GEORGIAN MATHEMATICAL JOURNAL: Vol. 2, No. 3, 1995, 313-322

SOME NEGATIVE RESULTS CONCERNING THE
PROCESS OF FEJER TYPE TRIGONOMETRIC
CONVOLUTION

G. ONIANI

ABSTRACT. The process of Fejér type trigonometric convolution and
its discrete analogue have equivalent uniform residues. The situation
changes under pointwise comparison. In this direction negative results
have been obtained by different authors. One result of such a type
is given in the present paper. In particular, a counter-example is
constructed for which both comparisons diverge on the set of complete
measure. The smoothness of the counter-example as well as some
other problems are investigated.

1. Let Cy; denote a Banach space of 2m-periodic functions continuous on
R, with sup-norm || - [|¢.
Let for every n € N

Xn(@) =Y prane®”, (1.1)
k=—n

where P—k,n = Pkms PO,n = 1.
F,, denotes an operator of trigonometric convolution

2m
1
Fuf(@)i= 5 [ fuxae ~ u)du (1.2)
0
and J, is its discrete analogue
1 2n
Inf(@) =5 ;0 F(tn) xn (& = ujn), (1.3)
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where u; ., =275 / (2n+1), 0 < j < 2n.
The following theorem on the operators {F,} and {J,} is valid (see [2]-

[5])-

Theorem 1.1. Let {x,} be a sequence of even polynomial kernels (1.1)
satisfying the conditions

[xnll =0O(1) (0 — o0), (1.4)
1—prn=0k(1) (keN, n— o0). (1.5)

Then for every f € Caon we have

[Fnf = flle =0(1) and |Jof = flle=0(1) (n—o0),  (1.6)
HJnf - f”c = O(”Fn.f - f”c)a
Han - ch = O(HJnf - f”c) (n € N)'

Note also that (1.6) is equivalent to the pair of conditions (1.4) and
(1.5), i.e., the sequences (processes) of the operators {F},} and {J,,} ensure
uniform approximation of continuous functions (such sequences of operators
are called Fejér) and their residues are equivalent with respect to the norm
in Cgﬂ-.

Pointwise comparison changes the situation. In this case residues of the
operators {F,} and {J,} may turn out to be nonequivalent on the set of
complete measure. In particular, the following theorems are valid (see resp.
[2] and [1]):

(1.7)

Theorem 1.2. Let {x,} be a sequence of even polynomial kernels satis-
fying the conditions (1.4) and

1
1 - pim :0,@(5) (k €N, n— o0). (1.8)
Let Q denote a class of functions continuous on [0, 00) with the following
properties:
0=w(0) <w(s) <w(s+t) <w(s)+w(t) (s,t>0)
and }II% w(t) /[t =00

and let f € Lip; w denote that |f(z) — f(y)| < clw(|z — y])], =,y € [0, 27]
(¢ >0 is a constant).

Then for every w € Q) there is a counter-example f,, € Lip; w such that
forn — oo

| Jnfu(@) — fu(x)| # O(|Fpfu(x) — fu(z)]) forae xeR. (1.9)
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Theorem 1.3. Let {xn} be a sequence of even polynomial kernels (1.1)
satisfying the conditions (1.4) and (1.8). Then there is a counter-ezample
f € Cor such that as n — oo

|Fof(x) = f(2)] # O(Jnf(x) = f(x)]) forae xzeR.  (1.10)

Comparing Theorems 1.2 and 1.3 there naturally arises the question:
Is there a function f € Ch, with properties (1.9) and (1.10) when the
conditions (1.4) and (1.8) are fulfilled, i.e., is there a continuous function
with two-sided divergence?

2. The theorem below gives a positive answer to the above question.

Theorem 2.1. Let {x,} be a sequence of even polynomial kernels (1.1)
satisfying the conditions (1.4) and (1.8). Then there is a counter-example
f € Cs, such that as n — oo

[Fnf(z) = f(2)| # O(Inf(2) = f(2)]),

2.1
[Jnf (&) = F(@)| # O(Fuf(@) — @) 2
simultaneously almost for all x € R.
Proof. Let {sx} C N be an arbitrary sequence and
1
ny =4, g1 = 5[(4% +1)(2nk+1)—1], k=2,3,... . (2.2)
For natural numbers n and k we introduce the notation
gn(x) := cos(2n + 1)z,
T 1 1
Hyi= s 241 - 5 2+ 14—,

