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TWO-DIMENSIONAL STEADY-STATE OSCILLATION
PROBLEMS OF ANISOTROPIC ELASTICITY

D. NATROSHVILI

ABSTRACT. The paper deals with the two-dimensional exterior bound-
ary value problems of the steady-state oscillation theory for anisotro-
pic elastic bodies. By means of the limiting absorption principle the
fundamental matrix of the oscillation equations is constructed and
the generalized radiation conditions of Sommerfeld-Kupradze type
are established. Uniqueness theorems of the basic and mixed type
boundary value problems are proved.

1. INTRODUCTION

In the paper we treat the uniqueness theorems of basic and mixed type
exterior boundary value problems (BVPs) for equations of two-dimensional
steady-state elastic oscillations of anisotropic bodies. In this case questions
regarding the correctness of BVPs have not been investigated so far. Here
any analogy with the isotropic case is completely violated, since the ge-
ometry of the characteristic surface becomes highly complicated and the
fundamental matrix cannot be written explicitly in terms of elementary
functions. This in turn creates another difficulty in obtaining asymptotic
estimates.

As is well known, even for the metaharmonic equation

Av(z) + k*v(z) =0, k*>0, ze€R? (1.1)

the decay condition at infinity v(z) = O(|z|~/?) as |x| — +oo is not
sufficient to establish the uniqueness of solutions. The strengthening of the
condition by increasing its decay order results in such a solution being a zero
function and therefore the nonhomogeneous BVPs become unsolvable. To
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obtain the uniqueness, some additional restrictions have to be imposed on
solutions at infinity. They were found by A. Sommerfeld [1] for Eq. (1.1):

(@) = o(1), 85(;3') + ik v(z) = of|z|~/2). (1.2)

Sommerfeld’s principle was applied to derive rigorous proofs of the unique-
ness and existence theorems of solutions of the exterior BVPs for metahar-
monic and n-metaharmonic equations [2-8].

The exterior BVPs of steady-state oscillations for isotropic elastic bod-
ies were studied by V. Kupradze [9,10]. The uniqueness theorems for the
equation

pAu(z) + (X + p) grad div u(z) + pwu(z) =0, w>0, z€R? (1.3)

were proved in the class of vectors u = (uy,us)' representable as the sum
of two metaharmonic vectors u' and u? satisfying the radiation conditions
(1.2) with the parameters k? = pw?(\ 4 2u)~! and k3 = pw?p~1L.

Classes of functions and vectors, in which the exterior BVPs for Eqgs.
(1.1) and (1.3) have unique solutions, can be selected by other currently
available methods such as Ignatovsky’s principle of limiting absorption,
Tikhonov’s principle of limiting amplitude, and Mandelstam’s energy prin-
ciple [11-14].

Quite a number of authors have dealt with similar questions for gen-
eral scalar elliptic and hypoelliptic equations (with constant and variable
coefficients). Applying the limiting absorption principle, D. Eidus [15] stud-
ied a second-order elliptic equation whose principal part coincides with the
Laplacian at infinity. B. Vainberg [16, 17] studied general higher-order hy-
poelliptic operators of two variables and obtained a wide set of conditions
at infinity ensuring the uniqueness of solutions for equations over the whole
plane. The results were further extended to scalar equations with many in-
dependent variables [18-22]. Coercive BVPs for elliptic equations in infinite
domains with a compact boundary and the limiting absorption and limiting
amplitude principles were studied in [23, 24] by means of the functional
methods. Some particular results concerning the uniqueness of solutions
to Dirichlet and Neumann type exterior BVPs of anisotropic elasticity are
obtained in [25, 26].

In the present paper, the limiting absorption principle is used to con-
struct the fundamental matrix of oscillation equations in the most general
anisotropic case and to establish generalized radiation conditions of the
Sommerfeld-Kupradze type. Special functional classes are introduced, in
which the basic and mixed exterior BVPs of steady-state oscillations have
unique solutions for an arbitrary value of the oscillation parameter.
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2. PRELIMINARIES

Denote by R? the two-dimensional Euclidean space. Let Q1 C Ribe
a compact domain with a smooth boundary QF =S and Q= = R*\Q™;
QT = QT US. Nonhomogeneous equations of steady-state oscillations of the

elasticity theory for anisotropic bodies can be written in the matrix form
[11]

C(D,w)u(z) = C(D)u(z) + w’u(z) = F(z), z € w, (2.1)

where u = (u1, ug)' is a complex displacement vector, w > 0 is an oscil-
lation parameter (frequency), F' describes external (bulk) forces, Q stands
for either QF or R?,

C(&) =l Crp(&) ll2x2=Il crjpai&q ll2x2;
Ci1(€) = L(§) = A&} + 2413616 + Azsl, 2.2)
C12(€) = Can (&) = M(§) = Ar3&} + (A1 + Asz)&1&o + Aos&s,
Caa(€) = N(€) = Ass&} + 24236160 + Ak,

D =V = (Dy,D3), D; = 0/0zj;, A1 = ci111, A1z = Aa1 = cr122, A1z =
As1 = ci112, Aog = 2222, Aoz = A3x = c2122 and Az = cy212 are the elastic
constants, which from the physical standpoint satisfy the usual symmetry
assumption cijpq = Cpqkj = Cjkpg; here and in what follows the superscript
T denotes transposition, while summation over repeated indices is meant
from 1 to 2 (unless stated otherwise). Without loss of generality, the density
of the elastic medium under consideration can be assumed to be equal to
unity.

