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ON THE MODE-CHANGE PROBLEM FOR RANDOM
MEASURES

TS. HAHUBIA AND R. MNATSAKANOV

ABSTRACT. The classical change-point problem in modern terms, i.e.,
the mode-change problem, is stated for sufficiently general set-indexed
random processes, namely for random measures. A method is shown
for solving this problem both in the general form and for the intensity
of compound Poisson random measures. The results obtained are
novel for the change-point problem, too.

1. INTRODUCTION

1. The goal of this paper is to state the classical change-point problem in
modern terms, i.e., to formulate the mode-change problem for sufficiently
general set-indexed random processes by which we mean random signed
measures with realizations almost surely (a.s.) belonging to D(.A) which is
the space of set functions “outer continuous with inner limits” and where
A, a domain of set functions, is a family of Borel subsets of a d-dimensional
compact (d > 1) under some entropy condition. An attempt is made to indi-
cate one way of solving this problem in the general form and in a particular
case, namely, for the intensity of compound Poisson random measures. The
obtained results are novel for the classical change-point problem, too.

When studying various phenomena of nature and social life, one may
come across a situation in which a certain observed process is flowing in
time or evolving in space, or both flowing in time and evolving in space.
In that case one is faced with the problem of understanding the variability
character of this process in the sense whether it evolves in one and the same
mode or there exists some moment (or several moments or some domain)
after which a different mode of behavior sets in, that is to say, after which
“the mode changes.” For example, when studying chronologically arranged
archaeological data collected from a specific locality, one is interested in
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finding out whether any abrupt change in the culture occurred there, and if
it did, then after which moment. When studying a literary text, one is con-
cerned with determining the identity of the author of the text or detecting
“inserts” of other authors. The problem of determining the moment and
place of the change in the seismic conditions in a certain area is an example
of identifying the change in the mode both in time and in space.

The statistical “change-set” problem or, as otherwise termed, the “mode-
change” problem serves as good model for describing and solving the above-
mentioned problems. The mode-change problem consists of two parts:

(i) testing the hypotheses on the existence of a change-set and

(ii) constructing a “sufficiently good,” say, consistent estimator for the
change-set if the latter exists.

The exact formulation of this problem for random signed measures is
given in Section 3 and for the intensity of compound Poisson random mea-
sures in Section 4.

Set-indexed empirical processes, partial-sum processes, Brownian pro-
cesses, Lévy (infinitely divisible) processes, compound Poisson processes,
compound point processes, etc., — all these are examples of random signed
measures.

Here one of the ways for solving the mode-change problem is indicated
using the results of the fundamental papers by Dudley [1-4], Adler et al. [5,
6], and Bass and Pyke [7-9] devoted to the investigation of the set-indexed
random processes. These results are stated as preliminaries in the greater
part of Section 2.

2. PRELIMINARIES

Let B be the Borel o-field formed by subsets of some compact I' C R,
say, I' = I, where I? = [0,1]¢, d > 1, and let A be a subfamily of B, A C B,
satisfying the following conditions:

(a) A is a collection of closed subsets of I';

(b) A is closed with respect to the metric

di(A,B) = |[AAB|, A Be€ A,

where | - | denotes the Lebesgue measure, AAB = (AN B)U (AN B) is the
symmetric difference, and A = I'\ 4;

(¢c) for each § > 0 there is a finite subset As (d-net) of A such that
whenever A € A there exists B € As with A € B® € B C A%, where B is
the interior of B with respect to the relative topology on I' and A is the
open §-neighborhood of A;

(d) there are constants K > 0 and r € (0,1) such that for a sufficiently
small § > 0 we have H(J) < K6~ ", where H() = In(f.Aj) is the entropy
and §Aj is the cardinality of the smallest d-net Aj of A.
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The family of closed convex sets in I¢, d > 1, for which r = (d — 1)/2
with d = 2, is an example of A covered by the above conditions (see [2]).

The conditions (a)—(c) imply that A is a compact separable and complete
and, in particular, totally bounded under the metric dy,. The condition (d)
will be discussed below (see Remark 2.5).

Definition 2.1. A function X : A — R is said to be outer continuous
with inner limits at A € A if

(i) ACc A, € A, dr(A,A,) — 0 implies X (4,) — X(A4) as n — o0;

(ii) A, € A, A, CA°, d1(A, A,) — 0 implies the existence of lim X (A4,,).

n—0oo

Let D(A)={X: A — R such that X is outer continuous with inner limits
at each A € A}.

