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THE FOURIER METHOD IN THREE-DIMENSIONAL
BOUNDARY-CONTACT DYNAMIC PROBLEMS OF
ELASTICITY

T. BURCHULADZE AND R. RUKHADZE

ABSTRACT. The basic three-dimensonal boundary-contact dynamic
problems are considered for a piecewise-homogeneous isotropic elas-
tic medium bounded by several closed surfaces. Using the Fourier
method, the considered problems are proved to be solvable under
much weaker restrictions on the initial data of the problems as com-
pared with other methods.

1. Two well-known methods — the Laplace transform and the Fourier
method — are widely used in investigating dynamic problems. In the works
by V. Kupradze and his pupils the Laplace transform method was used
to prove the existence of classical solutions of the basic three-dimensional
boundary and boundary-contact dynamic problems of elasticity. Based on
some results from these works, in this paper we use the Fourier method to
show that the basic three-dimensional boundary-contact dynamic problems
of elasticity are solvable in the classical sense. We have succeeded in weak-
ening considerably the restrictions imposed on the data of the problems
as compared with the Laplace transform method. Detailed consideration is
given to the second basic problem. The other problems are treated similarly.

2. Throughout the paper we shall use the following notation:

x = (11,72,73), ¥y = (Y1, Y2, y3) are points of R3;

lz—y| = (22:1(3316 —yr)?)'/2 is the distance between the points = and y;

Dy C R? is a finite domain bounded by closed surfaces Sg, S1,. .., Sm
of the class Az(a), 0 < a < 1, [1]; note that Sy covers all other Sy, while
these latter surfaces do not cover each other and S; NSy = @, i # k,
i,k = 0,m; the finite domain bounded by Sk, & = 1, m, is denoted by Dy,
EO =Dy U (kQOSk)’ ﬁk =D US, k= m;
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L = (0,0), L = [0,4], Qx = Dy x L is a cylinder in R* k = 0,m,
ﬁk = ﬁk X Z

The three-component vector u(z,t) = (uy(z,t), us(z, t), us(z,t)) is called
regular in Qy (z € Dy, t € L) if

ui(x,t) S Cl(gk) ﬂCQ(Qk), 1 =1,2,3.

The system of differential equations of dynamics of classical elasticity for
a homogeneous isotropic medium is written as [1]

82
uAu—F()\—l—,u)graddivu—i—F(x,t):pa—tg, (1)
where u(x,t) = (uy,us,us) is the displacement vector, A is the three-

dimensional Laplace operator, F(z,t) is the mass force vector, p = const >
0 is the medium density and ¢ is time; A and p are the elastic Lamé constants
satisfying the natural conditions

w>0, 3A+2u>0.

In this paper we shall be concerned only with real vector-functions. Any

three-dimensional vector f = (f1, fo, f3) with norm |f] = \/Zzﬂ f2 is

treated as a 3 X 1 one-column matrix: f = || fx|l3x1;
the sign [-]7 denotes transposition;
if A =||Ajj]l3xs is a 3 x 3 matrix, then [A]? = Y7, A%,
We introduce the matrix differential operator

A(0z) = ||Ai;(92)l3xs,

where
82
8$i61‘j ’
where 0;; is the Kronecker symbol. Now (1) can be rewritten in the vector-
matrix form

Aij(0z) = 6ipA + (A + p)

0u(z,t)

A0z )u(x,t) — p T

= —F(x,t). (2)
The matrix-differential operator
T(0z,n(x)) = [|T35(0e, n(2))|[3x3,

where

0 0 7]
155 (O, =ni(x) 53— + Anj(@) 5— + pdij 57—
00, (w) = M) g+ (@) o+ by s
n(x) is an arbitrary unit vector at the point = (if z € Si, k = 0,m, then
n(x) is the normal unit vector external with respect to the domain Dy), is
called the stress operator.
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It will be assumed that the domains Dy, k = 0, r, are filled with homo-
geneous isotropic elastic media with the Lamé constants Ay, p and density
Pk, while the other domains Dy, k = r 4+ 1, m, are hollow inclusions.

