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CHARACTERIZATION OF A REGULAR FAMILY OF
SEMIMARTINGALES BY LINE INTEGRALS

R. CHITASHVILIT AND M. MANIA

ABSTRACT. A characterization of a regular family of semimartingales
as a maximal family of processes with respect to which one can define
a stochastic line integral with natural continuity properties is given.

According to the characterization of semimartingales by the theorem of
Bichteler—Dellacherie-Mokobodzki (see [1],[2]) the class of semimartingales
is the maximal class of processes with respect to which it is possible to
define stochastic integrals of predictable processes with sufficiently natural
properties, more exactly: an adapted cadlag process X = (X;,t > 0) is a
semimartingale if and only if for every sequence of elementary predictable
processes (H™,n > 1), which converges uniformly to 0, the corresponding
integral sums

Ji(H™) = Z Hz'n(Xt/\tiﬂ — Xint,)
i<n—1
converge to 0 in probability for each ¢ > 0.

The aim of this paper is to give an analogous characterization for a regular
family of semimartingales X4 = (X% a € A) (see Definition 1 below) as a
maximal family of processes relative to which one can define a stochastic
line integral (along predictable curves u : © x [0,00[— A) with natural
continuity properties.

Let on probability space (£2, F, P) with filtration F' = (F;,t > 0), satisfy-
ing the usual conditions, a family X4 = ((X(¢,a),t > 0),a € A) of adapted
cadlag processes be given, where (A, .A) is a compact metric space with the
metric r and Borel o-algebra A. Denote by S, Mige, M2, Aloe, V classes
of semimartingales, local martingales, locally square integrable martingales,
processes of locally integrable variations and processes of finite variations
(on every compact), respectively.
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For some \ > 0 let

X;l’)\ = ZAX?IUAX?D)\)'
s<t

If X® is a semimartingale then the process X¢ — XA is a special semi-
martingale with the canonical decomposition

Xo Xa,)\ _ Ma,)\ +Ba,)\’

where B®* is a predictable process of finite variation and M%* is a local
martingale. Moreover, |[AB®*| < A, |AM®*| < 2) and hence M** € M2
(see, e.g., [2]).

Definition 1. We say that a family X4 = (X% a € A) is a regular
family of semimartingales if it satisfies the following conditions:

(A) the process X = (X(t,a),t > 0) is a semimartingale for every a € A;

(B) there exists A > 0, a predictable, increasing process K = (K, t > 0)
which dominates the characteristics of semimartingales (X — X aAa € A),
ie.,

(M** M*) < K, Var(B**) < K

on every [0,¢], for each a € A;

(C) the Radon—Nicodym derivative ¢(a,b) = d(M** — M®*)/dK (re-
spectively, g(a) = dB** /dK) is a continuous function of (a, b) (respectively,
of a) for almost every couple (w,t) with respect to the measure p, where
u is the Doleans measure of K; a function AX is continuous in proba-
bility uniformly on every compact;

(D) for each t € R a.s.

t t

/sup Ys(a,a)dK —I—/sup lgs(a)|dKs +
acA
0

a€A

+ Z sup ‘AXau(supaeA |[AXe|>X) < 0.
o<t a€A

For m € M2 . denote by H(a,m), f(a,m) and 1 (a,b) the derivatives

d(M®* m) d(M** m) d(M* MbH)
dK 7 d{m,m) ’ dK ’

respectively. It was proved in [3] that condition (C) implies the existence of

pf-a.e.(uf™-a.e., respectively) continuous in a modification of the function

H(a,m) (respectively, f(a,m)) and such a version will be considered.
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Let us introduce the classes U and U of predictable processes taking
values in A and in Q(A), respectively, where Q(A) is the space of all prob-
abilities on A. Assume that Q(A) is provided with the Levy—Prokhorov
metric.

Denote by U° the class consisting of elements of U taking values in some
finite subset Ay of A and by U the class of elements of U taking values in
the set of probability measures concentrated in some finite subset of A, i.e.,
for which there exists a finite set Ag C A such that us(w, Ag) = 1 for each
(w, t).

