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ON THE GLOBAL SOLVABILITY OF THE CAUCHY
PROBLEM FOR SINGULAR FUNCTIONAL
DIFFERENTIAL EQUATIONS

I. KIGURADZE AND Z. SOKHADZE

ABSTRACT. Sufficient conditions are found for the global solvability
of the weighted Cauchy problem
da(t) () — coll
= t), lim ———— =0,
o /@O, lim ==

where f : C([a,b]; R") — Lioc(Ja,b]; R™) is a singular Volterra op-
erator, cg € R™, h : [a,b] — [0,400[ is a function continuous and

positive on ]a,b], and || - || is the norm in R"™.

Throughout the paper the following notation will be used:
R is the set of real numbers, Ry = [0,4o00[; if u € R, then [u]y+

3 ([ul + w);
R™ is the space of n-dimensional column vectors z = (z;)7; with ele-
ments z; € R (i = 1,...,n) and the norm ||z|| = Y"1, |z;|;

Ri={zeR": |lz] < p):
if @ = (2,)7_,, then sgn(x) = (sgn)ly;
x -y is the scalar product of the vectors x and y € R™;

C(Ja,b]; R™) is the space of continuous vector functions z : [a,b] — R

with the norm ||z|c = max{||z(¢)]| : a <t < b};

Colla b B") = {o € Cla, b BY) : e < p}:
C(la,b); Ry) = {z € C([a,b; R) : x(t) >0fora<t<b};

if x € C([a,b]; R™) and a < s <t < b, then
[is<g<t);

)
v(x)(s,t) = max {[z(¢)
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Lioc(Ja, b]; R™) is the space of vector functions z :]a,b] — R™ which are
summable on each segment of ]a, b] with the topology of convergence in the
mean on each segment from ]a, bl;

Lioc(Ja,b]; Ry) = {z € Lioc(Ja,b]; R) : a(t) > 0 for almost all ¢ € [a,b]}.

Definition 1. An operator f : C([a,b]; R™) — Lioc(]a, b]; R™) is called a
Volterra one if the equality f(z)(¢t) = f(y)(¢) holds almost everywhere on
la,to] for any ty €]a,b] and any vector-functions x and y € C([a,b]; R™)
satisfying the condition z(t) = y(¢) when a <t < .

Definition 2. An operator f : C([a,b]; R™) — Lioc(]a,b]; R™) will be
said to satisfy the local Carathéodory conditions if it is continuous and there
exists a function 7 :]a,b] X Ry — R4 nondecreasing with respect to the
second argument such that v(-,p) € Li(Ja,b]; R) for p € Ry, and the
inequality

1F (@) O <~ (@, [lz]le)

is fulfilled for any x € C([a, b]; R™) almost everywhere on ]a, b].

If
b

/fy(t,p)dt < +oo for pe Ry,

a
then the operator f is called regular, and, otherwise, singular.
Here we will consider the vector functional differential equation

dz(t)

— = t 1
"0 ) (1)
with the weighted initial condition
() — coll
lim ———— =0. 2
e h(D) 2)

It is assumed everywhere that f : C'([a, b]; R™) — Lioc(Ja, b]; R™) is a Volterra,
generally speaking, singular operator satisfying the local Carathéodory con-
ditions, ¢p € R™, and h : [a,b] — [0,+oo[ is a continuous function nonde-
creasing and positive on ]a, b].

We will separately consider the case where h(a) > 0 so that condition
(2) takes the form

x(a) = co. (21)
The vector differential equation with delay
dx(t
YO ol a2 @), 2l ®) Q

is the important particular case of the functional differential equation (1).
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Below, whenever equation (3) is discussed, it will be assumed that the
vector function fy :]a,b[ x RU™*TD"™ — R™ satisfies the local Carathéodory
conditions, i.e., fo(t,-,...,-) : R — R™ is continuous for almost all
t €la,b[, fo(-,x0,%1,...,%m) :]a,b[— R™ is measurable for all z;, € R"
(k=0,1,...,m), and on the set ]a, b[ x R 1" there holds the inequality

Hfo(t,xo,ajl,..., | <7( ZkaH)

where v :]a,b] x Ry — R4 does not decrease with respect to the second
argument and (-, p) € Lioc(Ja,b]; Ry) for p € Ry. As for 7; : [a,b] — [a,b]
(i=1,...,m), they are measurable and

7i(t) <t for a<t<b (i=1,...,m).