The components of the strain tensor ex; = ejr = 271 (Dyu; + Djuy) and
the stress tensor 7y, are connected by means of the Hooke’s law

Thj = ChjpaCpa> K, =1,2. (2:3)

Let 7 = (711, 722, T12) " and e = (e11, €22, 2e12) . Then Eq. (2.3) reduces
to 7 = Ae with A = HAkj||3><3~

The potential energy density for the real strain components is calculated
by the formula

2W = Tjep; = Ae - e (2.4)

which from the mechanical viewpoint is assumed to be a positive-definite
quadratic form in the variables ej; = ;. This implies that A is a positive-
definite matrix, i.e., A3 > 0, A1 Asa— A2, >0, det A > 0. Obviously, form
(2.4) is positive definite for the complex variables ey; = e;; as well (for two
complex vectors u and v, the scalar product u - v is defined as u0g).
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The above results give rise to [27]
¥ ER? ¢ det C(€) > dolel*,  L(€) = dolél*, N(€) > dolel?,
C(€)C - ¢ = Cij (€)CuCy = dolé?[¢I?,

where §p is some positive number depending on the elastic moduli and
¢ = ((1,¢2) T is an arbitrary complex vector.
The operator

T(D,n) = |Tp(D,n)ll2x2;  Tip(Dsn) = Crjpgnj Dy, (2.5)

is called the stress operator and the vector T'u, with components 7;n; =
[T(D,n)ulk = crjpgnjDquyp, is called the stress vector acting on a part of
the line with the unit normal n = (n;,n2) . From (2.2) and (2.5) we obtain

T (&) = Tiu(n, &) = [mD1L(€) + n2D2L(€)],
To1(&,m) + T12(&,m) = m D1 M (&) + na D2 M (€),
To2(§,m) = Taz(n,€) = 5[mD1N(§) + n2DaN(E)].

3. FUNDAMENTAL MATRICES

Let us consider the matrix differential equation in the space of slowly
increasing generalized functions (tempered distributions) [28]

[C(D) 4 Il (x,w) = §(x)1, (3.1)

where I = ||0y;|l2x2 is the unit matrix and §(-) is Dirac’s distribution.

Our aim is to construct the fundamental matrix I'(z,w) with entries
maximally decreasing at infinity.

To this end, applying the generalized Fourier transform to (3.1), we get

W = C(OIT (&, w) =1, (3.2)

with T'(€,w) = Fue[[(z,w)).
For summable functions the Fourier operators F,_.¢ and F, 7ix are de-
fined as follows:

Feelfl = [ F@) explist)dn, Flolol= 75 [ o©) expl—iat)as

We introduce the notation
O(¢,w) =det[w? I ~C(E)] = L(E)N(§) — M?(€) ~w?[L(§) + N ()] +w™. (3.3)
Passing over to the polar coordinates

§i1=pcosp, &=psing, p=1[§>0, 0<¢p<2m, (3.4)
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we easily get

(¢ w) = B(n)p" — w’[L(n) + N(m)]p* + w* = &(n)(p* — p1)(p* — p3) =
= ®(n)[p® — Wk (9)][p* — k3 ()], (3.5)

where 1 = £[¢|] ™" = (cos p, sin ),
B(n) = det C(n) = LN (n) — M>(n) >0, p; =whki(9), j=12 (3.6)

and wk; are positive solutions of the equation ®({,w) = 0 with respect to p

HOE %{L(U)JFN(U)JF(*l)j VIL) =N +4M2()}>0.  (3.7)

Obviously, the function ®(¢,w) vanishes on the lines S; defined by the
equations p = wk;(p), j = 1,2. From now on it will be assumed that

00 VO w)#0, £€8;, j=1,2 (3.8)

IT°. The curvatures of the lines S; and Sy differ from zero for all p €
[0, 27].

It follows from the above conditions that the real zeros of the polynomial
®(¢,w) form two closed, non-intersecting, convex lines. For arbitrary = €
R?*\{0} there exist exactly two points on each S;, where the external unit
normal vector is parallel to the vector x. At one of these points, called
& € S, the vectors n(¢7) and z are of the same direction, while at the
other one, called éﬂ they are of the opposite directions. The evenness of
the function ®(§,w) in ¢ implies that € = —¢J. Tt is clear also that if the
polar angle ¢; corresponds to the point &/, then m + ; corresponds to the
point &,

For arbitrary w > 0 there exist positive constants §; and d2 such that

0 <61 <ki(p) <ka(p) <2 <00, 0< @< 2T (3.9)

From (3.6) and the evenness of the functions L, M, and N we get k;(¢) =
k;j(p+ ), ie., kj(p) is a m-periodic function.

As the reciprocal matrix [w?] — C(£)]~! does not exist for all £ € R?, we
have to regularize the distribution I' defined by (3.2). We will do this by
means of the limiting absorption principle.

Consider the pseudo-oscillation equation

C(D,r.)T(z,7.) = [C(D) + 21T (2, 7.) = §(x)1, (3.10)

where 7. = w + ¢, € € (—e1,€1), €1 > 0, ¢ # 0; ['(x, 7.) is a fundamental
matrix with entries from the space of tempered distributions. Therefore
(3.10) is equivalent to

(21— COIN(E, ) = L. (3.11)
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Note that

O, 7o) =det[r21 - C(§)] =@ (n)[p* ~ 72k ()][p° ~72k3(¢)]  (3.12)

and by (3.7) the reciprocal matrix [721 — C(&)] ! exists for all £ € R? and
e # 0. From (3.11) we get

D7) = [72 — C©))] 7 = [®(&, )] 1O (€, 72) € LA(R?), (3.13)

with

cr (E’ 7—8) =

2ON©, M)
ME), - L) H (3.14)

Thus

Navm) = FL 6] = 1 /R OTHE)CT (6, Te)e 0 g, (3.15)

= 42

Lemma 1. The entries of the matriz T'(xz,7.) belong to the class
C>(R2\{0}) and, together with all of their derivatives, decrease more rapid-
ly than any negative power of |z| as |x| — +o0.