Remark 2.1. The space D(A) is the intersection of the space D(A) from
[8] and the space of cadlag functions from [6].
By analogy with [8] and [9] the metric on D(.A) is defined by

dD(X7 Y)=dg (G(X), G(Y))’

where G(X) is a graph of the function X, i.e., the closure of the set
{(A,X(4)), A € A} with respect to the metric

p((A1,m1), (Az,73)) = dr(A1, Ag) + |r1 — 7o

on A x R. The metric dp is a pseudometric on D(A). We shall identify
the functions X and Y for dp(X,Y) = 0. (Note, for example, that for
a € [-1,1] the functions X,(t) = sin(1), t € (0,1], Xo(0) = a, are all
identified by dp).

Remark 2.2. Since the metric dy, is weaker than the Hausdorff metric dg
considered in [8, 9], the above metric dp is also weaker than its analog in
the same papers.

For the space D(A) the o-field F = G71(Bg) is induced by the graph
function G(-) and the Borel o-field Bg generated by the family G of closed
subsets of A x R.

A weak convergence of probabilities P, on (D(A), F) to the probability
P is denoted by P, = P and understood in the usual sense: if [ fdP, —
J fdP for all functionals f continuous and bounded on D(A) with respect
to the metric dp. If {X,, }n>0 is a sequence of set-indexed random processes
whose sample functions are from the space D(A) a.s., then X, is said to
converge weakly to Xo (denoted by X,, — Xj) if the distribution laws of
X, converge weakly to those of Xj.

From [8] we have the following proposition:
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Proposition 2.1. X,, — X, if:

(i) Pj&...,Ak that are finite-dimensional distributions of X,, converge to
those of Xg for all finite k and Ay, ..., A € A*, where A* is a dense subset
of A with respect to dp;

(ii) the sequence { X, }n>1 is tight, that is to say, for alle > 0 there exists
a compact subset F of D(A) such that

inf P{X,, e FF} > 1—e¢.
n

Definition 2.2. The mapping X : B x {2 — R is a random measure
(r.m.) if:

(i) X(4,-) is a random variable (r.v.) for each A € B;

(ii) X (-,w) is a finitely additive measure on B a.s.

Let the restriction of the r.m. X to .4 C B be also denoted by X. Define
var (X (A), A € A) as total variation of X with respect to (T', B).

On account of Theorem 8.2 from [9] we have the following criterion for a
sequence of r.m.’s to be tight:

Proposition 2.2. A sequence of r.m.’s {X,(A),A € A},>1 is tight if
for any e > 0 there exist positive numbers M., 0., an integer-valued function
N(0), and a positive-valued function h(d) such that the conditions

sup P{X, € F.} <e/3, k=123,
are satisfied for the following three subsets of D(A):
Fy = {X : var (X(A),Ae A) < ME},
F5 = {X : every element of G(X) is within a distance < 0.
from some (A;, X(4;)), i=1,...,N(0:), with respect to p},

Fi={X: sw IX(B)-X(A)[<d. i=1,....,N(.)}
A;cBcAl®S)

(A1,..., An(s.) € A is some O.-net of A possibly depending on X).

Definition 2.3. A r.m. X is called a Lévy r.m. if:

(i) it has independent increments, i.e., r.v.’s X(A1),..., X(Ay) are inde-
pendent for pairwise disjoint sets Ay...., A, € B;

(ii) it is stochastically continuous, i.e., for any sequence A, € B and all
e > 0 we have P{|X(A,) — X(A4o)| > ¢} — 0 whenever dr(A,, Ag) — 0 for
an arbitrary set Ag € B.

From [5-7] we have the following two propositions:
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Proposition 2.3. If a Lévy r.m. actually exists, then the logarithm of
its characteristic functions can be expressed for each A € B by

In E{e™*XY = w0 (u) + 0 (u), (2.1)
where
U (w) = iuM(A) — (1/2)u’V (A), (2.2)

\Ilf)(u) = / | 1(6“”” — 1 —duz)v(A,dz) +
z|<

+ /Iw>1(e“”” —1v(A,dz) (2.3)

and M 1is a real-valued function on B continuous in the metric dy,, V is a
finite nonnegative measure on I, absolutely continuous with respect to the
Lebesgue measure; for all A € B, v(A,-) is a positive measure on R with

v(T',{0}) = 0 and satisfying

/(a:2 ADy(T,dx) < oo;

for every Borel set B C R with a positive distance to {0}, v(-, B) is a non-
negative finite Borel measure on ', absolutely continuous with respect to the
Lebesgue measure.

Proposition 2.4. There exists a set-indexed process with independent
increments and logarithm of the characteristic function of form (2.1). More-
over, this process has a version which is a Lévy r.m. on B.