Definition 3. If by €]a, b], then:
(i) For any € C([a, bo); R™), by f(x) is understood the vector function
given by the equality f(z)(t) = f(Z)(t) for a <t < by, where
f <t<
() = x(t) or a<t<b ;
Z‘(bo) for by <t < by

(ii) a continuous vector function x : [a,by] — R™ is called a solution
of equation (1) on the segment [a,bg] if x is absolutely continuous on each
segment contained in |a, bg] and satisfies equation (1) almost everywhere on
}CL, bo [;

(iii) a vector function z : [a,by] — R™ is called a solution of equation (1)
on the semi-open segment [a,bo[ if for each by €]a,by[ the restriction of z
on [a,by] is a solution of this equation on the segment [a, b;];

(iv) a solution x of equation (1) satisfying the initial condition (2) is
called a solution of problem (1), (2).

Definition 4. Problem (1), (2) is said to be globally solvable if it has at
least one solution on the segment [a, b].

Definition 5. A solution z of equation (1) defined on the segment [a, bg]
C [a, ] (on the semi-open segment [a, bo[C [a,b]) is called continuable if for
some by €]bo,b] (b1 € [bo,b]) equation (1) has, on the segment [a,b], a
solution y satisfying the condition z(t) = y(¢t) for a < t < by. Otherwise,
the solution x is called noncontinuable.

Definition 6. An operator ¢ : C([a,b]; R+) — Lioc(Ja,bl; R) is called

nondecreasing if the inequality ¢(u)(t) < @(v)(t) is fulfilled almost every-

where on |a,b[ for any v and v € C([a,b]; Ry) satisfying the condition
u(t) < wo(t) when a <t <b.
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Theorem 1. Let there exist a positive number p, summable functions

p and q : [a,b] — R, and a continuous nondecreasing Volterra operator
¢ : C([a,b]; Ry) — Lioe(]a,b]; Ry) such that

lin sup (il(lﬂ/tp(S)dS) <1, lim <}L(1ﬂ/tq(8)d8> =0 (4)

and the inequalities
fleo + hy)(t) - sgn(y(t)) < o([yl)(?), (5)
e(u)(t) < p(t)v(u)(a,t) + q(t) (6)

are fulfilled for any y € C([a,b); R™) and u € Cy([a,b]; R4) almost every-
where on |a,b. Let furthermore the problem

e (Do = ?

have an upper solution on the segment [a,b]. Then problem (1), (2) is
globally solvable and each of its noncontinuable solutions is defined on [a, b].

Proof. By virtue of Theorem 3.2 from [1] conditions (4)—(6) imply the exis-
tence of a noncontinuable solution of problem (1), (2). Let = be an arbitrary
noncontinuable solution of problem (1), (2) defined on the segment Iy. Our
aim is to prove that Iy = [a, b].

By (4) there exist by €]a,b] and a €]0, 1] such that

/p(s)ds < ah(t), ho(t) < ph(t) for a <t <bg, (8)

a

where ho(a) = 0, and

h(t)

( Lo
ho(t)zl_asup{h(s)a/q(ﬁ)dg. a<5§t} for a <t <by. (9)

By Lemma 2.3 and Corollary 3.1 from [1], conditions (4)—(6) and (8)
imply that Iy D [a, by] and
lz(t) — coll < ho(t) for a <t < by. (10)

Let v* be an upper solution of problem (7). Then by conditions (4), (6),
(8) and Lemma 2.3 from [1]

v*(t) < ho(t) for a <t <bg. (11)
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By (9) the function

ho(t) t—a
f t<b
e(t)={ h(t) bt AT (12)
0 for t=a
is continuous on [a, by|[.
For any u € C([a,b]; R) we set
e(t) for w(t) >e(t), a<t<by
x(u)(t) = [u(t)], for wu(t) <e(t), a<t<by (13)
[u(t)], for by <t <b

and

_ u
)t = ¢ (x(3)) - (14)
Obviously, x : C([a, b]; R)—C([a,b]; R+) and @ : C([a, b]; R)—Lioc(]a, b]; R+)
are continuous nondecreasing Volterra operators and the inequality
@(hu)(t) - sgn(u(t)) < p(t)v(u)(a,t) +q(t) (15)
holds for any u € C,([a,b]; R) almost everywhere on ]a, b[.
By Corollary 1.3 from [2] the problem
du(t)
dt