T 1 1
Dy = [0,27] N 7[2‘—7,2' 7}.
k= [0,2n] 3922(2%4—1) -5 2 tg) O

The following lemma is valid.
Lemma 2.1. (See [2].) Let © € Hy, — yi, yr € Di. Then for every k € N
|G (@ + Yk) = gni (@ + yx)| = C1 = &
(Cy = 1/V3, = = m/2(k + 1)), (2.4)
| Fri G (4 Y1) = gni (2 + y1)| < €.
There is also a sequence {yr} (yx € Di, k € N) such that

lim sup (Hi — yk)

k—oo

is a set of full measure.
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Let

M, = [[Xnlle (n€N),

2n . .
27j 1 2m(j+1)
E, = ( : ) N).

],L:JO i1 anyaL, vl ) €N

(2.5)

The following assertions are valid (see [1]).

Lemma 2.2. Let the sequence {x,} satisfy the conditions (1.4) and (1.5).
Then || xnl|le = 00 (n — ).

Lemma 2.3. Let the sequence {xn} satisfy the conditions (1.4) and (1.8).
Then for every n > ng there is a trigonometric polynomial P,(z) and a set
A, C [0,27] such that for n € N

1Pl < 2, (2.6)
A, C E,, (2.7)

where p is the Lebesgue measure,

|Fo P (z) — Po(z)] > Cs \/f\lTn (z € A,), (2.9)
| P, (z)| < (x € Ep), (2.10)

n

where ng, Ca, C3 are positive constants.

Consider the series

) = 3 [ o ) + =P (a4 1)

(here Y72, {\/%Tk—l- m] < 00, whence f € Ca,). The sequences ny, T oo,

my 1 0o, {yr}, and {t;} will be constructed later on.
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Let for k > N

We can easily conclude from (1.8) that as n — oo

| Jna(x) — ar(z)] < Sk—1/n,  [Fnow(x) — ag(@)| < Sk—1/n

| Jnay(z) — o (2)| < Sk—1/n,  |Fraj(z) — o (x)] < Sgp_1/n, (2.12)

where Sj_1 depends on k — 1 only.
It is not difficult to see that for k£ € N

|Jnkgnk( + yk) — 9ny, (x + yk)| -

1
@) = S0 >
k(@) = ar(@)] ~ (@) = ()],
P (&) = J@) < <Py (o + 1) = g o+ )| +
P (@) — ()] ~ | Fe() — (),
1
‘ka,f(x)_f m
| F04(2) = (0] ~ | E 7 (0) = 4 0,
oy f(2) — ()] < ﬁumkpmk (24 1) - (2.14)
Py (&4 1))+ L 04 2) = @)+ () = 242

(2.13)

|kaPmk +tk)_Pmk($+tk)|_

and for Cy = const and n € N

[Fnf(z) = f(2)] < Callflle;  [Inf (@) = f(2)] < Callflle. (2.15)
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Let us construct the sequences {n;} and {my} such that for k € N

ng<ng <mp < -+ <np <Mk <Ngy1 <Miy1 < ...,

Vg > k’Sk_l,
/My, > kSk_1,

_— < —,

/My, — 2ng

1 1
< —.
VIE+1  2my
Put
k= ) - :
2o L2me 1 2my /My, 2mi + 1 2my /My,

Let Ay, and E} be 2m-periodic extensions of the sets A,,, and Ep,,
respectively.
We can easily show that

2mj

—— 4ty € E keN, tp € Ty),
2mk+1+k e ( k k)

whence by Lemma 2.3 we have

21y

e 1)
e 41k

(keN, t, €Ty, j=0,1,...,2n).