Proof. The correctness of the lemma follows from the relations
|2 DTy, 1) = F L [(—i€)* (= A) " Trs (&, 7)),

(i)™ (=A)"Tu; (&, 7e)| < cle)(1+ [€) ™72, e(e) > 0,
where A = D? + D3 is the Laplace operator, @ = (a1, az) is an arbitrary
multi-index, and |a| = a1 + 2. O

Formally, Egs. (3.1) and (3.10) coincide when ¢ = 0. Therefore we have
to investigate the limit of (3.15) as ¢ — 0.
First we introduce the function

heC™®R?), h(€) =1 for |¢|<Cy h(&) =0 for |¢]>2Cy, (3.16)
with Cy > 205w (see (3.9)) and represent I'(z,7.) as
D(z,7.) =Tz, 7.) + T?(z, 7.),
where
T (2, 7.) = F L [(1 = hE)T(E, 7)),
[(z,7.) = F L IW(ETE 7).

-

(3.17)

Lemma 2. The entries of the matriz T'!(z,7.) are uniformly continuous
functions in 1. for |xz| > do > 0 and together with all of their derivatives
decrease more rapidly than any negative power of |z| as |x| — +o00.
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Proof. It is easy to see by (3.13) and (3.14) that
L&) =T ) = (722 = )QE ™) — Q%(&, e, 7)] (3.18)
for |¢] > Cy > 26aw, where

Q&)= (&) =27 (&,0){1+[D(&,0)— (&, )] @ (&, )},
Q2(€7 Te, T) :(I)_l(ga TE)CI)_1<§7 T){T52+T2 _L(§> _N(£>}C* (5? TE)'

Lemma 2 now follows from (3.16), (3.17), and the relations (1 — h)@Q7 €
LY(R?), j=1,2. O

(3.19)

Lemma 3. The estimates
|Da[rllcj(x776) - Fllej(wi)]l < 501V|a\(‘r)a
|D°‘[F,1€j(x,7'5) — F}Cj(x,())ﬂ < Ciypg(z), |af =0,1,2,3,
hold for 0 < |x| < dg < 1/2 (i.e., in the vicinity of x = 0); here Cy is some
positive constant independent of €, € € (—e1,£1) and
vo(z) =vi(z) =1, wv(z)=Ihlz|™", w(x)=|z|"" (3.20)
Proof. Lemma 3 follows from (3.18), (3.19), and Lemma 2.17 of [29]. O

Lemma 4. The entries of the matriz Tl (x,0) together with all of their
derivatives decrease more rapidly than any negative power of |z| as |x| —
+oo and in the vicinity of x = 0 the estimates F,lw-(x,O) = O(ln|z|),
DT}, (x,0) = O(|z|~1l) hold for an arbitrary multi-index o with |a| > 1.

Proof. The first part of Lemma 4 can be proved similarly to Lemma 1. As
to the second assertion, it follows from the representations

Dhi(@,0)=F L I () (L=h(€)Tws (€, 0)]+ F L 2 (O)Th;(£,0)), (3:21)
Dyl (@,0) = Fe, [y (1 = h(€)Th; (6,0)] =
= Fe o1& () (€ 0)] + Fe L, [=i8 Des (6,0, (322)
where T'(£,0) = [C(€)]7!, x1 and xo are the characteristic functions of the
domains [£| < 2Cy and |£| > 2Cy, respectively, with Cy from (3.16).
In fact, the first summands of (3.21) and (3.22) are the analytic functions
of . The second summand of (3.21) is O(In |z|) [29, Lemma 2.17], while

the second summand of (3.22) is a homogeneous function of degree —1 [28,
p. 30]. O

The above lemmas readily imply
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Lemma 5. The limit

1 )
lim I (2, 72) = T (2, w) = ﬁ/ [1— R(&]D (&, w)C (&, w)e™¢de
E— T Rz

exists for arbitrary x € R*\{0}. The entries of T''(z,w) together with all
of their derivatives decrease more rapidly than any negative power of |x| as
|z| — +o0 and in the vicinity of the origin the relations

ij(.%',w) = O(ln|x|)7 Darllcj(wi) = O(‘xl_‘a‘)ﬂ |O‘| >1
hold for an arbitrary multi-indez o.

Let us now investigate the matrix I'?(x, 7.). It is easy to verify that the
entries of the matrix
1

F2(£C,TE) = 4771_2

PGS ALY R (R

are analytic functions of x and together with all of their derivatives decrease
more rapidly than any negative power of |z| as |x| — +oo for arbitrary € # 0,
since ®(¢,7.) #0, £ € R2.

In what follows we will show that there exist one-sided limits of (3.23)
as ¢ — 0=£.