Remark 2.3. From (2.1)-(2.3) it is clear that every Lévy rm. X can
be expressed as the sum of the independent Gaussian r.m. Xg and the
non-Gaussian Lévy rm. X, ie., X = X¢g + X5

Definition 2.4. The Lévy r.m. is P-homogeneous with real numbers p,
o > 0 and the Lévy measure v(dx) and called the Lévy (P, u, o, v)-r.m. if
for each A € B the logarithm of its characteristic function (2.1) has the
form

lnE{eiuX(A)} _ P(A){iuu —o%u?/2 +
+/|x|<1(ewa: — 1 —dur)v(de) + /z>1(eluz - 1)y(d;c)}, (2.4)

where P is some probability measure on B, absolutely continuous with re-
spect to the Lebesgue measure.
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According to Remark 2.3 the Lévy (P, u, 0)-r.m. is the Gaussian r.m. if
v =0 and it is the Brownian P-r.m. if, additionally, u =0, c #0. If v #0
and u = o = 0, then it is the non-Gaussian (P, v)-r.m.

Definition 2.5. For o € (0,2) the non-Gaussian (P,v)-r.m. is called
the Lévy (P, a)-stable r.m. if v is the stable Lévy measure of the exponent
« having the form

(2.5)

V(dz) ce= (0 dg 2 >0,
el m N de, 2 <0,

where c¢1, co are positive finite constants.

If ¢4 = ¢co = ¢, then we say that the Lévy (P, «)-stable rm. X is
symmetric with logarithm of characteristic function having the form

In E{e™XMY = —cP(A)[ul*, «a€(0,2). (2.6)

If o € (1,2), then EX(A) exists, and for the symmetric Lévy (P, a)-
stable rm. EX(A) = 0. Note that the converse statement is also valid,
that is to say, if EX(A) = 0, then the Lévy (P, a)-stable r.m. is symmetric.

If the Lévy measure v is concentrated at a single point g, i.e., if

v(dz) = Adé(x — ), 2.7)

(
where A > 0 and 0(-) is the Dirac measure, then the non-Gaussian (P, v)-
r.m. is the Poisson P-r.m. 7 with the intensity J(A) = Ex(A4) = AP(A).
Let {x,}n>1 be a sequence of independent identically distributed (i.i.d.)
r.v.’s not depending on the sequence of Poisson P-r.m.’s {m,(A), A € A},
n > 1, with A =n for each n =1,2,.... Then

Kn(A)= > = (2.8)
i<mp (A)
is called the compound Poisson P-r.m. Its intensity is equal to
Jn(A) = EK,(A) = naP(A), (2.9)

if Fx; = a. Note that the compound Poisson P-r.m. can also be written in
the form

Ko(A)= Y aidal&), (2.10)

<7 (T)

where &; are d-dimensional r.v.’s not depending on z; and 7, (I") and having
the distribution P and I4(§;) = I{& € A}, where I{-} is the indicator
function.

Under certain conditions compound Poisson r.m.’s can be approximated
by compound point r.m.’s, namely, it is easy to prove
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Proposition 2.5. If the conditions (a)— (d) are applied to the subfamily
A and r.v.’s z; lie in the domain of normal attraction of the stable law of
the index « € (1,2), then the three normalized r.m.’s

(WH(F))A/O& > (@i —a)la(&),

i<7mp(T)

MY (@ a)la(&), nTVY (@i —a)la(&), A€ A,

<7 (T) i<n
converge weakly to the same limit as n — oo.

When the domain of the Lévy (P, u,0,v)-r.m. X is the whole Borel o-
algebra, then its sample functions are not all bounded as a rule. A question
arises here how its domain A C B should be restricted for its sample func-
tions to be bounded and continuous or to be at least elements of the space
D(A) a.s. The following propositions from [1, 2, 7-9] give the answer to
this question.

Proposition 2.6. Let the entropy H of the subfamily A C B satisfy the
condition

/1 (H(z)/x)"*dz < oo (2.11)
0

Then the sample functions of the Lévy (P, u,o,v)-r.m. X(A), A € A, are
continuous with respect to the metric dy, a.s. if and only if it is the Gaussian
(P, p,0)-r.m.

Therefore the sample functions of the non-Gaussian (P, v)-r.m. are dis-
continuous a.s.

Remark 2.4. If condition (2.11) is not satisfied for the entropy H of A,
then according to [4] sample functions of the Gaussian (P, i, 0)-r.m. X (A),
A € A, may not even be bounded.

Proposition 2.7. If the Lévy measure v is such that

/ (Jz| A1)v(dz) < oo, (2.12)

then the sample functions of the non-Gaussian (P,v)-r.m. belong to the
space D(B) a.s. (i.e., no entropy condition is required).