When the operators A(9,) and T(9,,n(z)) contain Ay and uy instead of

k k
A and p, we shall write A(9,) and T'(9,,n(x)), respectively. Furthermore,
it will be assumed without loss of generality that in (2) pp = 1, k = 1,7.
We introduce the notation

ut(z,t) = lim  w(z,t), k=0,m,
Do>x—2z€S)
_ _ I _ 1
u” (z,1) Dkamlinzesk u(z,t), k T

The notation (T(9.,n(z))u(z,t))* has a similar meaning.

3. Let us consider the following problem: In the cylinder Q, k = 0,r,
find regular vectors 1]3(;107 t), k = 0,r, satisfying:
(1) the equations

2k k

k
V(x,t) € Q2 A(Dy )z, t) —
(2) the initial conditions

Vz € Dy, :}irr(l) ’Z(x,t) = @(x),

k
ou(z,t) i —
lim S0 = ), k=07
(3) the contact conditions

T ) — b (o) = B(2, 1)

(Ta(=0) " — (T, 1)) =1 |

V(z,t) € Sk x L :

(4) the boundary conditions

V(z,t) € S, x L :(%(8z,n(z))ﬁ(z,t))+ = ff(z,t),
k=0,r+1,...,m.

77777

ko, k k k k
functions F, ¢, ¥, ®, ¥, f are assumed to satisfy the conditions:
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. F(,-) € C?(Q) and third-order derivatives belong to the class
Ly(Dg), k = 0,r. Moreover,

)
2 L:=—® 2 =
k md(z,t
Vze Sy d(z,-) e C7(D), (a at(j, ))H):o, m=0,5, k=1,
3 \ﬁeL-ﬁx’f}( t)e C*(Sy), p=0,7
6tp ) k) p’: s by
k mAJy
Vz € Sy W(z,-) € C7(L), (8 atsj’t))tzozo, m=20,5, k=1,r;
4 wef-gk( t) e C(Sy), p=0,7
. 6tp s k), P=U 1,

[
e
3
[
e
o

k
k —_ " f(z,t
Vze Sip: flz,-) € C7(L)’ (%)tzo
k=0,r+1,...,m;

5. Z/g € C*(Dy) and fourth-order derivatives belong to class La(Dy).
Moreover,

T&Sk:TAgZ]Sk:Q k=0,r+1,...,m,
o4 k_ °o+ kk_ °O+ kk_
et =9, (Te)T =(Tp)", (Ap)" = (Ap)~,
oo kkk7
(TAp)T = (TAp)~, k=1,r.

k _
6. 1 € C%(Dy) and third-order derivatives belong to the class La(Dy).
Moreover,

oo o k oo k k
quyskzo, k=0,r+1,....,m, vt =y, (TY)" =Ty¥)", k=1,r.

The symbol -|g, denotes the restriction to Sk. The uniqueness of a regular
solution of the problem posed is proved in [2].

Let 1]3(1)(x, t) be a regular solution of problem (I1)g,0,0,8,v,f, and 42 (x,1)
be a regular solution of problem (II)p , 4,0,0,0- Then, as one can easily ver-

ify, 1’3(37,15) = ﬁ(l)(x,t) + 5(2)(:10715) will be a regular solution of problem

. k . . .
(ID)Fpp.0.9,r. The existence of u(*)(z,t) under our assumptions immedi-
ately follows from the results of [2]. Therefore it remains for us to prove the
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existence of a regular solution of problem (II)pg , 4 0,0,0, Which is what we
are going to do below by means of the Fourier method.