Let Uy (respectively, ﬁd) be the class of piecewise constant functions
consisting of elements u € U (respectively, U ) such that for some finite
sequence of (deterministic) moments t1 < ty < ... < tn,us = uy, for t; <
t < tiy1 and wy, is a Fi,-measurable random variable taking values in A
(respectively, in Q(A)).

Let UY =U°N U, and U0 oon T,

It is convenient to denote the elements of U and U by the same symbols,
since every element u € U can be considered as a degenerate element of
U. So we shall use the shortened notation: v = (u¢(w),t > 0) for u € U,
u=u(C) = (u(w),t > 0) = (u(w,C),t >0), C e Aforue U, while
the symbol H(u,m) for u € U will be used instead of the exact notation
(Hi(w,us, m),t > 0); the symbols f(u, m), p(u,v), g(u) are understood in a
similar way. For u € U, we sometimes use the expressions g(s, us), Hs(us, m)
instead of [, gs(a)us(da), [, Hs(a,m)us(da), respectively.

If the family of semlmartmgales XA satisfies conditions (A), (B), (C),
(D) then for each u € U (respectively, for each u € U) one can define a
stochastic line integral (respectively, a generalized stochastic line integral)
with respect to the family of semimartingales (X% a € A) along the curve
u=(u, t >0) as

/tX(dms) = /tM(ds,us) +/tgs(us)sz + (X(s,u(s)) —
0 0 0

s<t

— X (5=, u($) (X (s u(s) = X (s—u(s))|>2), £=20 (1)
t

t t
(resp.,/deuS :/Mdsus+//gs Jus(da)dKs +
0 0

+Z\/AX?I(|AX§L‘>>\)US(CZCL), t20>, (2)

s<t A

[}

where (fg M(ds,us), t > 0) (see [3],[4]) is a unique element of the stable
space of martingales £2(M#) generated by the family M4 = (M** a € A)
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such that
</M(ds7us) m>t - /tH (w5, m)dK s (3)
0
<resp., </M(ds Us), = //HS (a,m) us(da)dK> (4)
0 0 A

for every m € L2(M*) (we recall that Hy(a,m) = d(M**,m)4/dKy).

The stochastic line integral defined above does not depend on the choice
of A, on the choice of a dominating process K (if for them conditions (A),
(B), (C), (D) are fulfilled) and posseses the following properties:

(1) for each u € U° (respectively, for each u € U°)

t

X (ds,us) = Z I(y,—a)X (ds,a)

L OY—

a€A° 0
t
(resp., /X (ds,us) Z /us X(ds a)
0 a€A° 0

and for every u € Uy (respectively, for every u € Uy)
X(ds,us) = Z[X(ti-i-l Atyug,) — X (E Aty ug,)],
i

X(ds,u) = 3 /[X(ml At a) — X (t At a)]u, (da));

')

S L O~

(resp.,

(2) for uy = u%I(KT) + thI(tET)
tAT

t
/X (ds,us) /X (ds, u} /X(ds,ug)'
0

AT
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(3) for each u € U (respectively, for each u € U)

t

A /(X(ds,u(s)) — X(t,u(t)) = X (=, u(t))

(resp., A /t (X (ds, uls)) = / (X(t,a)—X(t—,a))ut(da));
0 A

(4) for each u € U (respectively, for each u € U)

([ as.uts). [ yiasus)) = / o, ),
0

(resp., </M(ds,u(s)),/M(ds7u(s))>t ZZZ¢S(G7Q)US(da)dKS>;

(5) if u™ — u p'-a.e. (in the sense of weak convergence of values in the
space of probabilities Q(A) if u™ € U), then for each t € Ry

O/X(ds,ug) - O/X(ds,us)

sup — 0,n — 00

s<t

in probability.

The stochastic line integral was introduced by Gikhman and Skorokhod in
[5] for continuous process K and for the derivative d(M®—M?®) /dK = ¢(a,b)
which is continuous with respect to a, b uniformly in (w,t).

Let H be a space of predictable processes H bounded by unity of the

form
H= Y Hly

i<n—1
where t; <ty < ---<t, and HiEfti~

Definition 2 ([6]). A family of processes ((X%,¢ > 0),a € A) satisfies
the U.T. (uniform tightness) condition if for each ¢ > 0 the set

t
(/HﬁXﬁ,HeH,aeA)
0

is stochastically bounded.