Thus according to (2.5) and (2.7) the sample functions of the Lévy (P, o)-
stable r.m. X (A) with a < 1 and of the Poisson P-r.m. w(A), A € B, are
elements of the space D(B) a.s.
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Proposition 2.8. Let the entropy H of the subfamily A C B satisfy the
condition

/ 1 (H(z)/x)' " dz < oo, (2.13)
0

where a € (1,2); then the sample functions of the Lévy (P, a)-stable r.m.
X(A), A € A, belong to the space D(A) a.s.

Proposition 2.9. Let there be positive constants K, r such that for the
entropy H of the subfamily A C B the condition

H(z) < Kz~ (2.14)

is satisfied for sufficiently small x > 0. Then the sample functions of the
non-Gaussian (P,v)-r.m. X(A), A € A, belong to the space D(A) a.s.

Remark 2.5. If in condition (2.14) we additionally require that r < 1,
then conditions (2.11) and (2.13), too, will be fulfilled for the entropy H.
Thus according to Remarks 2.3 and 2.4 the condition (d) above ensures
the belonging of the sample functions of the Lévy (P, u,o,v)-r.m. X(A),
A € A, to the space D(A) a.s.

Let us assume that in the sequel the subfamily A C B will always be
subjected to the conditions (a)—(d) above. We shall consider the Lévy
(P,p,o,v)-rm. L(A), A € A, with EL = 0. By analogy with Dudley
[3] we introduce

Definition 2.6. The r.m.
L(A)=L(A)— P(A)L(T), A€ A, (2.15)
is called the Lévy (P, u, o,v)-bridge.

If L is the Gaussian (P,0,0)-r.m., then £ is the Brownian (P, o, )-bridge
and denoted by L. If L is the non-Gaussian (P, v)-r.m., then due to the
fact that its sample functions are discontinuous a.s. the r.m. (2.15) is called
the Lévy broken (P, v)-bridge and denoted by £L;,. Thus, generally speaking,
L =Lg+ Ly, where L and L, are independent of each other.

It is clear that £ is a stochastically continuous r.m. but without inde-
pendent increments. Note that £(@) = L(I") = 0.

One can easily prove the following two propositions:

Proposition 2.10. Let {L,},>1 be the sequence of Lévy (P,u,o,v)-
r.m.’s with P, —> Py, pn — o, 0n — 00, VUn 2oy asn — o0, and
let Lo be the Lévy (Py, o, 00, v0)-r.m.; then L, — Lq.

Remark 2.6. When I' = [0,1], A = {[0,¢],0 < ¢t < 1}, and P, is the
Lebesgue measure, a similar proposition was proved by Skorokhod [10].
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Let {X,}n>1 be the sequence of r.m.’s with EX,, = 0, and {A,(4) —
EA,(A),A € A},>1, be the sequence of Lévy (P, tin, On, Vp)-r.m.’s with
P, = Py, [ — [0, On — 00, Un — 1y, and nonnegative EA,, be of
order n” as n — oo (8 > 0) and EA,(-)/EA,(T) = Q(-), where Q is some
probability measure on I'. These two sequences are independent of each
other. Consider the sequence of r.m.’s {Y;,},,>1 where ¥, = X,, +¢,4,, and
en \\0 as n — oo.

Proposition 2.11. If X,, = L, where L is the Lévy (Py, p,0,v)-r.m.
with EL = 0 and &, is asymptotically equivalent to {EA, (T)}~1, then

Xn() - Pn(')Xn(F) i’ ‘C()

and
Yo () = Pa()Yu(T) = L(-) + M(4),
where L is the Lévy (Py, p, o,v)-bridge and M = Q — P,.

3. THE MODE-CHANGE PROBLEM IN A GENERAL FORM

Let {X,(A),A € A},,>1 and {A,(A),A € A},>1, be two independent
sequences of r.m.’s with sample functions from the space D(.A) a.s. Consider
two probability spaces (D(A), F, Pgn), k = 0,1, where Py, and Py, are
induced by X,, and X,, + ¢, A, respectively, with £, \, 0 as n — oo.

The mode-change problem can be stated in a general form as follows: On
account of the realizations of some observed r.m.’s X,,(4), A € A, we have:

(i) to test the null hypotheses

Hon: Xn(A) L X, (A)
against the alternatives

Hiy, : there exists some change-set C' € A, such that X, (A) 4 X, (A) +

enAn(ANC)

(i denotes the equality of the distribution laws);

(ii) to construct a consistent estimator C,, for the change-set C.

The consistency of the estimator is understood in the sense that dy,(C,,C)
— 0 in probability as n — oco. The mode-change problem reduces to the
classical change-point one when I' = [0,1] and A = {[0,¢],0 < ¢ < 1},
C = (to, 1], where t( is the unknown change-point.