First let & € (0,21) with 0 < &1 < w. Then (see (3.9) and (3.16))

|7k ()| < Swda < 3Co.
Next, let
xy =rcost, zy=rsiny, r=|z|>0, ¢ €][0,2n]. (3.24)
Then by (3.23)

1 om 2 - * —ipr cos(p—
Pl [ [ HOPHERICE e ppd. (3.25)

We introduce the complex p-plane p = p’ +ip”. By (3.12) zeros of the
function ®(&, 7.) with respect to p are £7.k;(¢) and obviously they belong
to the first and third quarters of the complex p-plane. Therefore by (3.16)
and the analyticity of the integrand in (3.25) in the vicinity of the points
p1 = wki(p) and py = wka(yp), we have the following representation

1 2 — * —1ipr cos(p—
Pan) =g [ HOPHERIC € m)e ) pdpdp, (3.2
s

where [~ = [0,p1 — 6] U X[ ;U [p1 + 6, p2 — 6] U X, 5 U[pa +0,Co], 0 <0 <
min{p1,2 1 (p2—p1)}, and ¥ 5 is the lower semicircle (centered at the point
pj, with radius §) oriented counterclockwise.
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Obviously, the limit of (3.26) exists when ¢ — 0+. We introduce the
notation

M(z,w,1) = lim T?(z,7.) =

e—0-+
27
— gz [ MO w0 L) e o (321)
Similarly to the above, we get

M (r,w,2) = 1i1(1)1 (x,7.) =

27
/ / L w)C* (& w)e =) pdpdip, (3.28)
471’2 I+

where [T is the mirror image of I~ (
oriented upper semicircle 7).
Formulas (3.5), (3.6), (3.7), (3.27), and (3.28) imply

s isto be replaced by the clockwise

200 .
1—\2(1, w, m 4 2/ {Vp/ )C*(f’w)e—lprcos(W*w)pdp+
p]?@)r ,l/)) }d
=1 P1— P2

where the interior integral is understood in the principal value sense and

e—torcos(p—v)

R T e e R
(P pl)(p p2) * —ix€
—C .
(57 ) (57 ) p
Denoting
L(p) = L(n), M(p) = M(n), N(p)=N(n), (3.29)
it is easy to show that
2 r 1) 2 '
> (-1 i”“% = Y {[@) (&)1l w)e T " phees, =
j=1 P2 j=1
2 Je—um cos(p—v)  _
; (T - s (3.30)
where

(3.31)



248 D. NATROSHVILI

With regard to these relations we have

1 27 2Cy h f . itn
?(z,w,m) = 4—772/0 {V.p./0 @(5(730)0 (&, w)e % pdp}dyp +

i(—1)m+1 /% 2\ (—1)deiwk; ()7 cos(p—v)
N . A _ CH(p)dp, m=1,2. (3.32
ar o oL — W) 1 anre O e (3:32)

Jj=1

The investigation of the asymptotic behavior of I'?(x,w,m) as |z| —
400 requires more detailed analytical and structural information about the
curves S;, j = 1,2. Namely, note that if z € R?\{0} and ¢, is the polar
angle corresponding to the point & € S;, then ¢; = ¢; + 7 corresponds to
the point fj € S;. The curvature s of the curve S, defined by the equation
p = wk;(y), is calculated by the formula

= [p" +2(0')? = pp"l0" + (0] >0, 0<p<2m (3.33)

It is obvious that ¢; and ¢; are the stationary points of the function
glp) = 17 (@1&1 +a282) = peos(p — 9) = wkj(p) cos(p —4), €€ ;.
The relation

o) = weos(p — )k (@)K () + (kj())?]5(¢) # 0

for ¢ = ¢; or ¢ = ¢;, implies that ¢ and ¢; are non-degenerate stationary
points [30].
Further, for the exterior unit normal n(§) to S; we have cos(¢; — ) =

(n(€7)-&71&771) > 0, cos(g;—9) = —(n(fj)~§j|§j|_1) < 0, and consequently
90o(pi) >0, g/, (¢;) < 0. From (3.7) and the inequalities

(—1)J®(&w) >0, £€85;, j=1,2, (3.34)

it follows that the exterior unit normal n(§) to S; can be represented as
n(€) = (—1)7|[VO(&,w)|"1VP(&,w), € € S;. Note that

V(& w)| = 20(n)|pT — pallp} + (0)*]'/%, € €8;. (3.35)

Let us introduce the generalized v.p.-integral (see [30], Ch.3. §4)

f©) : f(©)
v.p. dé = lim .
P R2 (I)(ng) § e—0+ /|<I>(§,w)>s (I)(ng) g

This integral exists if f € C°°(R?) and supp f is compact (cf. [30]).
Applying the properties of singular integrals on smooth curves and in-
equality (3.8), we can rewrite the matrix I'?(z,w, m) as

?(z,w,m) = U!(x) + U2 (z), (3.36)
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where
V(@) = vp gz [ OB ELIC (W),
; 2 2 q\j,—irwk; (o) cos(p—1h)
1)]6 3P -
2 — (] m+1i/ ( )€ _ )
Uml@) = (D" 2[(L — N)2 + 4M?]1/? Glerde (337)

Jj=1

— (_ m+li o & (I)/ —lc* —ixé Coad

( 1) Ar 0 Z{[ p(évw)] (ng)e }S] piap.
i=1

Due to the relation dS; = [(p})* + p?]l/2 dp and (3.35)

pide pj dS; _ (=1) ds;

[@,(&w)ls, — [(0))2 + p31 /2120 (0)p; (=1)7 (03 — pD)]  {IVE(& w)l}s,
Therefore

2 )yt LN gy [ CEweE
W) = (1)) /S el s, (a3)

We can get an equivalent representation of W2, by means of special dif-
ferential forms on S;.