We shall use the following statements proved by Mémin and Slomiriski
[7]-



530 R. CHITASHVILIT AND M. MANIA

Proposition 1 ([7]). A family of semimartingales (X2, t > 0),a € A)
satisfies the condition U.T. if and only if there exists A\ > 0 such that for
eacht € Ry

1. the family Var()z“’)‘)t, a € A) is stochastically bounded;

2. the family ([M®*, M**);,a € A) is stochastically bounded;

3. the family Var(B**);,a € A) is stochastically bounded.

Remark. This proposition was proved in [7] for A = {1,2,...}. For an
arbitrary set A this statement is proved without any changess. Note that
since M is a local martingale with bounded jumps, the Lenglart inequal-
ity implies that condition 2 is equivalent to the stochastic boundedness of
the family ((M®*, M%), a € A) (see [8]).

Proposition 2 ([7]). Let ((X}*,t > 0),n > 1) be a sequence of semi-
martingales satisfying the condition U.T. and let X™ converge to some pro-
cess X in probability uniformly on every compact. Then the limiting process
X is also a semimartingale and, moreover, for each t > 0

sup |[M™* — M| — 0,n — oo, (5)
s<t

n,A A
Sup|Bs —BS|,n—>oo (6)
s<t

in probability, where M* (respectively, B*) is a martingale part (respectively,
the part of finite variation) of the semimartingale X — Y AXI(aAx>))-

Let us consider now a family X4 = (X% a € A) of cadlag adapted
processes and for each piecewise constant function u from U 9, associated
with a subdivision 0 = ¢ty < t; < -+ < t,, < 00, define a new stochastic
process

T, X4 = 3 [Xtia Atia) = X6 A tallun (da) (1)
i

which takes the form

Je(u, XA = (X (tigr Atyug,) — X (6 Atyu,)] (8)

%

for functions u from the class Uy.

It is easy to see that if X4 is a family of semimartingales, the process
(J¢(u, X*),t > 0) defined by expressions (8),(7) coincides with the stochas-
tic line integral and with the generalized stochastic line integral, respec-
tively.
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Theorem 1. Let X4 = (X% a € A) be a family of adapted cadlag pro-
cesses. If for each sequence (u™,m > 1) € (A]g converging uniformly to some
wel (in the sense of weak convergence of values in the space of probabili-
ties Q(A)) the corresponding integral sums Jy(u™, X4) are fundamental in
probability for every t, then the difference X — X is a semimartingale for
each pair a € A,b € A.

Proof. Let, for each sequence (u,n > 1) € (73 converging uniformly to
some u € U,

|Jt(u",XA) - Jt(um,XA)| — 0, n — 0o, m — 00,

in probability (for each t € R ). We must show that X — X® € S for each
a,b € A. To prove this, we use the same idea as in the proof of the theorem
of Bichteler—Dellacherie-Mokobodzki which consists in the following: the
continuity of the functional J and the semimartingale property are invariant
under an equivalent change of measure and it is sufficient to construct a law
Q equivalent to P such that the process X® — X’ be a quasimartingale
relative to the measure Q.

The possibility of constructing such a measure @ is based on the following
lemma whose proof one can find in [1].

Lemma 1. Let G be a bounded convex set of L°(P). Then there exists
a measure QQ equivalent to P, with bounded density, such that

sup B9y < €' < 0,

veG
where LO(P) is the space (of classes of equivalence) of finite random vari-
ables provided with the topology of convergence in probability.

Let us take as G the image of the set U 3 under the mapping J;. Evidently,
G is a convex (as an image of a convex set) and bounded subset of L°(P).