Remark 3.1. One can formulate the mode-change problem with C not
necessarily from A4, but in that case it is not quite clear how the consis-
tency of the estimator should be determined for the change-set. In such a
situation one should evidently take into consideration each time the specific
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character of the class A. In the classical change-point problem this ques-
tion is set aside, since here the structure of the class A does not affect the
understanding of the consistency of the estimator for the change-point.

Remark 3.2. The mode-change problem reduces to that of testing the
hypotheses when the change-set C' =T and to that of goodness of fit when
C=2.

From our point of view, to solve the mode-change problem we have to
study the asymptotic behavior of an object such that it will be possible
not only to distinguish between the hypotheses Hy, and Hj, but also to
construct a consistent estimator for the change-set C.

In the case of the existence of FgX,, = A\, # 0and E1A,, = §,, Z 0, where
E}, denotes the mathematical expectation when the hypotheses Hy,, k =
0, 1, are valid, we think that such an object is the observed r.m. X, which
is normalized in an appropriate manner and is centered by the conditional
expectation, i.e., we have

T, (A) = n_’Y{)N(n(A) — o[ X (A)| X ()] } A€ A, >0, (3.1)

Then for our purpose it appears sufficient to center by the linear re-
gression a,(A)X,(I") where the set-function a,(A) is determined from the
condition

Eolan(A)X,(I)] = By [EO [X,.(A) |)?n(r)ﬂ .
Therefore
an(A) = A (A) /A (T),

and instead of the r.m. T, from (3.1) we can consider
Zn(A) = n-v{)?n(A) — (An(4) /An(r))f(n(r)} Ac A (3.2)

Obviously, EyZ, = 0 and E1Z,(A) = n~ Ye,0,(C) M, (A), where M, (A) =

If §,, and A, are nonnegative or nonpositive measures on A and for the
normalized measures P,(A) = A\, (4)/ () and Q,(ANC) = §,(AN
() /6,(C) the condition

Qn(ANC) > Py(ANC)

is fulfilled for all A € A for which ANC' # @, then the set-function M,,(A) =
Qn(ANC) — P,(A) has the unique maximum which is attained only on the
change-set C. Indeed, for all A # C we have

My (C) = My (A) =
=Qn(C\(ANQC)) = P,(C\(ANC)) + P,(ANC) > 0. (3.3)
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By the same argument it is clear that M,, attains its minimum only on the
complement to the change-set C' and M,,(C) = —M,,(C). Therefore the
form of EyZ,(A) is the key to constructing a consistent estimator for the
change-set C.

__Remark 3.3. From the above reasoning it is clear why the observed r.m.
X, should not be centered by EyX,. Though for the r.m.

Y, =n"(X, — EgX,) (3.4)

we have EyY,, =0 and E©Y,(A) = n 7,0,(C)Qn(A N C), the change-set
C' is not the unique set of attaining the maximum for @, (AN C). Any set
A € A containing C' is also a set of attaining the maximum.

Let By X, = A\, and E1A, = 6, exist, A\, and J,, being nonnegative or
nonpositive measures on A, both being of order n® (3 > 0) as n — co. The
normalized measures P, — P, Q,, — @Q where the probability measures P
and @ are absolutely continuous with respect to the Lebesgue measure and

Q(ANC) > P(ANC) (3.5)

for all A € A for which ANC # @.

Further assume that the sequence of r.m.’s {n=7(X,, — An)}n>1 (0 <
v < () satisfies the conditions of Proposition 2.2 and for all finite k£ > 1
and Aj,...,Ap € A* (A* is a dense subset of A) their finite-dimensional
distributions P14k converge to those of some Lévy (P, u,o,v)-r.m. L
with EL = 0. The rm.’s n=7(A,, — §,,) are the Lévy (Py, tin, On, Vp )-r..’8
with P, =5 P, pin — jio, On — 00, Vn —> Vg, as n — 0o, where og > 0, g
are real numbers and 1 is some Lévy measure.

Under the above assumptions one way of solving the mode-change prob-
lem is via the following two theorems:

Theorem 3.1. Ifn~7¢,|6,(C)| — 1 as n — oo, then under the hypothe-
ses Hyp:

Y, =L, Z,—=L
and under the alternatives Hy,,:
Y, % L+m, Z,—L+M inthe case 6, >0

and
Y, = L—-—m, Z,—L—M in the case 6, <0,

where L is the Lévy (P, u, o, v)-bridge and
m(A)=Q(ANC), M(A)=Q(ANC)—-P(4), Ac A
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Theorem 3.2. If n®~ Ve, — 0o as n — oo, then the estimators

& _ argmax c 4 Zn(A) if 9, >0,
" largminge 4 Zn(A)  if 6, <0

and

C), = argmax ¢ 4 |Zn(A)| (if the sign of 6, is unknown)

are consistent estimators for the change-set C.