4. Let 2o be an arbitrary fixed positive integer, I be the 3 x 3 unit matrix,
D= U Dk

We apply the term “Green tensor” of the second basic problem of the
k
operator A(@x)—%of to a 3x 3 matrix G(x,y, —33) = G(x,y, —33), © € Dy,
y €D, xz#y, k=0,r, which satisfies the conditions:
(1) VwEDk,VyED x;«éy

k
A(a )G(l‘ Y, J{O) - %OG(x Y, — ) = 07 k = 0,7”;
(2) Vz € Sk, Vy € D:
o k
(Glzy. =) " = (Glz,y, — )) T
o o k k _
(T(az,n(z))G(z,y,f ) ( NG(z,y,— %(2))) k=17
(3) Vz€ Sk, Yye D:
(T(9.,n(2))G(z,y, —%8)) =0,k=0,r+1,.
k k
(4) G(z,y,—32) =T(zx —y,—32) — §(x,y), © € Dy, y € D, k = 0,7,

7

k
where I'(z — y, —»¢) is the Kupradze matrix of fundamental solutions with

the Lamé constants A\ and py [1], and S(ﬂc, y) is the regular solution of the
following problem:

Yz e Dy, VyeD: A(ax)é( \y) — 52G(z,y) =0, k=0,r
k _
Vz €Sk, VyeD: (9(zy) — (4(2,9) =

)

Io‘(z -y, —%3) — f‘(z -y, —%3),
(0 ()5, )) " — (T(02r (=) (2, )) =
T(8,,n(2)T(z — y, —2) —

k k
—T(0,,n(2)'(z —y, —%3), k=

o

Vz € S, Yy € D : (T(02,n(2))g(x,9)) " =T(8.,n(2))
k=0,r+1,...,m

(z—y, —25),

The solvability of this problem is given in [1], which provides the existence
of G(z,y,—33). By using the Green formula it is easy to prove [1] that
G(z,y, —33) possesses the symmetry property of the form

Gla,y,—5) = G (y, 2, — ). 3)



564 T. BURCHULADZE AND R. RUKHADZE

Moreover, we have the estimates [2]
Y(z,y) € D x D : Gn(2,y, —3¢) = O(|lz —y| ™),
0 -
T%Gmn(‘xv:%_%g) :O(|(L’—y| 2)7 (4)
m’”?j = 172737

5. Consider the problem with eigenvalues

k
Vo € Dy : A(0y)w(z) + wiv(z) =0, k= 0,7,

Ve € Skt it(z) = B (2), (T0(2)* = (Th(2)

~—
|
>
I
—
=
—
ot
~

Vze Sp: (To(z)* =0, k=0,r+1,...,m.

The eigenvector-function of problem (5) w(zx) = t’?}(m) = (5)1(33),5)2
5)3(:3)), © € Dy, k = 0,7, is regular if w; € CYDy)NC%*(Dy), i =1
k=0,r.

By the known procedure [1] it can be shown that problem (5) is equivalent
to a system of integral equations

w@) = (w+4) [ Gy —d)ul)dy, =€ D, ©)
D

By virtue of (3) and (4) we see that (6) is an integral equation with a

symmetric kernel of the class Ly(D). By the Hilbert—Schmidt theorem there

exists a countable system of eigenvalues (w,, +53)%_; and the corresponding

orthonormal in D system of eigenvectors (w(™ (z))%, = (t%(”)(x))j’f:l, x €
Dy, k = 0,r, of equation (6). Hence, in turn, it follows that (w,)2>; and

(51(”)(33))%":1 are respectively the eigenvalues and eigenvectors of problem
(5). It has been established [1] that all w, > 0. Note that w = 0 is
a sixth-rank eigenvalue and the corresponding eigenvectors are the rigid
displacement vectors

XM (z) = (XM x{M), n=T.6, zeD.

1

In what follows we shall assume that w, = 0, w™(z) = x"(x), n = 1,6.
The properties of a volume potential [1] imply the regularity of eigenvectors.
Let us prove that the system (w(™(z))22, is complete in Ly(D). For

this it is sufficient to show that if f € Ly(D) is an arbitrary vector then the
conditions

/ fM@)w™ (z)de =0, n=1,2,..., (7)
D
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imply that f(z) = 0 almost everywhere in D. We introduce the notation

hx) = /D Gy, —52) [ (y) dy.

