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OSCILLATORY CRITERIA FOR NONLINEAR nTH-ORDER
DIFFERENTIAL EQUATIONS WITH QUASIDERIVATIVES

MIROSLAV BARTUSEK

ABSTRACT. Sufficient conditions are given for the existence of oscilla-
tory proper solutions of a differential equation with quasiderivatives
Lny = f(t,Loy,. .., Ln—1y) under the validity of the sign condition
ft,z1,...,zn)z1 <0, f(£,0,22,...,2n) =0 on Ry x R™.

1. INTRODUCTION

Consider the nth-order differential equation
Lny(t) = f(t, Loy, L1y, ..., Ln—1y) in D=Ry xR", (1)

where n > 2, Ry = [0,00], R = (—00,00), L;y is the ith quasiderivative of
y defined as

y(t)

yt) (Li—1y(1))'
ao(t)

) Lzy(t) = ai(t)
Lny(t) = (Ln-1y(t))',

functions a; € C°(Ry) are positive, and f : D — R fulfills the local
Carathéodory conditions.
Throughout the paper we assume that

Loy(t) = , i=1,2,...,n—1,

(2)

ft, e, .. xy) o1 <0, f(£,0,29,...,2,) =0 in D. (3)

Definition. A function y : [0,7) — R, T € (0, o¢], is called a solution
of (1) if (1) is valid for almost all ¢t € [0, 7). It is called noncontinuable if
either T'= oo or T' < 0o, and

n—1
lim sup Liy(t) = o0.
nwp 3 L)
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Let y : [0,T7) — R, T < oo, be a noncontinuable solution of (1). It is said
to be proper if T' = oo and sup, <, [y(t)| > 0 for all 7 € R. It is said to
be singular of the first (second) kind if t* € (0, 00) exists such that

n—1

y=0 in [t*,00), sup Z |L;y(t)| >0

o<t<t* g

(if T < o). A proper solution y is said to be oscillatory if a sequence {tx }5°
exists such that ¢ € Ry, limg_ tx = 0o and y(tx) = 0 holds. Otherwise,
it is called nonoscillatory.

Many authors studied the problem of structure and properties of proper
nonoscillatory solutions of (1) (see, e.g., [1]-[3]). But as regards proper
oscillatory solutions, their existence is proved only in the cases where n > 3
and a; =1 (see [4]-[6]), or n = 3 (see [1]).

Definition. Equation (1) has property A if every proper solution y is
oscillatory for even n and it is either oscillatory or

tlim L;y(t) =0 monotonically, i=0,1,...,n—1, (4)

for odd n.

Similarly to a differential equation without quasiderivatives (a; = 1), it is
possible to use the following way to prove the existence of proper oscillatory
solutions: If

1° there exists no singular solution of the 1st kind;

2° there exists no singular solution of the 2st kind;

3° (1) has Property A;

4° the initial conditions of y at zero are choosen such that (4) is not
valid,

then y is oscillatory proper.

Sufficient conditions for the validity of relations 1°, 2°, 4° can be easily
obtained similarly to the case a; = 1 (see later). Very profound results
concerning 3° are given in [7].

In our paper we generalize the results which could be obtained by this
approach. Especially, we shall weaken conditions 1° and 3°.

Sometimes, we will suppose that

an(t)ai* S|f(t 21, 20)] i D, (5)
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where 0 < A <1, a, € Lioc(Ry), a, > 0;

oo

/ai(t)dt:oo, 1=1,2,...,n—1, (6)
0
f(t, )| < h(1) (Zw) in D, (7)

w(t)

oo
where h € Lioc(Ry), w € C°(R4), w(z) > 0 for > 0, f =

0

-

F(ton, .z < Ag(aal) i Ry x (o6, ®)
where ¢ > 0, A € Lioc(Ry4), g € C°[0,¢], g(0) = 0, g(z) > 0 for z > 0,

let L e C'(Ry) forn =3,
a2

a1 € CY(Ry), az € CY(R,), %’ € C2(Ry) for n =4

and let for n >4 anindex [€{1,2,...,n—4} exist )
such that a;y;,j = 1,2, are absolutely continuous and
a;ﬂ-, j=1,2, are locally bounded from below.
Notation. If b, € C°(I), then
t
I°(t) =1, I*(t, by, ..., b) :/bl(s)Ik_l(s,bg,...,bk)ds, tel.
0
Put anj+i(t) = a(t), 7 € {...,-1,0,1,...}, ¢ € {0,1,...,n},

N=1{1,2,..}.