Example. Consider the classical change-point problem:

Let x1, ..., 2, be independent observations on the r.v. £ distributed with
the density f(z). On account of these observations we have:

(i) to test the null hypothesis

Hy: f(z) = f(x)
against the alternative:

Hi : there exists a change-point 1 < rg < n or ty = ro/n such that
Z1,...,Ty, are observations on the r.v. distributed with the den-
sity f(z) = f(x) while @,,11,...,2, are observations on the r.v.
distributed with the density f(z) = fn(z) = f(2) + enhn(z) where

€n | 0 and h,, — hg in some sense as n — oc;

(ii) to construct a consistent estimator for the change-point if the latter
exists.

This problem can be reduced to the mode-change problem for random
measures provided that we take into account the following reasoning:

The probability density of the sum & + €, A, of independent r.v’.s can
be written in the form f + ¢,Ag,, where

Ag(z) = */ [y /01 f(x— 6nyt)dt]g(y)dy,

f and g, are the probability densities of & and A,,, respectively.

When g runs through a closed set G of probability densities with finite
first moments, the functions Ag will run through the closed family H* C H,
where H is a family of functions h with [ h(z)dz = 0 and finite [ zh(z)dz.
It is obvious that h,, € H.

For any given h,, let us consider

HY = {h: he H, /xh(az)dm - /xhn(x)dx},

and find the function h;, such that o(hy,, h},) = infren: 0(hn, h), where g is
the metric in whose sense the convergence h,, — hg is considered.
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Instead of f,, = f+enhy, we can consider f = f+e,h), where b}, — h§
in the metric g and f;; is the convolution of f with some g, € G, which is a
quasisolution for the following Fredholm integral equation of the first kind:

Ag = h,. (3.6)

However, from the asymptoptic viewpoint there is no difference whether we
consider f,, or fr as an alternative.

In this example I' = [0,1], A = [0,¢], 0 < ¢t < 1, and D(A) is in fact
the Skorokhod space Djg ). (In D(A) the metric dp is stronger than the
Skorokhod metric.) Using the observations x1,...,x, let us construct the
random measures, i.e., the processes

Xo(t) = X, ((0,]) = Y @, te[0,1].

On account of these processes we have:
(i) to test the null hypotheses

> d
Hop + X,([0,t]) = X, ([0, 2])
against the alternatives

Hy,, : there exists some change-set (o, 1] such that

Xa([0,2]) £ X, ([0, ) + £ AL (0,2] 0 (t0, 1),

where
Xo(t) = Xu((0,2]) = > & AL(0, N (ko 1)) = Y AP,
i<nt nto<i<n
where £1,...,&n, AS), e Agl") is the sequence of independent r.v’.s

with &1,...,&, being distributed identically with the density f and
AL .. A being distributed identically with the density gy, which
is a quasisolution of equation (3.6);

(ii) to construct a consistent estimator for the change-set provided that
the latter exists.

If [2f(x)de=a#0, [zh,(z)de =b,,n=0,1,2,..., and b, — by # 0
as n — 00, then
A (0,1]) = nat,
6, ([0,8] N C) = nby(t — to)I{t > to}, te€0,1],
and

52(C) = nbn (1 — to).
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Therefore
Pn([ovt]) - P([Oat]) =1, P([Oat] n C) = I{t > tO}(t - tO)a
Qn([0,4]NC) = Q([0,4] N C) = I{t > to}(t — to) /(1 — to).

Since ty € (0, 1), condition (3.5) is fulfilled automatically. All other required
conditions are also fulfilled here.

If the variances of r.v.’s x7 and AS) are finite, then v = 1/2, and pro-
cesses (3.4) and (3.2) take, respectively, the form

YO () =02y (2~ a),

i<nt
ZM () = ”_1/2< Z Ti— tzxi) =n1/? Z(xi —Tn),
i<nt i<n I<nt

where T,, = n~! Zign ;.
If £, = O(n~1/?), then by Theorem 3.1, under the hypotheses Ho,,,

v 2 Le, 2105 Lo
and, under the alternatives Hy,,
Y 2 Lg+bom, Z1M 2 Lg+ boM,
where L¢ is the Wiener process, L is the Brownian bridge, and
m(t) = (to — 1) I{t > to},
M(t) = I{t > to}(t — to) /(1 —to) —t, te0,1].

The function M has the unique minimum only at the change-point ¢y, while
the maximum of the function m is attained all over the interval [0, t5]. (Note
that M(tg) = M([0,%0].) The set [0,to] is a complement to the change-set
(to, 1], and on which the function M has its minimum.)