By the Hilbert—Schmidt theorem h(z) is expanded in an absolutely and
uniformly convergent series

where

fo= 1 ff@)w™(z)de, n=1,2,....
D

By (7) all f,, =0 and therefore
h(z) = 0. (8)

On the other hand, we know [1] that

(A(d,) — s2T)h(x) + f(x) = 0 (9)

almost for all x € D.
By virtue of (8) and (9) we finally conclude that f(z) = 0 almost every-
where in D.

6. Letu(z)= 5(x) and v(z) = 5(3:), x € Dy, k = 0,r, be arbitrary vectors
belonging to the class C'(Dy,) and their second-order derivatives belong to
the class La(Dy). Then the following Green formulas are valid [1]:

/ (v" Au+ E(v,u))dx :/ (5T)+(%a)+d5+
D So

S [ Emyrdiyas £ [ Gy Ry Tyl as; (10)
2 2. )

/ (’UTAU —uT Av)dz = / ((gT)+(%a)+ - (&T)+(%13)+)d5 +
D

So
Ly ETYHTR)T — (0T)YH(TH))dS +
20 >

S0 () @iy - ¢ty as -
k=1 75k

- [ @y - b @ty)as); (1)
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here

3
_ Ov, Ouy Ov, Ouyg Ov, Ouyg
B(v,u) = Z (M Oz Oz, A Oz, Oz a O0zy Oz,

p,q=1

On rewriting (12) as

A+2
E(U7U)=3 Jg udivvdivu+g2(%+%>(%+
P#£q

Oz, Oxp
1 ov ov ou ou
+52 (5~ o) (5~ )
p.q

we easily find that E(v,u) = E(u,v) and E(v,v) > 0.

O0xq

Theorem 1. The inequality

o0
S 02, < / E(®, ) dr,
n="7 D

where
<I>n:/ &7 (z)w™ (z) da,
D

).

9uq
Oz,

)

(12)

+

k
holds for any vector ®(x) = ®(x), x € Dy, k = 0,7, satisfying the conditions
k _ k - o k
® e C'Dy), 52 € Ly(Dy), i =1,2,3, k= 0,7; Vz € S : T (2) = ¢ (2),

k=1,r.

In particular, the theorem implies the convergence of the series on the

left-hand side of (13).

Proof. Applying (10) to the vectors ®(z) and w™ (x) we obtain

/ E®,w™)de =w,®,, n="7,....
D

In particular, by setting ® = w(™ in (14) we have

/ E(w™, w™) dz = wy, for m =mn,
D 0 for m # n.

If we consider a nonnegative value

I:/ E(v,v)dx >0
D

and assume that

(14)

(15)
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then simple calculations will give

no
I:/ E(®,®)dr+ Y @mq)n/ B(w™,w™)dz —
D D

m,n="T
ng
= @n/ E(®,w™)dz > 0. (16)
n="7 D
Taking into account of (14) and (15), from (16) we obtain

no
Zcpiwng/ E(®,®)dx. [
D

n="7
Theorem 2. The inequality

@iwig/ |AD|2dx (17)
D

n="7

k _
holds for any vector ®(x) = ®(x), © € Dy, k = 0,r, satisfying the conditions

k
k — 0?®
1 L _
® e C (Dy), D20, € Ly(Dg), i,7=1,2,3, k=0,r,
o k oo + k k _
Vze S, : 0T (2) =0 (2), (T®(2)) = (T®(2)) , k=T1,r,

Vz € Sy : (T@(z))+:07 k=0,r+1,...,m.

In particular, the theorem implies the convergence of series on the left-
hand side of (17).