2. MAIN RESULTS

Further, we shall investigate a solution y of (1) that satisfies the initial
conditions

le{0,1,....n—1},7 € {-1,1}, 7L;y(0) >0, i =0,1,...,1, (10)
TLiy(0) <0, j=1+1,...,n—1,

and we shall prove that this solution is oscillatory proper under the validity
of certain assumptions.
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Theorem 1. Let A € (0,1) and let (5), (7), and (9) be valid. Let

o0 Ti+1 Ti+2 Tn—1 Tn
/ai+1(n+1) / aiy2(Tiv2) / / an(Tp) {/an—&-l(Tn-&-l) .
0 0 0 0 0
Titn—1
A
ai+n(T7;+n) dTiJrn... dTn+1j| X dTn...d’Ti+1 =00, (1].)
0

1=0,1,...,n—1.

Then any solution y of (1) that fulfills the Cauchy initial conditions (10)
is oscillatory proper.

Theorem 2. Let A =1, (5), (6), and (7) hold. Let

t—o0 1(5;an—1)

[ 1" Y(s,a1,...a,
limsupll(an,l)/ I(s,ah ¢ 1)an(s) ds>1. (12)
t

Further, let either (9) or (8) hold.
Then any solution y of (1), that fulfills the Cauchy initial conditions (10)
is oscillatory proper.

Theorem 3. Let (6), (7) be valid and let functions a, € Lj,(Ry), b €
C°(Ry.) exist such that [~ an(t)dt = co, b(0) =0, b(x) > 0 for x >0, b is
nondecreasing, and

an(®)b(|z1]) < |f(t, 21, .. x0)| in D.

Further, let either (9) or (8) be valid. Then any solution y of (1) that fulfills
(10) is oscillatory proper.

3. PROOF OF MAIN RESULTS

Let us define two special types of solutions of (1) that will be encountered
later.

Type I (1): y: [0,7) — R, 0 < 7 < oo and sequences {t;}, {fy '},
keN,ie€{0,1,...,n— 1} exist such that limy_,o &, = T,

0<t) <t ' <El <o <t <ty
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Liy(ti)=0,i=0,1,...,n—2, Ly_1y(t) =0 for t € [t} ", "], k € N,
Liy(t)Loy(t) >0 for te (t9,th) ,i=0,1,...,n—1,
<0 for te(th,thyy),i=0,1,....,n—2,
<0 for te(f 'th,),i=n—1 keN.
If 7 < oo, then limy_,, L;y(t) =0,:=0,1,...,n — 1.
Type Il (s ):y: Ry — R, s€{0,1,...,n—1}, 7 € Ry,

Liy()Lay(t) >0 for je{0.1,... s}
<0 for je{s+1,...,n—1},
L,y(t) #0,me{0,1,...,n—2}, te€][r,00).

Remark. Any solution y of Type I (c0) (of Type II (s)) is oscillatory
proper (nonoscillatory proper). If we define y = 0 on [r,00), then any
solution y of Type I(7), 7 < oo is singular of the first kind.

Lemma 1. Let J = [t1,t2] C Ry, t1 < t3 and y : J — R be a solution
of (1).

(a) If j € {1,2,...,n}, Lyy(t) > 0 (< 0) in J, then L;_1y is nondecreas-
ing (nonincreasing) in J;

(b) if j € {1,2,...,n}, Lyy(t) >0 (< 0) in J, then L;_1 y is increasing
(decreasing) in J;

(c) if Loy(t) >0 (< 0) in J, then L,_1 y is nonincreasing (nondecreas-
ing) in J.

Proof.
(a) Let Ljy(t) > 0 in J. Then according to (2) either
(L 1y(t)' = a; (O Lyy(t) > 0, § < or (Ln_yy(t))’ = Loy(t) > 0 holds.
(b), (¢) The proof is similar, only (3) must be used instead of (2) in
(¢). O

Lemma 2. Let y : Ry — R be a solution of (1) which satisfies (10).
Then one of the following possibilities holds:

(a) y is of Type I (0)

(b) there exists T € (0,00) such that y is of Type I() in [0, 7).

(c) there exists i € {0,...,n — 1} such that y is of Type 11 (i).

