLOGICAL SPACES

Definition 4.1. A topological vector space F is called sequentially bor-
nological (S-bornological) if every bornivorous string is S-topological.

Since 7 and 7° have the same bounded sets, (F, ) is S-bornological iff
(E,79) is bornological.

Definition 4.2. A pseudo-seminorm p, on a topological vector space F,
is called bounded if for every bounded sequence (x,) in E and every null
sequence of scalars (\,;) we have p(A,z,) — 0.

Note. If p is a seminorm, then p is bounded iff it is bounded on bounded
sets.

Definition 4.3. A linear map f between two topological vector spaces
E, F is called bounded if it maps bounded sets in E into bounded sets in
F.

Proposition 4.4. For a topological vector space (E, 1) the following pro-
perties are equivalent:

(1) (E,7) is S-bornological.

(2) Every bounded linear map, from (E,T) to an arbitrary topological
vector space, is sequentially continuous.

(3) Every bounded linear map, from (E,T) to an arbitrary Frechet space,
is sequentially continuous.

(4) Every bounded pseudo-seminorm on E is sequentially continuous.

Proof. (1)=(2). Let f : (E,7) — F be linear and bounded. If U is a
topological string in F, then f~1(U) is a bornivorous string in (E,7), and
hence f~(U) is S-topological. This proves that f is 7°-continuous and
hence f is sequentially 7-continuous.

(3)=(1). Let U = (V,,) be a bornivorous string in E and consider the
Frechet space F' = EU. Let j : E — F be the canonical mapping. If A is
bounded in (E, ), then for each n there exists a scalar A such that A C AV,
and so j(A) C A\j(V,,), which proves that J(A) is bounded in F. Thus, j
is bounded and hence j is sequentially continuous by our hypothesis, which
implies that U is S-topological by Proposition 2.5.

(1)=(4). Let p be a bounded pseudo-seminorm on (E,7) and set W,,, =
{z : p(x) <27™}. Every W,, is bornivorous. In fact, assume that W, does
not absorb a 7-bounded set A. Then, there exists a sequence (z,,) in A with
Xy & 2"W,,. Now (z,) is a bounded sequence and p(27"z,,) > 2~™ for all
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n, which is a contradiction. Thus, U = (W,,) is a bornivorous string and
hence S-topological by (1). Let now m be given and let (z,) be a 7-null
sequence. Since W, is an S-neighborhood of zero, there exists ng such that
Xy € Wy, and so p(a,) <27 if n > ny.

(4)=(1). Let W = (V,,) be a bornivorous string in (E,7) and let p = pw
be as in Lemma 1.4. Then, p is bounded. In fact, let (z,) be a bounded
sequence and let A, — 0. Given k, there exists a scalar o such that (z,,) C
aVy,. Now

AnZn € A oV C Vi

for large n, which implies that p(\,z,) < 2% eventually. By (4), p is
sequentially continuous and hence W is S-topological by Lemma 2.3. O
Proposition 4.5. A countable product (E,7) = [] (Ek, ) of S-borno-
n=1
logical spaces is S-bornological.

Proof. Each 77 is bornological and so 7o = [] 7,7 is bornological by [2, 11.6].
n=1

If 70 is the bornological topology associated with 7, then 75 < 7% since 7

has the same 7 bounded sets. Since 7 < 79 < 7g (by Corollary 2.11), we

have that 7o = 7% = 7% and so 7° is bornological. [

S

Proposition 4.6. Let F' be a topologically complemented subspace of a
topological vector space (E 7). If (E,7) is S-bornological, then F is S-
bornological.

Proof. Let 19 = T}F. By Proposition 2.14, we have 75 = TS‘F. Thus, it
suffices to assume that (E, 7) is bornological and show that 7 is bornolog-
ical. If U = (V,,) is a bornivorous string in (F, 7o) and if G is a topological
complement of F', then (W,,), where W,, = V,, + G is a bornivorous string
in (F,7) and W, N F = V,,, which shows that U is 7p-topological. [

Proposition 4.7. Let (E,7) = ® (Eq4,Ty), where each 1, is Hausdorff.
ael
If each (Eq,7a) is S-bornological, then (E,T) is S-bornological.
Proof. By Proposition 2.13, we have 7% = @ 77. Since the direct sum of

acl
bornological spaces is bornological ([2, 11.5]), the result follows. O

5. SEQUENTIALLY BARRELED SPACES

Definition 5.1. A topological vector space F is called sequentially-bar-
reled (S-barreled) if every closed string in E is S-topological.