Proof. Applying (11) to the vectors ®(z) and w(™ () we obtain
/D (@TAw(") —w™ TA@)dm =0, n="7,.... (18)
Taking into account that Aw™ + w,w™ from (18) we have
/ Adw ™ dy = —w, ®,,.
D

Hence
(AD),, = —w,D,. (19)
On writing the Bessel inequality

i(m)ig/ |A®|?dx (20)
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for A(0;)®(x), we find that on account of (19), from (20) we obtain (17). O

7. Because of the linearity of problem (II) g, 4.0,0,0 its solution can be rep-
resented as the sum of solutions of problems (II)g . 4.0,0,0 and (II) £,0,0,0,0,0-
By a formal application of the Fourier method to problem (II)g , 4,0,0,0 We
obtain

6
u(e,t) = (@, t) = 3 X (@) (pn + ) +

n=1
+Zw(n)<$)(WnCOSwwnt+ wﬁ: Sin\/wnt)7 LUGD, tEL,
n="7 "

where
_ T (n) _ T (n)
Pn /D</> (z)w'™ (2) dz, pn /Dw (z)w'™ (z) dz.

On expanding formally the solution of problem (II)z0.0,0,0,0 ¥(z,t) in series
with respect to the system (w(™(z)),

u(@,t) =Y up(t)w™ (z), Fla,t)=Y F,()w™ (),
n=1 n=1

we have

w(z,t) = i ™ () /Ot (/Ot Fn(’]’)d’r)dt +

n=1
i ()L [
+ > w'(x) F,(7)sin/wy,(t — T)dr, = € D.
n="7 v Wn Jo

Thus to solve problem (II)z , 4,0,0,0 we formally obtain the representation

6
u(z,t) = > X" (@) (pn + 1) +

o o con it
;w (gc)(ap cos \/wp, Jon

n

+ ix(”)(x) /Ot (/Ot Fn(T)dT>dt +

Oow(")x ! t 7)sin \/wy, (t — 7)dT
+3 @) 2 | Fa)siny@m@ - @

sin v/wy, t) +
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Apply the Green formula (11) to ¢(x) and w™(z). Taking into account
the boundary and contact conditions for these vectors we have

/(Acp)Tw(")dx: —wn/ oTw™ dz,
D

D

ie.,
(AQ)p = —Wnpn, Nn=T1,8,.... (22)
Applying now (11) to the vectors Ap(x) and w™ (x) we obtain
(A%0), = —wn(Ap)n, n=T,8,....
Hence on account of (22)

(AQW)n )

2
Wn

Pn = (23)

Similarly, applying successively (11) to the vectors 9 (x) and w(™ (z), F(z,t)
and w(™ (z), we have

Y = — (Aw)nv Fn(t) = : (24)

Wn Wn

By virtue of (23) and (24) series (21) takes the form

6 6 t t
ux = () x n n (n)ff n\7T)aT
(2.0 = X @t ) + 3 x @ [ (] Fueyir)ie+
2w (z = w™ (x
+Z%( 20)n cos\/cTnt—ZT(z)(Azb)nsin\/uTnt—
— n n=7 Wn
w™ (z
_Z 372 / (AF)(7) sin \/w,, (t — 7)dr. (25)
n=7 Wn

Now to substantiate the Fourier method we have to prove that (25) actually
provides a regular solution of problem (II) g, ,0,0,0. For this it is necessary
to show that the series of (25) as well as the series obtained by a single
term-by-term differentiation of these series converge uniformly in the closed
cylinder, while the series obtained by a double term-by-term differentiation
of these series converges uniformly inside the cylinder Q@ = D x L.
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8. First we consider the series

) A2),, cos \/wn t. (26)

Estimating (26) by applying the Cauchy—Buniakovski inequality we obtain

m-+p

’Z @)ncos\/cTHt <

[%'w(n) S ) @)

Since A%p € Lo(D), by virtue of the Bessel inequality

o0

S (A%0)2 < /D A% |2dz.

n="7

Therefore for any € > 0 there exists a number N (g) such that for m > N(¢)
and any natural p we have

m+p

> (A% <. (28)

n=m

By (28) it follows from (27) that in order to prove the uniform convergence
of series (26) it is sufficient to establish in {2 that the sum of the series