If n'/2¢,, — oo, then by Theorem 3.2 the estimators

7 _ Jargmaxiep zZMW(t) if by <0,
arg min, ¢ o 1] ZWM () if by >0

and
t, = argmax,e(q 1) 1Z3 (1)

are the consistent estimators for the change-point tg.

Remark 3.4. The statistics based on Y,Sl) and Zfll) are discussed in [11].
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If the variances of r.v.’s 1 and A(l) are infinite and these r.v.’s lie in the
domain of normal attraction of the stable law of an index o € (1,2), then
v = 1/a and processes (3.4) and (3.2) take, respectively, the form

Y2 (t) = n~ Ve Z (x; —a),

i<nt
ZO ) =n Y (2 —F), te0,1].
i<nt

Here if €, = O(n~(1=1/®), then according to Theorem 3.1, under the hy-
potheses Hy,,
YTS2) 2, L, ZSIQ) N Ly

and, under the alternatives Hy,,,
Y, ® 2 Ly +bom, Z3P Y Ly 4 boM,

where L, is the symmetric Lévy (P, a)-stable random process with P being
the Lebesgue measure on [0, 1], £ is the broken bridge corresponding to
L, and the functions m and M are as above.

If n'=1/@¢, — oo, then by Theorem 3.2 the consistent estimators have
the same form as ,, and t/,.

Remark 3.5. These last results are novel for the change-point problem,
too.

Proof of Theorem 3.1. Under the hypotheses Hy,,
Ya(4) £ 7 {Xa(4) = Au(A)},
A) £ 077 {(Xn(A) = Aa(A)) = Pa(A) (Xa(T) = (D) }
and under the alternatives Hi,,
Y, (A) =n 7 {X, (A A} +e,n 76,(C)QR(ANC),

Zn(4) =0 {(Xn A) - An<A>> — Pu(4)(Xa(T) = (D))} +

+en {(An(ANC) = 6,(ANC)) — Pu(A) (An(C) —6,(0)) } +
+en70,(C )(Qn(A ne) — Pn(A)).

Both under the hypotheses Hy,, and under the alternatives Hy,, the weak
convergence of Y,, and Z,, follows from Propositions 2.1, 2.2, 2.10, 2.11, and
by Remark 2.5 we have

enn” T {(An(ANC) = 6,(ANC)) — Py(A)(An(C) — 6,(C))} — 0
in probability uniformly on A. O
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Proof of Theorem 3.2. Assume that §,, > 0. If n®~7¢,, — oo, then because
of the fact that the Lévy bridge L is bounded a.s. we have

Zn Jenn16,(C) 2 M,

M is a continuous set-function on A and due to condition (3.5) it is proved
by analogy with (3.3) that M has the unique maximum at the change-set
C. Therefore by the fact that then argmax ¢ 4(Z,(A4)/enn™76,(C)) is a
continuous functional with respect to the metric dp in the space D(A) it
turns out that dL(@n, C) — 0 in probability. For d,, < 0 the proof is similar.
Since M has the unique minimum only on the complement to the change-
set C and M(C) = —M(C) with C ¢ A, there follows the consistency of
the estimator C,. O

4. THE MODE-CHANGE PROBLEM FOR THE INTENSITY OF COMPOUND
Po01ssoN RANDOM MEASURES

Due to (2.8) and (2.9) the mode-change problem in terms of the mean
values for compound Poisson P-r.m.’s can be stated as follows:
__ On the basis of realizations of the observed compound Poisson FP,-r.m.’s
K,(A), A€ A, we have

(i) to test the null hypotheses

Hl, : P,(A) =Py(A4), A€ A,
against the alternatives

Hjy,, : there exists some change-set C' € A such that
P,(A) = Py(A) + €,01n(ANC) + 0(en)d2n (AN C),

where €, \, 0 as n — o0 and {0xn }m>1, & = 1,2 are the sequences
of measures on A, which are absolutely continuous with respect
to the Lebesgue measure. The measures d1,, are nonnegative or
nonpositive and have a weak limit d;, while d5,, are bounded;

(ii) to construct a consistent estimator C,, for the change-set C'.

Remark 4.1. Keeping in mind the representation of compound Poisson
P,-r.m.’s in form (2.10), the foregoing statement of the mode-change prob-
lem concerns only the change occurring in the distribution of r.v.’s &;.