Proposition 5.2. A topological vector space E is S-barreled iff every
lower-semicontinuous pseudo-seminorm on E is sequentially continuous.
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Proof. Assume that F is S-barreled and let p be a lower-semicontinuous
pseudo-seminorm on E. If V,, = {z : p(z) < 27"}, then U = (V,,) is a closed
string and hence S-topological, which implies that p is sequentially continu-
ous (by Lemma 2.3). Conversely, suppose that every lower-semicontinuous
pseudo-seminorm on E is sequentially continuous and let W = (W,,) be a
closed string in E. Let p = py be as in Lemma 1.4. Let {V, : v €'} be a
base at zero in E consisting of balanced sets and make I' into a direct set
by defining v1 > o if V,, C V4,. Define p on E by

p(z) = sup inf pw(z+y).

el yEV,

Then, p is lower-semicontinuous (it is the biggest lower-semicontinuous func-
tion f with f < p) and it is easy to show that p(z +y) < p(z) + p(y) and
that p(Az) < p(z) when |\ < 1. Moreover

{z:p(x) <277} C W,. (%)

In fact, let p(z) < 27"7!. For each v € I, there exists y, in V, with
pw(z +y,) <27 ! and so x + y, € W,,. Since the net (y,),er converges
to zero and W, is closed, we have that z € W,,. It now follows easily that p
is a pseudo-seminorm which, by our hypothesis, is sequentially continuous.
Now () implies that W is S-topological and the result follows. [

Proposition 5.3. A topological vector space (E,T) is S-barreled iff any

linear topology 7 on E, having a base at zero consisting of T-closed sets, is
weaker than 7°.
Proof. Suppose that (F,7) is S-barreled and let 71 have the stated prop-
erties. Then, there is a base F for the 7 -topological strings, consisting
of 7-closed strings. Since (E,T) is S-barreled, every member of F is S-
topological in (E,7) and hence 73 < 7%. Conversely, assume that (£, 7) has
the same property stated in the proposition. The family F, of all T-closed
strings is directed and it generates a linear topology 5. This topology has a
base at zero consisting of 7-closed sets and hence 75 < 7° by our hypothesis.
It follows that every 7-closed string is S-topological in (E,7) and so (E,T)
is S-barreled. O

Definition 5.4. A family F of linear maps, from a topological vector
space E to another F, is called sequentially equicontinuous if for each neigh-
borhood V' of zero in F' the set fﬂ}_f_l(V) is an S-neighborhood of zero

€

in F.
Proposition 5.5. For a topological vector space E, the following prop-

erties are equivalent:
(1) E is S-barreled.
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(2) Fvery pointwise bounded family F of continuous linear maps, from E
into another topological vector space F, is S-equicontinuous.

(3) Every pointwise bounded family of continuous linear maps, from E
into an arbitrary Frechet space, is S-equicontinuous.

Proof. (1)=>(2). Let V be a neighborhood of zero in F. Choose a closed
topological string U = (V,) in F with V3 ¢ V. Let W,, = fﬂff_l(Vn).
€

Then (W,,) is a closed string in E and hence S-topological by (1). Thus
fﬂf f~Y(V) is an S-neighborhood because it contains Wj.
€

(3)=(1). For the proof we use an argument analogous to the one used
in[2,7.2. O

Corollary 5.6. Let E be an S-barreled space, F' an arbitrary topological
vector space, and (fo)acr @ pointwise bounded net of continuous linear maps
from E to F. If the limit lim f,(z) = f(x) exists for each x € E, then f is
sequentially continuous.

Corollary 5.7. Every pointwise limit of continuous linear maps, from
an S-barreled space into an arbitrary topological vector space, is sequentially
continuous.

Proposition 5.8. Let E be a Hausdorff S-barreled space and let F' be a
subspace of finite codimension. Then, F is S-barreled.

Proof. We may consider the case in which the codimension of F' is one. Let
U = (V,,) be a closed string in F'. There are two possible cases.

Case 1. Each V,, is a proper subset of its closure V,, in E. Then, each
V, is absorbing in E. In fact, let 29 € V,,41\Vyiy1 and let € E. Then
xr =y + Arg with y € F. Since V,,41 is absorbing in F, there exists a scalar
iy |p] > ||, with y € V41, and so

z € V1 + )\VnJrl C an.

Now, (V,,) is a closed string in (E,7) and hence each V,, is an S-neigh-
borhood in (E,7). Moreover, V,, N F = V,. It is clear now that U is
S-topological in F.

Case II. There exists an n such that V,, is closed in . We will show
that each V,, is an S-neighborhood in F. Without loss of generality, we
may assume that V; is closed in F'. Then, each V,, is closed in E. Choose
xo € E with 9 ¢ F and let W = {Azo : |A\| < 1}. The set W is compact
in F and hence each W,, = V,, + 27"W is closed in E. Clearly (W,) is a
closed string in E and W, N F = V,,. Since each W, is an S-neighborhood
of zero in FE, it follows that V,, is an S-neighborhood of zero in F. [
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Definition 5.9. A linear map f, between two topological vector spaces
E and F, is called sequentially open (S-open) if f(V') is an S-neighborhood
of zero in F for each S-neighborhood V of zero in E.

Proposition 5.10. Let E, F be topological vector spaces and let f : E —
F' be linear, continuous and sequentially open. If E is S-barreled, then F is
S-barreled.

Proof. Tt is clear that f is onto. Let U = (V;) be a closed string in
F. Then, f~Y(U) is a closed string in E and so f~*(U) is S-topological.
Since f(f~1(V,)) = Vi and f is sequentially open, it follows that U is
S-topological in F. O
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