=B0)(0); Jim s =0 (16)

has a noncontinuable upper solution ¥ defined on some interval I. On the
other hand, by conditions (11)—(14),

*

v — (%
o(5) =30
and therefore v* is a solution of problem (16). Thus
v*(t) <o(t) for tel. (17)

By Lemma 2.3 and Corollary 3.1 from [1], conditions (4), (6), and (8)
imply the estimate

0<o(t) < ho(t) for a<t<by
and hence by (12)—(14) we obtain

v

PO = ¢(5) ®.
Therefore T is a solution of problem (7) so that

W(t) <v*(t) for tel (18)
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By (17) and (18) it is obvious that I = [a,b] and ©(t) = v*(¢). Thus v*
is an upper solution of problem (16).
Due to conditions (5), (10) and (12)—(14) we have

T (et) — coll) < B (e — ol 1) (19)

almost everywhere on Ij.
By Theorem 1.3 from [2], (19) and (2) imply the estimate

|z (t) — co|| < v*(t) for t e I.
Hence by Corollary 3.1 from [1], we conclude that Iy = [a,b]. O
For our further discussion we need

Definition 7. Let D C C([a,b]; R*) and M C Lio.(Ja,b]; R'). An op-
erator g : D — M is called a strictly Volterra operator if there exists a
continuous nondecreasing function 7 : [a, b] — [a, b] such that

T(t) <t for a<t<b

and the equality
9(x)(t) = g(y)(t)

holds almost everywhere on [a, to] for any ¢y € ]a, b] and any vector functions
x and y € D satisfying the condition

z(t) =y(t) for a<t<7(to).
Corollary 1. Let, for any y € C([a,b]; R™), the inequality

feo+hy) -sgn(y(®)) < p(lyl)®)wo(v(y)(a; 1)) + q(llyl)(?)

be fulfilled almost everywhere on la,b[, where p and q : C([a,b]; Ry) —
Lioc([a,b]; Ry) are continuous, nondecreasing, strictly Volterra operators
satisfying, for some p > 0, the conditions

imsup (11 / s ) <1, Ji (s / (p)(s)ds) =0,

and po : Ry — Ry is a continuous, nondecreasing function such that

lim sup #o(s) <1, (20)
s—0 S
+o0 d
wo(s) >0, / Woff) =+oo for s> 0. (21)

S

Then the conclusion of Theorem 1 is valid.
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Proof. By (20) the number p > 0 can be assumed to be so small that

S007(5)<,0 for 0<s<p.
s

We set
p(u)(t) = p(u)()po(v(u)(a,t)) + q(u)(t). (22)

Then inequalities (5) and (6), where

p(t) = plp)(t), q(t) =q(p)(t),

are fulfilled almost everywhere on ]a,b[ for any y € C([a,b]; R™) and u €
Cy([a,b): Ry,

By virtue of Theorem 1, to prove the corollary it is sufficient to show
that problem (7) has an upper solution on the segment [a, b].

Choose by €]a,b] and « €]0,1] such that inequalities (8) are fulfilled.

Let hg, €, x and @ be the functions and operators given by equalities (9)
and (12)—(14). As shown while proving Theorem 1, problem (7) is equivalent
to problem (16).

Following Corollary 1.3 from [2], problem (16) has an upper solution v*
defined on some interval I. Since problems (7) and (16) are equivalent it
remains for us only to show that I = [a, b].

By virtue of Corollary 3.1 and Lemma 2.3 from [1], I D [a, bo] and in-
equality (11) is fulfilled.

Now assume that I # [a,b]. Then, by Corollary 3.1 from [1] and the non-
negativeness of the operator @, there exists by € |bg, b] such that I = [a, by
and

lim v*(t) = 4o0. (23)

t—bq
By (8) and (11)—(13)

v (t)
h(t)

<p for 0<t<by

and i} .
Z/(X(%))(a,t) <p+ Z(éz)) for by <t < by,

due to which (14) and (22) imply

v* (1)
h(bo)

) for b0§t<b1,

where

*

po(t) ZP(X(N>>(7§)+W.
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On the other hand, since the operators p and ¢ are the strictly Volterra
ones, the function py : [by, b1] — R is summable.
From the above discussion it follows that the inequality

dv;t(t) /%0 (P + ZZZE?)) < po(t)

is fulfilled almost everywhere on ]bg, b1].
If we integrate both parts of this inequality from by to b1, by (23) we will
obtain