Note that if S} is an (n — 1)-dimensional level manifold defined by the
equation P(&,---,&,) =0, with P € C*° and VP(§) # 0, £ € S;, then the
Laray—Gelfand differential form Qp reads [30] as

Qp = Y (VPR EE e A A d A A (339

Let v = (v1,- - ,vy,) be the positive normal vector defining the orienta-
tion of S;. The measure on S;, corresponding to the differential form (3.39)
and chosen orientation, is given by the formula [35]

n

oP ap
[0p] = Y (DN VP g (<) s = [VP| s =
k=1
=|VP| 2(¢;VP|VP| ', VP) = ¢;|VP|dS;, (3.40)

where €; = sgn(v - VP), i.e., ¢; = 1 if the positive normal v and the vector
VP have the same directions on S;, and ¢; = —1 if they have the opposite
directions.

Due to (3.40)

SIA PP = s [ 1@
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Let us choose a positive normal on S; by the equation v = |VP|~IVP,
ie,g; =1

Making use of these results for P(¢) = ®(§,w) (n=2, ¢; =1, j=1,2),
from (3.38) we have

\Ilfn(x):(—l)m“% Z(—l)j /S C*(&,w)e ™ Qpe ). (3.41)

Jj=1

The asymptotic behavior of such integrals for large |z| is studied by many
authors (see [23, 30, 33, 34]). Due to Theorems 1, 2 and Remark 1 of [33]
and Theorem 4.4 of [30] integrals (3.37) and (3.41) admit the following
representation (|z| = r — +00):

W)= 1 Y1) — By @)] + OG2), (3.42)
B, 0) = ()" S @+ @)} 00, (343)

where the points {jfj € S; correspond to the point x, n(§) is the exterior
unit normal at £ € S;, b; and Ej denote the principal contributions corre-
sponding to the non-degenerate stationary points & and &7, respectively, in
the asymptotic expansion (as |z| — +00) of the integral

. C* , —ix€

J

21 e—i'r'wkj(tp) cos(p—1)) é .

and read as follows:

C*(¢,w); (3.44)

_ 1t 1/2 e—i7r/4 e—izﬁj
bj(x) =bj(z) = | — . ,
=50 (%) g wawon
here (&) is the curvature of S; at the point & (see (4.9)).
Taking into consideration that &/ = —¢&7, (&%) = #(¢7), [VO(&,w)| =
VO (&7, w)|, C*(¢7,w) = C*(¢7,w) and denoting

w=(Z)" __CEw
Qj(z) = ( , ) [5(E)]V/2|VD (&7, w)|’

r

from (3.44) we get

bi(z) =Q,; (x)e_i”/4e_im§j, Bj (x) = Qj(x)e”/‘le”fj.
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Therefore (3.36), (3.42), and (3.43) imply

2 .
(2,0, 1) =Y oo (1P Q@)™ e +0(a %%, (3.45)

2 .
I2(2,w,2) =Y o= (~1)771Q;(a)e "™/ e ¢ 1-O(j2| /). (3.46)

Thus we have proved

Lemma 6. The entries of the matriz T%(z,w,m) defined by equalities
(3.27), (3.28) are C*-smooth functions with respect to x on R%. For suffi-
ciently large |z| the asymptotic formulas (3.45) and (3.46) hold. The conver-
gence in (3.27) and (3.28) is uniform with respect to the parameter x € R?.

Lemmas 2-6 imply

Theorem 7. If conditions I° and 11° are satisfied, then
(i) the limits
. _ 2
(_1)"&1&_)% I(z,7.) =T (z,w,m), YxeR*\{0},

exist, where 7. = w + ie, ['(x, 1) is defined by (3.15); the above limits exist
uniformly with respect to the variable x for |x| > 6 > 0 with some positive
0;

(ii) T(z,w,m) (m=1,2) are the fundamental matrices of the operator
C(D,w) and

D(z,w,m) = FeL {[1 = h(€))w? - C(€)] '} +

E—a

+ %V.p. /R h(&)[W?I — C(&)] e % de +

47
2

1) L1 27 (fl)je*iwkj(w)coswfw)é (o) d
+(-1)™T — —— ~ ; ;
8 /0 LNy tanrziz

D(z,w,m) =T (—z,w,m) = [['(z,w,m)]"

(3.47)

(see (3.7), (3.16), (3.29), (3.31), (3.32));
(iil) in the vicinity of the origin (0 < |z| < 1/2) the inequalities
[D*[C(z,w,m) = T(z)]| < cvjo(2), laf=0,1,2,3,
|D*[I(z, 1) — T(z,w,m)| < [e|evjo(z), (=1)"'e >0,
hold, where v|q| is defined by (3.20) and T'(z) is the fundamental matriz of
the statics operator C(D): T'(x) = F; 1 [C~1(—i€)] (cf. [31]);

E—x
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iv) for sufficienty large |z| (Jz] — +0o0)

2
F(l‘,oj, 1) = Z |x‘_1/2R1j(x)eixfj + O(|.’E|_3/2)7
j=1

D(w,w,2) = > o] "Y2Raj(x)e™ ¢ + O(|z|~/?),

where the point & € S; corresponds to x,
p i eim/4
V2 \/5(87)|VR(E, w)

Corollary 8. If y € g, where Qg is a bounded subset of R?, then
(for || — +oc)

C*(&,w).

Ryj(x) = Roj(z) = (=1)

2
DD (z—y,w, 1) =) |2| /2 Ry;(2) (ig?)* (~ig?) e 1-O(|2|7/2),
=1
2 . . . 1
DD (w—y,w,2)=Y _ x| /Ry () (i) (i&?) e’ V=" 1 O(|jx| /%),
i=1

where & € S; corresponds to x, and o and 3 are arbitrary multi-indices.