Therefore, applying Lemma 1 for G = Jt(ﬁ 9) and using expression (8) for
Ji(u, X*), we obtain

E@Y [X(tiga Atyug,) — X(ti Atyug,)] < C (9)

for each u € UY.
Let 7 be a function from U, associated with the subdivision 0 = ¢y <
t1 < -+ < tp, < o0, such that
a leQ[X(tZ+1 /\t7a) - X(tl /\t,a)/}}i] Z
U; = ZEQ[X(tH_l /\t,b)—X(ti/\t,b)/fti]
b otherwise
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From (9) we have

ECJy(u, X*) = E9Y E9X(tig1 A, ;) — X(t; A1)/ F,] =

= B9 [[(BQ(X (t41.0)- X (t1.0)/Fo, 12 EQ(X (tr41.b)~ X (t2.0)/ 72, ) BP X

X[X (tig1 At,a) — X(t; At,a)/Fy] +

FI(BQX (11 41.0)~ X (tr.0) [ Fo, | <EQX (t141.5)— X (12.0) 7 N EC X
X[X(tiJrl A t,b) - X(tz /\t,b)/]:tl] =

=E9Y E9[X(ti1 Ata) = X(ti At,a)/F ]V B9 x
X[X (tig1 At,b) — X (t; At,b)/Fy,] < C. (10)

On the other hand, since the family Y4 = (—=X?, a € A) satisfies the same
continuity property as the family X#, using for the family Y4 an inequality
analogous to (9), we have, for each fixed @ and b € A,

E?Y [~ X(tiy1 At,a) + X(ti At,a)] =
=—E9Y E9X(ti Atoa) = X(t; Ata)/F] < C, (11)

and

—E9Y EC[X(tig1 At,b) — X(t; At,b)/F] < C. (12)

Therefore it follows from (10), (11), (12) and from the equality |z — y| =
2max(z,y) —x — y that

E® Z |EQ[X (tip1 AL, a)— X (t;AL, a)— (X (tig1 AL, D) — X (ti AL, b))/ F]| < C.

Thus
sup E¢ Z |EQ[X (tiy1 At,a) — X(ti At a) —
t1 <<ty B
(X (i1 AL D) = X(t A L))/ F]| < C
for each ¢t € R, hence X% — X? is a quasimartingale with respect to the

measure @, and according to Girsanov’s theorem the process X* — X° will
be a semimartingale relative to the measure P. [J

The following theorem gives a characterization of a dominated family of
semimartingales:
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Theorem 2. Let the conditions of Theorem 1 be satisfied. Then for each
b€ A the family (X~ X" a € A) is a dominated family of semimartingales,
i.e., for each fived b € A the family (X®— X° a € A) satisfies condition (B)
of Definition 1.

Proof. According to Theorem 1 the process X® — X" is a semimartingale
for each a,b € A. Let us prove that for every fixed b € A the family of
semimartingales (X% — X® a € A) is dominated.

Evidently, for every u € ﬁg and b € A the process (J;(u, X4) — X?,
t > 0) is a semimartingale. One can show that the family of semimartingales
(J(u, X4) - X’ ue (73) satisfies the condition U.T. (for each fixed b € A),
i.e., the set

t
(/Hsd(Js(u,XA) — XM uelU},He H) (13)
0

is stochastically bounded for every t € R, .

It follows from the continuity property of the functional J that the set
(Je(u, XA),u € 5'3) and hence the set (J;(u, X?) — J;(v, X?),u,v € Tj’g%
is stochastically bounded for each ¢t € R,. Therefore it is sufficient to show
that for each H € H and u € ﬁg there exists a pair u',u? € (73 such that

t
/Hsd(Js(u, XA - XY = Jy(ut, XA — Jy(u?, XA). (14)
0

Without loss of generality we can assume that the function H € H has the

same intervals of constancy as the function w.

For H = %, . Hilyy, 4, and u(w,t,da) = >, ui(w,da)ly, ;
let us define -

i+1 i+1]

u(w,t,da) = Z (H; (w)ui(w,da) + (1 — Hf(w))egﬁt(da))l]t

istit1]
i<n—1
2 _ - - b
wP(w,t,da) = Y (Hy (W)uiw,da) + (1= H; (w))el, o (da) Ty, 1, ),
i<n—1
where H* = max(H,0), H~ = —min(H,0) and ¢° is the measure concen-

trated at the point b € A for each w,t.

It is easy to check that for u', u? defined above equality (14) is true and
hence the family of semimartingales (J(u, X4) — X° u € (7(9) satisfies the
condition U.T.