2w (2) ]2
n="7 n

exists and is uniformly bounded in D.
From (6) we have

(n)(x)
G(z,y, —)w™ (y) d :L’
/D (z,y, =) )w™ (y) dy P
ie.,
<">(a:)
G .2y =
( ($7y7 %O))n wn"_%(%

Therefore the Bessel inequality gives

w™ (2
Z¥ < [ (6o~ Pdy (30)

n="7 (wn + %O
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By (4) it follows from (30) that the sum of the series

0 w™ (z))?

exists and is bounded in D. Since

2

lim (1+@) —1, n>7,
n—oo w,n

we have the inequality

TV e T

= . = 14+ 29
2 (et R W2 nt 22\,
o) () 2
Mot "0 %

where M is constant. The uniform boundedness of the sum of series (31)
and inequality (32) imply that the sum of the series

1w (2)]2

exists and is uniformly bounded in D. The same conclusion is even more
valid for series (29).

Now we shall show that the series obtained by a single term-by-term
differentiation of (26) are uniformly convergent in Q.

Differentiating term-by-term series (26) with respect to ¢ we obtain

— Z 3/2 (A2%),, sin \/owp t. (34)

The remainder of series (34) is estimated as

m~+p

w( " (2
‘ Z (p)nsin./wnt <

[mf "“’(” @) mipm%)i} "

The existence and uniform convergence of the sum of series (33) in D imply
that the sum of the series

= ™ ()]

>

n="7 n

exists and is uniformly convergent in D.
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Hence, as above, we conclude that series (34) is uniformly convergent in

Q.
Now differentiating term-by-term series (26) with respect to z;, 7 = 1,2, 3,
we have

o Ow™ (z)

> 2 (A%p), cos \/w, t. (35)

2
Wn

n="7
The remainder of series (35) is estimated as

m+p ow™ (z)

Z Oz (A%),, cos Jwn t| <

2
Wn

n=m

1/2
mip |2 @) |2 mp /

< |3 IS

n=m n=m

By virtue of (28) in order to prove that series (35) is uniformly convergent
in € it is sufficient to prove that the sum of the series

0o Bw(”>(w) |2

D (36)

n="7

exists and is uniformly bounded in D.
Let G®)(z,y, —53) be the iterated kernel of G(z,y, —»3). We have

GO (z,y, —»2) = / G(a,z—2)G(zy, —sd)dz, x#y.  (37)
D

Differentiate (37) with respect to x;. On the right-hand side of (37) differen-
tion can be performed under the integral sign, since we shall now show that
the integral obtained by a formal differentiation is uniformly convergent for

any x # y:

aG(Z)(m7y7 _%8) _/ aG(va7 _%g)

G(z,y, —»2)dz, x #y.

By virtue of (4) and the theorem on the composition of two kernels [3] we
obtain

(2 — 32
G, y, =) (g;;y %0)‘§cl|ln|xfy|’+62-

V(x,y)erD:’
Thus
6G(2) (xa Y, _%8)

€ Ly(D), i=1,2,3.
(91'7; 2( ) !
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It is likewise clear that
W) = [ 6Oy ) dy (38)
D

Therefore the Bessel inequality gives

/‘3G (2,y, —3) |2 dy.

aw(")(x

o
Z’ o

n="7

Hence we conclude that the sum of series (26) exists and is uniformly con-
vergent in D.

We shall now prove that the series obtained by a double term-by-term
differentiation of (26) are uniformly convergent in the cylinder Q) = D} x L,
where D), C Dy, k = 0,r, is an arbitrary strictly internal closed subdomain.

A double term-by-term differentiation of series (26) with respect to ¢
leads to

)
- Z (A2%p),, cos y/wn t. (39)

n="7

On estimating the remainder of series (39) as above, by virtue of (28) and
the uniform boundedness of the sum of series (33) we conclude that series
(39) is uniformly convergent in Q.