4. RADIATION CONDITIONS AND THE FORMULATION OF THE BASIC
BOUNDARY VALUE PROBLEMS. INTEGRAL REPRESENTATIONS OF
SOLUTIONS

Let us introduce the following classes (cf. [16-19]).

A function (vector, matrix) u belongs to the class SK,,(R2), m = 1,2, if
it (each component of the vector, each element of the matrix) is C*-smooth
in the vicinity of infinity and for sufficiently large |z| the relations

2
u(@) = u (@), u (@) =0(=z""?),
j=1

oul9) (x)

i(—1)"&0 49 (1) = B2y ip=1,2 4.1
5z, TV U@ =02, jp=12, (@)

hold, where the point £/ € S; corresponds to the radius-vector z (see Sect.3);
here Q@ = Q= or Q = R?; (no summation over j in (4.1)).

These conditions are generalized Sommerfeld-Kupradze type radiation
conditions in anisotropic elasticity (cf. [1,2,3]).
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It is easy to verify that the entries of the matrix I'(z,w, m) constructed in
the previous section satisfy conditions (4.1) and consequently I'(-,w, m) €
SKnm (R*\{0}).

Now we can formulate the basic BVPs for Eq. (2.1).

Problem for the whole plane (PL,,-Problem):

Find a regular vector u € C?(R?) satisfying Eq. (2.1) in R? and radiation
conditions (4.1) at infinity, i.e., u € C?(R?) N SK,,(R?).

Exterior boundary value problems (I),, — (IV),:

Find a regular vector u € C1(Q7) N C?(Q7) satisfying Eq. (2.1) in Q~, the
radiation conditions at infinity (v € SK,,(27)) and one of the following
boundary conditions on 02~:

Problem (I),, : [u]” = f;

( _
Problem (1), : [Tu]” = f;
(

Problem (I11) : [(n-w)]” = f1, [(t - Tu)]” = fo
7= f, [(n-Tu)]” = fo

m o (n
Problem (IV), : [(t-u)]™
here n(x) and t(x) are the exterior unit normal vector and the unit tangent
vector at z € 9Q~, respectively; []* denote one-sided (from Q%) limits on
o0N*.

Similarly, one can formulate the interior BVPs for a bounded domain Q%
(obviously, in this case the classes SK,, are not involved in the formulation
of the BVPs). B

Let u, v be regular vectors in Q% and u,v € C?(Q*) N CY(QF) with
00T € C?t7, 0 < v < 1. Applying the Green formula

/[C(D,w)u v u- C(D, w)olds = / (Tu)*t(o)* — (W* (Tv)"dS (4.2)
Q+ o0+

and Theorem 7, by standard arguments (cf. [32]) we easily get the following
integral representation of a regular vector in bounded domains:

u(z) = 8Q+{[T(Dy, ny)T(y — z,w,m)] [u(y)]" -
= D(z — y,w,m)[T(Dy, n(y))uly)] "} dS +

—l—/ [(x —y,w,m)C(D,w)u(y) dy, z¢€ Q. (4.3)
o+

Lemma 9. Let u € CH(Q7)NC?*(Q7)NSK,,(Q7), supp C(D,w)u be a
compact domain in R?, and S = 00~ € C?**7, 0 < v < 1. Then

u(zx) = /7 I(z —y,w,m)C(D,w)uly) dy +
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+ / (T — w0, m)[T(Dyn(y)u(w)] ™ —
S
— [T(Dy,n(y))T(y — z,w,m)] " [u(y)] "} dS, z€Q". (4.4)

Proof. Let us write the integral representation formula for the bounded
domain Qp = Q7 N Bg, where Bg = {x : |z| < R} with sufficiently large
R, S C Bgr, suppC(D,w)u C Bg, ¥g = 0Bg. Due to (4.3)

)= [ (a0 m)C(D.)uty) dy+ [{F a0 Tulw)]” -

T (Dy,n(y))T(y—=z,w,m)] " [u(y)]"} dS— g {T(z—y,w,m)][Tu(y)]—
—[T(Dy,n(y))L(y — z,w,m)] " [u(y)]} dSr, = € Q. (4.5)

For fixed x and sufficiently large R the last summand in (4.5) is the only
term depending on R. Let us integrate Eq. (4.5) with respect to R from A
to 2A, divide the result by A, and pass to the limit as A — 4oo:

uw) = [ o= pom)CDw)uty) dy+ [ (Mo =y m)Tutu)] -
[Ty @)Dy — .o.m)] T[uw)] 7} S+ Jim W(A),  (46)

where W consists of terms like
24
W4 = [ [ g (B dR dSe g =yl (47
Xr

with the scalar functions g* and h’ satisfying the radiation conditions

gk(Rn) = O(R*I/Q)7 %gk(Rn) + i(—l)mAk(n)gk(Rn) _ O(R_3/2),

_ , 4.8
W (Rn) = O(R™Y2), g5 h! (Rn) +i(=1)"X; () (Ry)) = O(R™*/?); )

here points £P € S, correspond to the vector n € ¥; and

Ap(n) =(n-€")>0, p=12. (4.9)
From (4.7) we have (cf. [18, 32])

2A
Wiy (4 / / S (R () +
g~ ( n)h? (Rn)]} dR dER =

2A 27!' . m+1 )
- / / A e (e () +
o) OB a5~
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27rZ- _1\ym+1 ] 24 .

i me i(n) j 24
AW/ T B R (R~

- /M 9" (Rn)h’ (R) dR} dyp + O(A™") = O(A™).
A

Therefore lim4_, 1o ¥(A) = 0 and representation (4.4) holds. O

Corollary 10.
(i) Let the conditions of Lemma 9 be fulfilled. Then

[ AT, -z m) )] -
Iz —y,w,m)[Tu(y)]} dZr =0, z€Q; (4.10)

(ii) The homogeneous P L,,-problem has only the trivial solution.