Denote by Y (respectively, by J(u, Y4)) the difference X — X? (respec-
tively, J(u, X“) — X®). Since b is fixed, we omit (for convenience) the index
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b (e.g., we write Y instead of Y** and M%* instead of M%®* below). Let

Z AY ) aye) >

s<t

XA =" Ao (u, YN A 0,y 4)) 15005

s<t

and let

Ve — Y = MMt a) + BMNt,a), MM (-, a) € Mige, BN+, a) € Alge,
Jt(u,YA) _ Y/;m/\ _ Mu,)\(t) + Bu’)‘<t),Mu’>‘ c MIOC’Bu,A c Aloca
be the canonical decomposition of the special semimartingales Y — yar
and J(u, Y4) — Y% respectively.

Since Y* € S (for any a € A), one can write the process J(u,Y®) in the
form

(w,YA) =Y /I(u —ayd(Y
acAd

for each u € UJ and it is easy to see that for each u € U° (the more so for
each u € U9, but not for each UY)

Y/tu,k _ Z ntél(usza)d}éa7A'
a€Ap

Therefore the uniqueness of the canonical decomposition of the special semi-
martingales implies that for every u € UY

M = J(u, M?), B4 = J(u, BY), (15)
where

Je(u, MAY = (M (tiga Atyug,) — MA (8 Atyuy,)) =
t

Z I[usza]dMsAﬂ’ S MIZOC’
a€Ap 0

Je(u, BA) = (BMtip1 Atyug,) — BNt Atu,)) =

%

Z /I[us_a dBAa eJ‘hoca

a€Ap 0
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and an easy calculation shows that the square characteristic of the martin-
gale J(u, M) is equal to

t

(T, M2y = > [ Ty, —agd (M%),
a€Agp 0

Since the family of semimartingales (J(u,Y*4),u € U 9) satisfies the condi-
tion U.T., it follows from Proposition 1 that the family of random variables
(M), Var(B“*);, Var(Y%),, u € U9) is stochastically bounded for each
t > 0. Therefore from equality (15) we have

lim sup P((J(u, M*)), > N) =0, (16)
N uely
lim sup P(Var(J(u, BY)); > N) =0, (17)
uely§
and
lim sup P(Var(Y**), > N) = 0. (18)
N uely

Let for each t € R

KM = esssup, cyo (7 (u, MA)),,
.

KP = €ss SUP,,e o |J:(u, BY)

Evidently, KM < KM, KB < KP as. for each s < t. Let us prove that
P(KM < 00) = P(KP < 00) =1 for every t € R
It follows from (16) and Lemma 1 that there exists a measure Q equivalent

to P, with bounded density, such that (for each t € R)

sup E9(J(u, M™)); < oo. (19)
uely
Suppose that
Q(esssupu€U3<J(u, M™)); =00) >a > 0. (20)

Then there exists some 0 < s < ¢ for which (a.s.)
E(esssup,epo ((J(u, M)y = (J(u, MA)),)/Fo) =
For each fixed s,t € Ry, s <t, consider the family of random variables

GS,(u) = EQ((J(u, MA))y — (J(u, MA)) | Fy),u € U
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This family satisfies the e-lattice property (with ¢ = 0). Indeed, if u!,u? €
U9 then we define u® € UY by

u? = Ioy (0,50 + Ipxjs,gu’ + Ipex)s,gu’,
where D = {w : G, ¢(u') > G, +(u?)} and v is an arbitrary element of U§,
for which we have
Gt (u?) > max(Gs i (u'), Gy (u?)).
Therefore according to Lemma 16.11 of [9]

E9(esssupyeyo ((J(u, MA))e = (J (u, M4))) [ F) =
= €sSSuP,er0 EQ((J(u, M) — (J(u, M)/ Fs). (21)

Thus from (20) and (21) we have
eSSSUpueUg EQ(<J(U, MA)>t - <J(u7 MA)>S/-7:S) BRSO

which contradicts (19), since, according to the definition of esssup (keeping
the lattice property for G? in mind) there exists a sequence (u™,n > 1) € U$
such that

EQ((J(u™, M*)), — (J(u™, M*)),/F,) — oo a.s.

The equality P(KP < c0) = 1 is proved in a similar way.
Let us prove now that

<Ma’Ma>t < KtMvt € R-i—a
(VarBa)t < KfB,t S R+,

for every a € A.