Let the r.v.’s x; in the representation of the observed compound Poisson
P,-rm.’s in form (2.8) or (2.10) be in the domain of normal attraction of
the stable law of an index « € (1,2) with Ex; = a # 0. Consider the objects

Y, = (m(T) (K, — BoKy) (4.1)

n

and

-1/«

Z3(A) = (ma(D) " {Ka(A4) = R(AKL (D)}, AcA (42)
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According to (2.9) we have

EOKTL(A) = JOn(A) = TZCLP()(A),

Hence v = 1/ and 8 = 1 (compare with the general formulation in Sec-
tion 3). Since we are interested in the asymptotic behavior of r.m.’s (4.1)
and (4.2), by Proposition 2.5 it is sufficient to investigate the asymptotic
behavior of the r.m.’s

Y/ (A) =~V [Z el a(E) — naPO(A)] (4.3)
i<n
and
Z(A) =n"1 [Z zila(&) — Po(A) sz} (4.4)
i<n i<n
These equalities can be rewritten as
Y = L, 4+ n'/?" YV, (4.5)
and
Z,(A) =Y, /(A) = Py(A)Y,/(T), (4.6)
where
Lo(A) =n~Y* (@ — a)Ta (&),
i<n
Va(d) =012 3 D [1a(6) — Po(4)].
i<n
Since the subfamily A satisfies the conditions (a)—(d), according to [3], under

the hypotheses H{,,, we have V, “ L¢, where Lg is the Brownian Py-
bridge. Because of the fact that L4 has bounded realizations a.s.

an'/?>~Y* sup |V,,(A)| — 0 in probability. (4.7)
AcA

If £,n' =/ |ady, (C)| — 1, then under the alternatives Hj, , n'/2=%/*qV,
converges in probability to m’ or —m’ depending on whether ad1,(C) is
greater or smaller than 0, where the set-function m’(A4) = §;(ANC)/6:(C).

Both under the hypotheses H{,, and under the alternatives Hj,,

Ly =% La, (4.8)

where L, is the Lévy (P, «)-stable symmetric r.m. This fact is proved
using Proposition 2.1. The convergence of finite-dimensional distributions
of L,, to those of L, and the tightness of the sequence {L, },>1 both under
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the hypotheses H|,, and under the alternatives Hj,, is proved quite similarly
to the proof of Proposition 5.1 in [8] and to the proof of the tightness of
the sequence of random processes from Example 6.3 in [9], respectively.
The only difference consists in that instead of the Lebesgue measure of sets
A € A we should consider the measure Py under the hypotheses H{,, and
the measure P,(A) = Py(A) 4+ £,01(ANC) + o(en)dan(A N C) under the
alternatives Hj,,.
Thus by (4.5)—(4.8) under the hypotheses H/,, we have

Yri/ ’w_> Lom Z;L/ ;w_) ‘Cb
and therefore by Proposition 2.6
Y, = La, Z), = Ly,

where L, is the Lévy broken (P, «)-bridge.
Under the alternatives Hj,, we have

w

Y/ % Lo+m!, Z!' 5 Ly + M for ad; >0
and
Y % Ly —m!, Z!' % L, — M for ad; <0,

where the set-function M’(A) = 6:(AN C)/6:(C) — Py(A). Therefore by
Proposition 2.5 the r.m.’s ;) and Z/, will have the same asymptotic behavior
as Y, and Z!, respectively.

If

61(ANC)/61(C) > Po(A) (4.9)

for all A € A with ANC # &, then, as shown above, the unique maximum
of M’ is attained only on the change-set C.

Thus, in common with Theorems 3.1 and 3.2, the following two theorems
are valid.

Theorem 4.1. Ifs,n'~Y*|ad;,(C)| — 1 for a € (1,2) as n — oo, then
under the hypotheses HY,,

and under the alternatives Hj,,
Y % Lo+m/, Z) 5 Ly + M for ady >0

and
Y, % Loy —m!, Z, 5% L, — M for ad <O.
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Theorem 4.2. If n'~'/%, — oo for a € (1,2) as n — oo, then by
condition (4.9) the estimators

& argmax ¢ 4 Zn(A4) if ady >0,
~ |argming 4 Z(A) if ady <0

and
C), = argmax ¢ 4 |Z,,(A)| (if the sign of ady is unknown)
are consistent estimators for the change-set C.

Remark 4.2. If Py is unknown, we should use the processes

~

Zo(A) = ma@) V[ N wila(©) - Pu4) Y ail,

i<mn(T) i<m, (')

where P,,(A) = m,(A)/mn(T). The processes Z, have the same asymptotic

~

behavior as the processes Z,,. Thus, the estimator
C)l = argmax . 4 | Zn(A)]
will also be consistent.

Remark 4.3. If x; are degenerate r.v.’s, in particular, x; = 1, then I?n (A4)
are Poisson P,-r.m.’s 7,(A). The objects

n2 (7 (A) = nPy(A)] and n”'2[7,(A) - Py(A)Ta(I)], A€ A,

weakly converge under the hypotheses H/,, to the Brownian Py-r.m. Lg
and to the Brownian Py-bridge L, respectively, and under the alternatives
Hi, to Lg £ m’ and L& £ M/, respectively.
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