Corollary 11. Let F be a given vector function on R? with compact
support, i.e., diamsupp F < oo and F € C*V(R?), 0 < v < 1. Then the
corresponding non-homogeneous PL,,-problem is uniquely solvable and the
solution can be represented by the convolution

u(@) = [Peesm) « (o) = [ Tl = yoo.m) P(o) dy

5. UNIQUENESS THEOREMS FOR THE EXTERIOR BVPs
Lemma 12. Letu be a solution of the homogeneous exterior BVP (K)..,
K=1,---,IV (F=0, f=0). Then u(z) = O(|z|~%/?), as |z| — +oc.
Proof. For definitness, let m = 1. Due to Theorem 7 and Corollary 8 we

have the asymptotic representations at infinity

2
D(z —y.w,1) = > 1 V20 (€ W)y (€, 9)e™ +0(r™2),  (5.1)

Jj=1

[T(Dy, n(y))L(y — x,w,1)]" = =[T(Dz, n(y))L(z — y,w,1)] T =

= Zfl/zc*(ij,w)[T(ifj}n(y))f%(fj,y)e”gj +0(r™?%), (5.2)

where 1; is a scalar function and C* is defined by (3.14).
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Applying formulas (5.1), (5.2) and integral representation (4.4) for any
u€ CHQT)NC?(Q7)N SK(Q7) with compact supp C(D,w)u, we get

u(z) = > rT2CH(E w) Ay (€)™ + O(r73/?), (5.3)

j=1

where the vector A; = (Aj1,Aj2)" is uniquely defined by the vector u
and does not depend on |z| (in what follows we do not need the explicit
expressions of A, and ;).

Equation (5.3) implies

Tu(z)zirflﬂzT(gj,n(x))c*(gj,w)Aj(gf)eMwO(fB/?). (5.4)

We need the following property of C*: the vectors

Vg w) = (CF(6w),C5 (& w) | = (w® = N(&),M (€))7,
V2(&w) = (Ch(&,w), C3y(&w)) T = (M(€),w® — L(€)) T,

are linearly dependent for all £ € Sy U Ss, since det C*(§,w) = ®(§,w) =
0, £ € S;US,. Therefore V2(&,w) = a(§)VI(Ew), € € S U S,, with
a(§) = [w? = LEOIME)] " = [M(][w* - N

Due to (5.3), (5.4), and (5.5)

2
u(w) = Y VPVHE Wiy (€)™ + O(r=%?), (5.6)
j=1
Tu(z) =Y ir ?T(¢  n(x))V! (&, w)y (E)e™ +0(r3/2), (5.7)

Jj=1

where v;(¢7) = Aj1 (&) + a(§?)Aj2(87), J=1,2.

Let now u be a solution of the homogeneous exterior BVP (K ) and
write the Green formula (4.2) for u, v = u and Qt = Qp = Q™ N Bg;
taking into account the homogeneity of the problem, we have

| ATDamyu(a) - u(@) = u(e) - T(Da, mu(a)} dSp =0, 1 = ﬁ (5.8)

From the convexity of curves S; it follows that, if &/ € S, corresponds to
n, then (£ — €2,n) # 0; cosequently (see (4.9))

A1(n) # A2(n), n € E1. (5.9)
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Condition (5.9) enables us to carry out calculations and arguments sim-
ilar to those involved in the proof of Lemma 9. After integration of Eq.
(5.8) from A to 2A with respect to R and division by A we get

24
*/ . {(T(Da, mu(a)]klur(2)] — [ur (@)][T(De, n)u(z)]r} dR dXg = 0.
Hence by (5.6) and (5.7)
24
2T { / /E Vg W) VHE ) x

xv;(gh)eie’ Vp(é“”)e_”fp dR d¥p + O(A‘l)} =0, (5.10)
In (5.10) we have summands of the form

2A
ki / b (n)g" (Rn)hI (Rn) dR dSg,
] A -

where g* and h7 satisfy radiation conditions (4.8).
With the help of (5.9) we can prove (see the corresponding arguments and
manipulations in the proof of Lemma 9) that for different indices (k # j)

i(A)=0(A™). (5.11)
Thus (5.10) and (5.11) imply

2A p27 2
il / & VN W) VHE W)y () dRdp = O(A™).
Passing to the limit as A — 400, from the latter equation we have
2 21 ] )
S [ @ i@ de=o, (5.12)
j=1"0

where & € S; corresponds to 1, G(&,n) = (T(&,n)V(Ew) - VI w). In
what follows we will prove that G(£7,7) is a positive function. To this end,
note that [M(&)]? = [w? — L(&9)][w? — N(&9)] for & € S; and rewrite
G(&7,n) in the form (see (2.2))
G(g,n) =W’ = NE)H{Tu (¢, m’ - NE)]
HTu2(&m) + Toa (€0, MM (&) + Toa (€7, )W — L(E)]}. (5.13)
Applying Egs. (2.6) and

D;®(¢,w) = —{[w? = N(OID;L(§) + [w? — L(§)ID; N (&) +2M(§)D; M (8)}
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in (5.13), we get G(&7, 1) = —3[w’ =N (&7)](n(¢7) - VO(&7, w)), since n(&7) =
n, where n(¢7) is the outward unit normal at &/ € S;. From the latter
equation by (3.34) we have

G(&,n) = (=127 w? = N(@)]|[Ve(E,w)|, & es8; (514)
Obviously, for £ € S; (j =1,2):
w? = N(€) = w? = ki (p)N(C) = W*[1 = K (9)N (O], ¢ =[¢]7'¢.