+o00 b1

h(bo) / ()%d(; < /po(s)ds < 400,

S0 b(]
which contradicts condition (21). The obtained contradiction proves the
corollary. [

The next corollary is proved similarly.
Corollary 2. Let, for any y € C([a,b]; R™), the inequality

flco+hy) -sen(y(®)) < p(lyl)(®)eo(v(y)(a,t))

be fulfilled almost everywhere on la,b[, where p : C([a, b]; R4+ )— L([a, b]; Ry)
18 a continuous, nondecreasing, strictly Volterra operator satisfying, for
some p > 0, the condition

t
. 1
i (55 [ oo93s) =
a
and po : Ry —]0,4+00] is a continuous, nondecreasing function such that

+oo
ds

0

Then the conclusion of Theorem 1 is valid.

Corollary 3. Let, for any y € C([a,b]; R"), the inequality

fleo + )0 -se(w0) < 2 (V) e ) r@)] (@)
be fulfilled almost everywhere on la,b[, where
T(t):b—(b—a)(l—f—lnz:j)_l, (26)

a >0 and B are constants such that

B>la—1]4—1. (27)
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Then problem (1), (2) is globally solvable and each of its noncontinuable
solutions is defined on the entire [a,b].

Proof. By Theorem 1 it is sufficient to show that the problem

du(t)  « (b—t

it b-a b—a)ﬁeXp [v(w)(a,7(®))], u(a) =0

has an upper solution on the segment [a, b]. But this problem is equivalent
to the problem

du(t) ! (b—t

i = () er o). ww =0 (9

By Theorem 3.2 from [1] problem (28) has a noncontinuable solution. It
is not difficult to verify that this solution is unique. We denote it by u. Let
I be the definition interval of w. Our aim is to show that I = [a, b].

Consider the function

v(t) :a(z:j —1) for a <t <b.

By virtue of (26) and (27)
a<7t(t)<t for a<t<b

and

dv(t) «@ (b—t

dt  b—a\b— CL)a_QGXP [o(r(1))] >

beaG;:Z)Bexp [v(7(t))] for a<t<b.

Hence, by Corollary 1.8 from [2], we have
v(t) >u(t) for tel.

However, by Corollary 3.1 from [2] this estimate implies that I D [a, b] and

b—

u(t) < a(bi—? - 1) for a <t <b. (29)

On account of (27) there is € €]0, 1] such that 8 > [a — 1]+ —e. If, along

with this inequality, we use equality (26) and estimate (29), then (28) will
yield

u(t) <

¢
b— sy la—1li—e
bga/(b—z> ' exp [u(7(s))]ds for a <t <b, (30)
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t

wspt [G=)(520) s

a

¢

. e a/b—a\e
- _ - — <
a(b—a) /(b s) ds<5(b7t) for a <t <b,

and hence

u(t) <oy +

l—e/b—a
-—c <
5 (b—t) for a <t<b, (31)

where

1(20()115
ap = — .
LR

By (26) and (31), from (30) we obtain

(=2 G e

bh— s\~
(b ) ds < ag for a<t<b,
—a

u(t) <

exp(ay)

b—a

«
< 5 explan)

B A —

where
_ 2
T 1—¢

Hence by Corollary 3.1 from [1] it follows that I = [a,b]. O

Q2

Corollaries 1-3 imply the following propositions for equation (3).

Corollary 4. Let there exist mg € {1,...,m} and a continuous nonde-
creasing function 7 : [a,b] — [a,b] such that

() < 7(t) <t for a<t<b (k=my,...,m). (32)
Let furthermore on the set |a, b] x RU™ V" there hold the inequality

fo(t, co + h(t)yo, co + h(T1(t))y1, - - -, co + B(Tm(t))ym) - sgn(yo) <

m mo—1 m
<p(t: > lwel)po (D2 mellel) +a(t S llusl),
k=0 k:mo

k=mg
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where p and q : [a,b] x Ry — Ry are functions summable with respect to
the first argument and continuously nondecreasing with respect to the second
argument, and satisfying, for some p > 0, the conditions

t t
. 1 , 1
hTim<mw/5“mma<”’Pﬂ<mw/“&m“)‘a

wo : Ry — Ry is a continuous nondecreasing function satisfying conditions
(20) and (21), ni, (k=0,...,mq) are non-negative constants such that

mo
Z e = 1.
k=0

Then problem (3), (2) is globally solvable and each of its noncontinuable
solutions is defined on [a,b].