AN
( 0k Mo (2.17)

From (2.17) we obtain that if x € A}, —1y, ty € Tk, then for every k € N

|JmkPmk(x+tk) - Pmk($+tk)| <
1

1
< |\Jm.Pm t P, t) < —
< o P (@ 1) 4+ | Pony (& 4+ 80| € e 4 e

(2.18)

We can prove that (see [1]) there is a sequence {tx} (t, € Ty, k € N)
such that

lim sup (47, — t&) (2.19)

k—oo

is the set of full measure.
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From Lemma 2.3 and relations (2.13)—(2.16) and (2.18) we get that if
x € Ay, —tg, ty € Tk, then for every k € N

1 Mmk Sk—l
03 ~ ~
my

v/ My, my

Ve 0, o),
Mk (2.20)

1 1 1
|Jmkf(I)_f(-T)|S \4/M7mk<m7k+mkak)+

+ Cullnlle =

[Emy f () = f(z)| =

_04”7!/@”0 =

Skfl y Mmk

+ o(1).

mg
From (2.19) and (2.20) we obtain that as n — oo
|Fnf(z) — f(x)] # O(Jnf(x) — f(z)|) forae xe€R. (2.21)

On the other hand, from Lemma 2.1 and conditions (2.13)—(2.15) we
easily see that if x € Hy — yi, yr € Dg, then for k € N

T (@)~ 1@)] 2 =1 = P = e = (€1 = o))
P f(z)— F(@)] < \/%6;6 + SZ: + Callelle = 2}60(1)), (2.22)

It follows from (2.22) that as n — oo

[Inf(x) = f(z)| # O(|Ff(x) — f(z)]) forae zeR.  (2.23)

With the help of (2.21) and (2.23) we can conclude that f is the sought
for counter-example.

Here without proof we shall give the result concerning the smoothness of
the counter-example constructed in Theorem 2.1.

Theorem 2.2. Let the sequence {x»} satisfy the conditions (1.4) and

1—pk,n:Ok(%> (keN, n— o0).

Then for every w € Q) there is a counter-example f,, € Lip; w such that

|Fpnfu(@) = fo(@)] # O(|Jnfu(x) — fu(z)]) (n — 00),
|Jnfu(@) = fu(2)| # O(|Fnfu(z) — fu(z)]) (n— o00)

simultaneously for a.e. x € R.
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3. As we have mentioned, if the sequence (1.1) is of Fejér type (i.e.,
Ixnlli = O(1) and 1 — pgn, = 0k(1) (kK € N, n — 00)), then ||xn|. — o0

(n — 00) (see Lemma 2.2).

In this section we shall investigate the rate of the above-mentioned con-

vergence.

Does any condition of the type 1—pg , = Ox(en) (K €N, €, | 0, n — 0)
improve the rate of convergence of ||x,|lc to co? Theorem below gives a

negative answer to this question.

Theorem 3.1. For every sequence o, — oo there is a sequence of ker-

nels {xn} such that as n — oo

[xnlln = O(1),
1—prn=0 (keN, n>ny),
[Xnlle = O(an)
(i.e., convergence to infinity can be arbitrarily slow).
Proof. Let
1 1—-k
K,(z):= §+ nj—l cosx+-~+%coskx+
1
+o 4 7 cosne (Fejér type kernel),
Ry () i 1’+n+ cos 2x +
k
+ --+n+1coskx (k <n).
Clearly,
k2
Rin(2)| £ —— (kn € )

Consider the sequence ny T oo with the following properties:

ng > 2k* (keN),
ap > 2k? (n > ng).

Let x, () =1 (n € [1,n1]), and

n(
X 2( ) = Kj2(2) + R g2 (z)  (n € [ + 1, np41]),
ie.,
1 k? K2+1-k
Xn(2)/2==+ cosx+-~~++7coskx+

k241 k241

(3.1)
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+ +7cosk2x+<#cosx+ + i coskm)—
k2 +1 k2 +1 k2 +1 N
1 kK2 —k
§+cos:r+-~+coskx+(mcos(k—i—l)x—&—nmf—
1
+k‘27—|—1 COS ]{321') (n S [nk + 177’Lk+1]). (39)

It is easily seen from (3.5) that

Ixrlli < 2| Kgz2|l1 + 2| R 2|1 < 2w + 47 =
=61 (n € [ng+1,nK41])- (3.10)

From (3.9) we obtain that

l_pk,n =0 (kEN, n>nk). (311)
The relations (3.5)—(3.8) show that
k*+1
Ixnlle < 20Kz lc + 201 Ry p2fle < 25— +2 <
<2k* < (n€[ng+1,np41)). (3.12)

From (3.9), (3.10), and (3.11) we can conclude that {x,} is the desired
sequence. []

It is not difficult to see that
IXnlle = O(n) (n — o).
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