Proof. First suppose that y satisfies the Cauchy initial conditions
oL;y(0) >0, ¢=0,1,...,n—1. (13)

According to Lemma 1 oL;y > 0,7 =0,1,...,n — 1, in some right neigh-
borhood of t =0, and oL;y,  =0,1,...,n— 2, are nondecreasing (6 L,_1y
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is nondecreasing) until ¢L; 11y > 0 (0 Loy > 0). Thus either y is of Type II
(n — 1) or numbers ", t" exist such that

0<t"<t",oLjy(t)>0 in [0,¢"], j€{0,1,...,n—2},
oLp—1y(t) >0 in [0,t"),0L,—1y(()=0 in [t", "],
oL;jy(t) >0,0L,—1y <0 in some right neighborhood of ¢ =1{".

By the same procedure it can be proved that either y is of Type II (s),
s€{0,...,n—2}, or numbers t/, j € {0,1,...,n — 2}, exist such that

Tl <tn? < < t% oLwy(t) =0,0L;y >0 in (£ ¢Y),
oLy >0,0L,y <0 in (71 ¢,
me{0,1,...i—1} ke {i+1,...n—1},

and
oLy <0, i€{0,1,...,n—1} in some right neighborhood of t°.  (14)

Thus (13) is valid in this neighborhood and the statement follows by repeat-
ing the considerations in the case (13). Note that in the case Type I(7),
T < 00, the relations lim;_. L;y(t) =0, i =0,1,...,n — 1, must be valid
because y is defined in R.

Further, let (10) be valid. By the use of (13), (14) we see that the same
initial conditions are valid in some t*, t* € [0,t°], in the previous part of
the proof. Thus the statement of the lemma can be proved similarly. O

Remark. Let y: [0,7) — R, 7 < 0o, be a noncontinuable solution. Then
the statement of Lemma 2 is valid, too, if (a) is changed into

(a') y is of Type I(r) with the exception of lim;, L;y(t) = 0, i =
0,1,...,n —1, and if Type II (s) is defined only on [0, 7).

Lemma 3 ([6, Lemma 9.2]). Let ¢g > 0, tg € I C Ry, h € Lj,(I),
h>0,weC'R,), wx) >0 forx>co, [ ds_ < 0. Then for every

co w(s)
continuous function x(t) : I — Ry which satisfies

t

2(t) < o+ [/h(T)w(sc(T))dT} sign(t —to), tel,

to
), ter,

z(t) < qu/th(f) dr

[ d
where Q™Y is the inverse function of Q(s) = / T
w(T)
co

we have
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Lemma 4. Let (7) hold. Then there exists no singular solution of (1) of
the second kind.

The lemma can be proved analogously to Lemma 4 in [7].

Lemma 5 (see [7], Lemma 1.5 and Consequence 1.2). Let
w : (0,00) — R4 be continuous, nondecreasing and h € Li,.(R4), h > 0,
such that

i E

Then the differential inequality v’ + a(t)w(u) < 0 has no proper positive
solution in Ry .

Lemma 6. Let (5) be valid and one of the following conditions hold:
(a) A=1, (6) and (12) hold

(b) A€ (0,1), (11) holds.

Then there exists no solution of (1) of Type 11(3), i =0,1,...,n— 1.

Proof. (a) With respect to (6) no solution of (1) of Type I1(:), ¢ = 0,1, ...,
n — 2, exists (see [3]). The fact that there exists no solution of Type II
(n — 1) is proved by Chanturia [7] in the proof of Theorem 3.5.

(b) We prove indirectly that a solution of Type Il(s), s € {0,1,...,n—1},
does not exist. Thus suppose, without loss of generality, that a solution of
(1) y : R4 — R exists such that T € Ry,

Liy(t) >0, i=0,1,...,s; Liy(t) <0, j=s+1,...n—1,

(15)
Loy(t)#0, m=0,1,....,.n—2,t>T.
Then according to Lemma 1 and (3)
|L;y| is nondecreasing for i€ {0,1,...,n—1}, i
o o (16)
L,y is nonincreasing in [T, 00) .
Further, by the use of (2), (5), (15), (16)
oo
L] = [ an @l Li(s)lds, i=0.1L....n-2,
T
Lo 2 [ 1a(6)lds = [ an(s)Loy(o) ds, (1)
T

— (Lsy(t)) = ass1(t)|Lsr1y(t)| for se€{0,1,...,n—2},
— (Lsy(t)) = —Lpy(t) > an(t)(Loy(t)))‘ for s=n-1.
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From this and (17) we have for ¢t € [T, o)

|Lst1y(t)] =
t Ts+2
z/as+2(7-s+2) As43 7-5,:—‘,-3 / Ap—1 Tn 1 |Ln 1y(Tn 1)| 2
T T T
t Tn—2 Tn—1
> [auamia) [ anatmun) [ anm) x
T T T
Tn T1 Ts—1 A
X {/al(sl)/--- / as(TS)LSy(Ts)] dts ...dmdry, ... dTs1o <
T T T