Let us fix some ¢ € [0,27] and consider

[1 = k(@) N (O = k2(9)N(Q)] = 1 = [F1(p) + k2 (9)IN () +
+h1(0)ka ()N (C) = =M*(Q)[L(QN(C) = M*(¢)] "
Due to (3.6) we deduce

[1 =1 (@)N(OI[L = k2(p)N(Q)] <0 (5.15

)
for all ¢ € [0, 27] except for solutions of the equation M (¢) = M (cos ¢, sin ¢)
= 0. Now the inequalities k1 (¢) < k2(p) and N(¢) > 0 together with (5.15)
imply 1 —k1(¢)N(¢) >0, 1 —k2(¢)N(¢) < 0, almost everywhere on [0, 27],
ie, (=1)7 w2 = N()] >0, £€€S;, j=1,2. Therefore by (5.14)

G(g,n) =27"w® = N()| V(g w)| >0, &€S;.  (516)

Consequently, from (5.12) and (5.16) it follows that v;(£7) = 0, which to-
gether with (5.6) proves Lemma 13. O

Corollary 13. Let u be a solution of the homogeneous exterior BVP
(K)p (K=1,---,1V), m =1 or m=2. Then

ue SKy(Q7) N SKy(Q). (5.17)

Theorem 14. The exterior homogeneous BVP (K), (K =1,---,IV)
has only the trivial solution.

Proof. First let us note that a solution of homogeneous equation (2.1) is an
analytic vector-function of two real variables x1 and x5 in Q~, since C(D,w)
is an elliptic operator.

Let u be a solution of the homogeneous BVP (K). . Denote by g a
circumference with center at the origin O € Q and radius R > 0 such that
the corresponding circle By contains the curve S = 9Q%. It is obvious that
the vector u admits an extension from Q~\Br = R?\Bg onto the whole
plane R? preserving the C>-smoothness. Let v be one of such extensions:
v e C®(R?), v|o-\p, = ulo-\p, and denote

F(z) = C(D,w)v(x), z¢c R (5.18)
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It is obvious that v is a solution of PL,,-Problem (5.18) with compact
supp F C Bp and according to Corollary 13 v € SK;(R?) N SK2(R?), since
u satisfies condition (5.17).

Due to Corollary 11 we have two representations for v:

v(z) = [(,w,1) * Fl(z), v(z)=[C(,w,2)* F](x). (5.19)
Equalities (5.19) imply 9(¢) =T(&,w, 1) F(&) =T(&,w,2)F(€), i.e.,
[L(¢,w, 1) = T(¢,w, 2)]F(€) =0, (5.20)

where F(E ) is an analytic vector of two complex variables &1, £, and satisfies
specific conditions at infinity, since it is the Fourier transform of the vector
F with compact support (see [28]).

Note that by (3.47)

2
Do) = N0, 2) = Y [ DIge = as;
j=1"5i

where

= mAL N+ aepn’ &) CE 5

Theorem 7 implies that T'(-,w, m), m = 1,2, are regular functionals on

the space of rapidly decreasing functions S(R?) (see [28]) and we have (for
arbitrary g = (g1,42)" € S(R?))

(PG, 1) = T, 2 g(0) = [ Mo 1) = Do 2lgla) do =

= Z/ DI(€)§(€) dS; = ((2m) *[[(6,w, 1) = [(&,w,2)],§(6)),  (5.21)

and consequently f(-, w,1) — f(-,w, 2) is concentrated on Sy U Sy, i.e.,
supp [['(€,w,1) — T'(&,w,2)] = S1 U Ss.

Now (5.20) together with (5.21) yields

2
(F(ew 1) = Plew2)F.g) = 42 Y [ DL€ F (€036 as, = 0.

ie.,

CHE,w)F(€) =0, £€8;, j=1,2. (5.22)
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From the analyticity of F'(¢), Eq. (5.22), and condition (3.8) it follows
that (cf. [18])

C* (& w)F (&) = B(&,w)H(E), €eR?, (5.23)

where H (&) is the analytic vector of two complex variables &, & and
satisfies at infinity the same estimates as F'; therefore H(€) is also the
Fourier transform of some vector H(x) with compact support and, evidently,
H € SK,,(R?). By (5.18)

F(&) = C(=ig,w)d(§), (5.24)
where C(—if,w) = Iw? — C(£). Note that
O (€,0)C(—i6,w) = C(—i€, w)C* (€, w) = B(E ). (5.25)

Substituting (5.24) into (5.23), with regard to (5.25) we get
O(—ig,w)C™ (&, w)[b(6) — H(€)] =0
and by the inverse Fourier transform
C(D,w)[C™(D) + wI][v(x) — H()] =0,
where

o i

-M(D)  L(D)
Since [C*(D) + w?I][v(z) — H(x)] belongs to the class SK,,(R?), it va-
nishes by Corollary 10. Therefore
‘( v = Hy )zO, r € R2.

H N(D)+w?*  M(D)
M( Hy — vy

D) L(D) + w?

Applying again Corollary 10, we have v(x) — H(z) = 0, z € R2. Thus
the vector v(z) has a compact support. But then the same is valid for the
vector u and consequently by analyticity uw(z) =0, x € Q~. O
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