Without loss of generality we can assume that the random variables KM
and KP are integrable for each t € R, (otherwise, one can use a localizing
sequence of stopping times (7,,n > 1) with EK}{ < oo for each n > 1.
Such a sequence exists, since P(KM + BM < oo) =1 for each t € Ry, and
the processes K™, KB are predictable).

Similarly to the above, we can show that for each fixed s,t € Ry ,s <1,
the family of random variables

Git(u) = E((J (u, M) = (J (u, M)/ Fy),u € Ug

also satisfies the e-lattice property (with ¢ = 0) and equality (21) is also
valid, if we replace EQ by the mathematical expectation E with respect to
the basic measure P.
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Therefore using (21) we obtain
B(KM - K [F,) =

= E(esssup,epo (J(u, M™A)), — ess supueUg<J(u,MA)>s/fs) >
> esssup,epo E((J(u, M)/ Fs) — ess sup, cgo (J (u, M4, =
= €8S8UDycp0 B((J(u, M™)); — ess supueU3<J(u, M4)) s/ F)

> esssupycpo B((J(u, M)y — (J (u, M4)),/Fy) =

= B(esssup, ey ((J(u, M) = (J(u, M4))s) [ Fo) =

> E((M®) = (M%)s/Fs),

V

and hence the process (KM — (M%),,t > 0) is a submartingale. Since every
predictable local martingale of finite variation is constant (see, e.g., [10]),
we conclude that the process (KM — (M?),,t > 0) is increasing for each
a € A. Evidently, this implies that the measure d(M?);(w) is absolutely
continuous with respect to the measure dK M (w) for almost all w € €, i.e.,
(M®) < KM for each a € A.

Indeed, suppose H is some bounded positive predictable process such
that E [} HydKM = 0. Then

a M a —
EO/H5d<M >S+EO/Hsd(KS (M%),) = 0

implies that E fot Hod(M®)¢ = 0, since KM — (M?) is an increasing process.
In a similar way one can prove that

(VarB*), < KP t € R,

for each a € A. Thus the increasing process K; = KM + KP dominates the
characteristics of semimartingales (Y% a € A). O

Let X4 = (X% a € A) be a family of semimartingales and let for each
ueU°
t
Te(u, X4 =) /us(a)ng.
acAl
Evidently,
¢
T x4 = 3 / L, —ayd X
a€ A0 0

if u e U°, and

J(u, X4 = J(u, X4)
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for every u € ﬁg.

Theorem 3. X4 is a reqular family of semimartingales if and only if
for each sequence (u™,n > 1) € U uniformly converging to some u € U
the corresponding integral sums Jt(u , XA are fundamental in probability
uniformly on every compact.

Proof. The necessity part of the theorem is proved in [3].
Sufficiency. Let for each sequence (u™,n > 1) € g converging uniformly
to some u € U
sup |7, (", X4) = T, X4~ 0 (22)
s<t
as n — 00, m — 00, for every t > 0. We must show that the family of semi-
martingales X4 is regular. Since J(u, X4) = J(u, X*) for every u € Ud, it
follows from Theorem 2 that X4 is a dominated family of semimartingales,
i.e., condition (B) of Definition 1 is satisfied.
Let us show that the family X4 satisfies conditions (C), (D).
First we prove that there exists a u-a.e. continuous modification of the
Radon—Nicodym derivative

o(a,a) = d(M* — M) /dK.

Let AJ* = (a*,al,. .. al(m)) be a ——net of the compact A. Suppose that
the function ¢(a,a’) is separable (or we can choose such a version).
The function

* N o_1: m .m
v*(a,a") = lgln sup sup p(ai", aj")
ir(al™,a)< - j:r(a;”’,a’)<—

—m

is upper continuous a.e. with respect to the measure p* and it is easy to
see that the p®-a.e. continuous modification of the derivative of o(a,a’)
exists if and only if

o3 (ug,ug) =0, 0 <t < oo,

puX-a.e. for all u € U. Let there exist v € U such that

X [(w,t) " (u,u) > 0] > 0.