SZS(th)(LSy(t))Av 5=0,1,...,n -2,

Loy(t)] > Zuos(t,T)Loay(t) (for s =n—1),

where
t Tn—1
Zs(t,T) :/as+2(Ti+2)" / /a1
T T
Ts—1 N
'/as(Ts)de...dTl} drpdrsye, s=0,1,...,n—2,
T
t T1 Tn—2
Zn_l(t,T)Z/a1(7'1)/a2(7'2)"~ / an—l(Tn—l)dTn—1~--dTl
T T T

(for s=n-1).

It follows from (17) that
(Lsy(®)' + ase1()Z2(t, T)(Lsy())* <0, t € [T, 00),

where 8 =1 for s € {0,1,...,n =2}, =Afors=n—1.
As according to (11)

Zs(00,T) = Zs(0,0) = o0,

we get the contradiction to Lemma 5 if Lyy(t) > 0 in [T, 00). Thus with
respect to (17)

s=n—1, Lpy({t)=0 on [r,00), 7€[T,00),
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is the last case which has to be considered. In that case, according to (17),
(16),

0= —~(Ln-1y(1))" Z an(t)(Loy(t))*,
an(t) =0 for almost all ¢ € [r,00).

The contradiction to (11), ¢ = n— 1, proves the statement of the lemma. [

Remark.

(a) The idea of the proof (b) is due to Kiguradze [5] (for the nth-order
differential equation); see [7], too.

(b) In [7] sufficient conditions for equation (1) to have Property A are
given. For example, (1) has Property A if (5), (6), A =1,

I”_i(t,an_l, ey ai)

lim su - X
t—><><>p Iniz*l(ta Ap—1y-- -, ai+1)
OCI"_i_l(s, Un_1,-.,a;1 1) (s,a1,...,a;))
x/ o an(s)ds>1  (18)

t

fori =1,2,...,n—1, 2[(i+n) and [ 1" (t,an_1,...,a1)a,(t)dt = oo
0

holds.

It is evident that if (1) has Property A then solutions of Type II (i),
i =0,1,...,n — 1, do not exist. Condition (12) is the same as (19) for
i =n—1. Assumptions of Lemma 6 are weaker see the following example. A
similar situation exists for 0 < A < 1. Moreover, in [7] an extra assumption
is made in this case.

Example. Consider equation (1) with (5) where n =6, ag = a1 = ag =
azg =a4 =1, a5 = H%, ag = ﬁ Then condition (11) is true, but (19)
is not true for ¢ = 3. Thus solutions of Type I1(i), i = 0,1,...,5, do not

exist; at the same time the above results of (5) do not guarantee Property
A for (1).

Lemma 7. Let (6) hold and functions a, € Lioc(Ry), g € CO(Ry) exist
such that g(0) = 0, g(z) > 0 forx > 0, g is nondecreasing, fooo an(t) dt = oo,
and

an(t)g(z1]) < |ft,z1,. . 20)] in  D.

Then there exists no solution of (1) of Type II (i), i =0,1,...,n— 1.
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Proof. According to [3] and (6) no solution of TypeII (i), =0,1,...,n—2,

exists. Let y be a solution of (1) of Type II (n — 1). Then according to
Lemma 1 |L,_1y| is nonincreasing and

56 > |Ln_15(00) — Ln_1y(T)| = / Luy(s)] ds =
o0

> / an(®)g(|Loy(s)]) ds > (| Loy(T / ans
T T

The contradiction proves the lemma. [

Lemma 8. Let (8) be valid. Then there exists no singular solution of
(1) of the first kind.

Proof. Let on the contrary a solution y of (1) of the first kind exist. Then
numbers 7,71 € Ry, 7y < 7, exist such that

o(1)>0,L;y=0 on [r,00), i=0,1,...,n—1,

19
where o(t) = Y |Liy(t) (1)
Then by the use of (2) and (8)
|L;y(t)| < /aHl(s)\LiHy(sﬂ ds, i=0,1,...,n—2,
t
Lo 1y(t)] < / |Lay(s)| ds.
t
|Liy(t)] =
< /am(sm) / Qiyor - / an-1(8n-1) / |Lny(sn)|dsp ... dsit1 <
t Sit+1 Sn— Sn—
H /aj ds /|Lny )ds, i=0,1,...,n—2,
Jj= z+1

(H<c / |Loy(s)] ds < C / A()g(o(s))ds, t € [r,7],

t
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where

n—2 n—1

C= ZH] s)ds+1.