A double term-by-term differentiation of series (26) with respect to x
gives

o 02w ()

dz, 0z, .
Z % (A%p), cosJwn t, i,j=1,2,3. (40)
n="7 n
On estimating the remainder of series (40) as above, by virtue of ( 8) in
order to prove the uniform convergence of series (40) in ' = x L,

D' = kLTJOb;C, it is sufficient to show that the sum of the series

22w™ (@) |?

—_— 41
2 (41)

n="7

exists and is uniformly bounded in D’. Using some results from [4] we

obtain the estimate

82G(2) (:67 Y, _%(%) ‘ ¢
8131'8.13' - |x—y|’

V(;v,y)eﬁ’xD:‘ iji=1,2,3.
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By virtue of (38) the above estimate allows us to write the Bessel inequality

?G) (x,y, —s2) |2 —
9 D/
/ ’ 0z,;0; dy, we D,

62 (n)(z)
Ox; Bm]

oo
implying that the sum of series (41) exists and is uniformly bounded in D’.

9. We proceed to investigating the second series of (25), having rewritten
it as

= w™ (x
Z 2( ) ((A@Z’)n\/“Tn) sin \/w, t. (42)

Comparing series (42) and (26) one can easily note that they have the same
structure. The only difference is that the cosine is replaced by the sine, and
(A%2),, by (Ath)p+/wn. In investigating series (26) we used the fact that the

series
o

> (A%)2
n="7
is convergent. Due to the restrictions imposed on 1 the convergence of the

series
oo

Z(Aw)iwn

n="7
immediately follows from Theorem 1 proved above. Therefore the above-
described investigation scheme is applicable to series (42).

10. Finally, we shall investigate the third series of (25), having rewritten
it as

00 w(n)(l‘) t . o
> [ AP amsin v (¢~

As is clear from the foregoing discussion, we are to show the convergence of

the series
o] e )
; /O ((AF), (1)) wy, dr.

The latter assertion immediately follows from Theorem 1 and the well-
known theorem on limit passage under the Lebesgue integral sign.

It remains for us to prove that the Fourier series of the vector-function
F(z,t)

Z E,(t)yw™ (z (43)
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is uniformly convergent in the closed cylinder Q. Consider the series

=~ o L dF, (1)
;w( )(x)/o TdT' (44)

Estimate the remainder of series (44) by the Cauchy—Buniakovski inequality

m+p t AF
d (7 )
(n) Zon\'J
g w'™ (x) /0 dr

n=m

lm-‘,—p |w(n) |2 m-+p

IN

P , 1/2
7"(7-) ’ wfl dT]

>

Applying Theorem 2 for the vector-function and the theorem on
limit passage under the integral sign we can state that the series

. [C1dF,(T) 2
Z/ ‘7(7-)‘ wi dr
—Jo dr

is convergent. Hence, taking into account the uniform boundedness of the
sum of series (33), we find that series (44) is uniformly convergent in (2.
From (44) we have

dr

n=m 0

OF (x,t)
ot

dF,
Z w(”) / dT( 7) dr =

_ Z Fo(tw™ (z) = 3 F(0)w™ (x).
n="7

n="7

Now it is clear that in order to prove the uniform convergence of series (43)
in Q it is sufficient to show that the series

Z Fo(0)w™ (2 (45)

is uniformly convergent in D. We estimate the remainder of series (45) as
follows:

e 2 i 32 2
Z Fo(0)w™ (2 [Z Z F2(0

Applying Theorem 2 for F'(z,0), we immediately obtain the convergence of

the series
> F0)wr
n="7
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Now taking into account the uniform boundedness of the sum of series
(33), we obtain the uniform convergence of series (45) in D, which completes
the substantiation of the Fourier method for the considered problem.

Thus, the main result of this paper can be formulated as the following

Theorem 3. If F, v, v satisfy the conditions of Section 3, then the series
(25) is a regular solution of the problem (II)r 4 4,0,0,0-
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