We can construct two sequences (u™,m > 1), (v™,m > 1) € U° (i.e., u™
and v™ are taking a finite number of values for each m), such that u™ —
u, v — u uniformly and

mm

p(u™ v™) — " (u,u), " —ae, (23)

as m — 0Q.
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Put u"(w) = a” (, ) vi"(w) = af’ , ), where the indices ai” and a"
are selected so that

and

(a7 (1)) Vo (wrt)) = sup sup p(ai",al") — —.

ir(al un (@) < & jer(al ug ()< &

Since for each u,v € U°

t

<j(u,MA) - j(v,MA»t = /cps(us,vs)sz
0

we have

Y

s 1Ys

t
liminf E(J(u™, M) — J(v™, M*)), = liminfE/cps(um v d K,
m m
0

t

> E/apz(us,us)sz >0 (24)
0

for some ¢ > 0. Since the family of semimartingales J(u, X4), ul Y) satisfies

the condition U.T. (the proof is similar to the corresponding assertion of
Theorem 2) and

sup | Js(u™, X*) — Jy(u™, X*)| — 0,m,n — oo, (25)
s<t

it follows from Proposition 2 that

sup | (u™, MA) — J,(u™, MA)| — 0, m,n — oo, (26)
s<t
sup |J5(u", BY) — J,(u™, BY)| — 0, m,n — oo, (27)
s<t

where

a€A° a€A°

t t
UUSTSRD Sl RO O R Dl PO
0 0

coincide with canonical decomposition terms of the special semimartingale

j(u,XA) — ZAJ(U,XA)[(‘j(u’XA)|>)\) for each u € UO.
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Obviously, (24) implies that the continuity condition (26) for J(u, M%)
with respect to u does not hold and therefore ¢(a, a’) is continuous in (a, a’)
with respect to the measure p*.

The existence of a pf-a.e. continuous modification of the derivative
gt(a) = dB(t,a)/dK; is proved analogously.

Let us prove now that the family X* satisfies condition (D). Evidently,
for each u € U°

<j(u,MA)>t = [ Ys(us, us)dKs
/

and it is easy to see that the u’-a.e. continuity of (a,a’) implies the -
a.e. continuity of the function v (a,b) along the diagonal (i.e., there exists
a pf-a.e. continuous modification of the function v (a,a)). Therefore

t

/sup Vs(a,a)dKs = esssup,cpo(J(u, MA)); < 0o ass.
acA

for each t € R1. The inequality

t

/sup gs(a)dK, < o0
acA

is proved in a similar way.
Since

AJi(u, XA = Y T—a) (X (t,a) = X(t—,0)) = X(t,u(t)) — X (t—, u(t)),
acA°

relation (18) can be rewritten as

lim sup P{Z |X(t,’u,(t))—X(t—,u(t))|I(|X(t’u(t)),X(t,’u(t))‘>)\) >n} =0,

n—oo 0
uelU s<t

which implies that

essSuD, o D |X (8, u(t)) — X (t—, () I(x (tu(t)) - X (t—u(e)) 52) < OO
s<t

a.s. for each t € R.
Since the continuity property (22) of the functional J implies that a
function AX} is continuous with respect to @ in probability uniformly on
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each [0,¢] and A is a compact subset of some metric space we obtain that

> sup AX(s,0) Lsup, . AlX(s,0)>2) =

s<t a€A
= esssup, ey X (tult) — X (t—, ()| I x () - X (t—u()|>n) =
s<t
= esssup,cpo Y |X(t ult)) — X (t—, u(t)| I x (tu(t) = X (1= u()|>A) <
s<t

a.s. for each t > 0, and hence condition (D) is fulfilled. O

Remark. A usual stochastic integral, evidently, corresponds to the case
X(t,a) = aX(t),a € R, where X is a semimartingale. It is easy to see that if
u is a locally bounded predictable process then the usual stochastic integral
fg usd X satisfies relations (3), (4), and hence the stochastic integral u - M
coincides (up to an evanescent set) with the stochastic line integral with
respect to the family of martingales (aM,a € R) along the curve u.

Conversely, let X = (X;,t > 0) be an adapted continuous process and
consider the family X4 = (aX,a € R). For an elementary predictable
process u € H

Jo(u, X4) = Zui[X<ti+1 At) = X(t; At)]

and it follows from Theorem 1 that the continuity of the functional J(u) with
respect to the class {u € UY : |u| < 1} implies that the process X = X1 —X°
is a semimartingale (since the process X° = 0 is a semimartingale).
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