1=0 j=i+17
Then it follows from Lemma 3 that

o(71)

ESC/A(s)ds<oo,

which contradicts (8) and (19). O

Lemma 9. Let y be a solution of (1) defined in Ry that satisfies the
initial conditions (10). Let (9) be wvalid. Then y is not of Type I(t) for
T < 00.

Proof. For n = 3,4 the statement follows from [8] and [9]. Let n > 4. Let
on the contrary a solution y of Type I(7), T < co exist. It follows from the
assumptions of the lemma that an interval A = [, 7], 71 < T, exists, for
which we have

gfﬂwmmmxw+m;xmi/%H@Ms>m

min @, - Min Ge41 4

teA teA A
(20)
aesaBacsa(t) + (a0 [ acsa(s)ds >0,
A
where [g(t)]- = min(0, g(¢)).
Use the same notation as in the definition of Type I(7).

According to lim;_,, L.y(t) = 0 there exists ky € N such that

|Ley(tig DI > [Ley(tit i)l > 0,570 > 7. (21)

Denote te+1 = t17 tk t27 te e t3, A1 =ty — tl, A2 = t3 — tz Then
it follows from (21) and from the definition of Type I(7) that (we choose
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L._1(t2) > 0 for simplicity)
Le_1y > 0in [t1,t3), Le—1y(ts) =0,
L._; is increasing (decreasing) in  [t1,t2]( in [to,t3]),
Loy >0 in [ty,t2), Ley(ta) =0, Loy <0 in (to,t3],
L. is decreasing in [tg, t3],
Let1y(t1) =0, Leyry < 0in (¢, 1t3),
L.ty is decreasing in [to, t3]
Letjy < 0and Leyjy is decreasing in [to, t3], j =2,3.
From this and (21), (22)

Ley(tl) > |Ley(t3)|,
t

(23)

Lepy(t) = / Ger2(8) Loray(s) ds > Loypoy(t) / Gera(s)ds, 1€ [tr,ts],

t1 A
[Ley()]” = [act1Let1y(t)] = aet1(t)act2(t) Let2y(t) +
ta, 1 () Ler1y(t) < aey1(t)aeya(t) Legay(t) +
Hlagio(t)]-Le1y(t) < Lesoy(t)[act1(t)acr2(t) + [ag ()] -
—/ae+2(s)ds] <0, tetts).

A
Thus

L.y is concave in [tq,t3].
We can prove similarly that

L.11y is concave in [tq, t3].

Further, by the use of (23), (25)

ts
Leory(t2) = [ 00(9)Lay(s)| ds < maxa (9)|Ley(ta) 52
t2
to
Looay(ts) 2 Lory(t2) = Leoay(ts) = [ aulo)Loy(s)ds =
t1
Ay

> min ae(s)Ley(ty) = .
> minae(s)Ley(ti) 5

(25)

(26)
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Thus, according to (24)

Ley(ts)] max ae(s) Ay max ae(s) Ay

1< seEA 22 - seA a2z (27)
- L.yt ina, A ina, A
y(ty) ggga,(S) 1 rsrg}&lal(S) 1

According to (23), (26)
2

A
Lult) = [ aen(®lLeny(o)]ds < Loyt G maxaca(s).

t1
t3

| Le(t3)| = /ae+1(8)lle+1y(5)| ds 2 |Let1y(t2)|A2 mih acya(s).

ta
Thus, according to (24), (27) and (23)

A, Max aet1(8) max ae+1(s) max ae(s)

1< s€.A < 1 SE.A sG.A < §
2A, min aet+1(8) ~ 2 min aet1(9) min ae(s) — 8

The contradiction proves the statement of the lemma. [J

Proof of Theorem 1. According to Lemmas 2, 6, and 9 y is of Type I(c0)
and by the use of Lemma 4 it is proper. [J

Proof of Theorem 2. The statement is a consequence of Lemmas 2, 4, 6, 8,
and 9. O

Proof of Theorem 3. It follows from Lemmas 4, 8, and 9 that y is proper
and according to Lemma 7 it is of Type I(c0). O
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