Corollary 5. Let the function h be nondecreasing and inequalities (32)
be fulfilled, where mog € {1,...,m} and 7 : [a,b] — [a,b] is a continuous
nondecreasing function. Let, furthermore, on the set |a,b| x Rm+Dn there
hold the inequality

fo (t, co + h(t)yo,co + h(m1(t)y1, ..., co + h(Tm(t))ym) -sgn(yp) <
m mo—1
<p(t D2 lunl)eo (D2 lell),
k=mgo k=0

where p : [a,b] X Ry — Ry is a function summable with respect to the
first argument and continuously mondecreasing with respect to the second
argument, and satisfying, for some p > 0, the condition

yg(&ﬂjMamw>a

a

©o : Ry —]0,400[ is a continuous nondecreasing function satisfying condi-
tion (21). Then the conclusion of Corollary 4 is valid.

Corollary 6. Let on the set Ja,b[ x R ™ and the segment ]a, b[ there
hold respectively the inequalities

folt,co+yo,co+yu,-.., o+ ym) -sgnlyo) <
a (b—t\B m
< 2-t
< b—a(b—a) exp(?_:l??kllka)

b—a
b—t

and

n(®) <b—(b—a)(1+1n )_1 (k=1,....m),
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where a > 0, B andny, > 0 (k= 1,...,m) are constants satisfying condition
(27) and

an =1
k=1

Then problem (3),(21) is globally solvable and each of its noncontinuable
solutions is defined on the entire [a,b].

Example 1. Consider problem (28) where o > 1, 8 = a — 2, 7 is the
function given by equality (26). All conditions of Corollary 6 except (27)
are fulfilled. Nevertheless it has the noncontinuable solution

b—a
n=a(3= 1)
ut) =al3—
which is defined not on the segment [a, b] but on [a, b[. This example shows

that in Corollaries 3 and 6 the strict inequality (27) cannot be replaced by
the nonstrict inequality 8 > [a — 1]4 — 1.

Theorem 2. Let there exist § :]a,b] —]0,00[ and ¢ :]a,b] — R"™ such
that §(s) < s —a for a < s <b, and for any numbers s €]a,b], p > 0 and
any vector function y € C([a, s]; R™) satisfying the condition

lyMII < p for a<t<s—0d(s), (33)
let the inequality

fle(s) +y)(@) - sen(y(t) < @s,(llyl) () (34)

hold almost everywhere on |s — 6(s), s[, where s, : C([s — 6(s), s]; Ry) —
L([s — 0(s), s]; R+) 1is a continuous nondecreasing Volterra operator. Let
furthermore the problem

du(t)

g = Pep(W(t), uls—0(s)) =p (35)
have an upper solution on the interval [s — d(s),s] for any s €]a,b] and
p > 0. Then each noncontinuable solution of equation (1) is defined on
[a, b].

Proof. Assume that the theorem is not valid. Then by virtue of Corollary
3.1 from [1] there exist s € ]a, b] and a noncontinuable solution = : [a, s[— R"
of equation (1) such that

lim sup ||z ()| = +o0. (36)

t—s
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We set y(t) = x(t) — ¢(s) and choose p > 0 such that inequality (33) is
fulfilled. Then by (34) the inequality

dlly@
AL RSP t
MO < D 0
is fulfilled almost everywhere on |s — d(s), s].

Moreover,
ly(s = () < p-
By Corollary 1.7 from [2] the latter two inequalities yield the estimate

ly@®)] <wu(t) for s—4d(s) <t<s.
Therefore

lim sup fl(£)]| < lle(s)[] +limsup [ly(D)]| < lle(s)l] + u(s) < +o0,
—s8 —Ss

which contradicts equality (36). The obtained contradiction proves the the-
orem. []

Remark. It is obvious that if the conditions of Theorem 2 are fulfilled,
then the local solvability of problem (1), (2) guarantees its global solvability.
Therefore if the conditions of Theorem 2, as well as of Theorem 2.1 from
[1], are fulfilled, then problem (1), (2) is globally solvable and each of its
noncontinuable solutions is defined on [a, b].

Corollary 7. Let there exist functions § :]a,b] —]0,1], ¢ :]a,b] — R",
a:]a,b)x Ry — Ry, B:]a, b x Ry —]—1,0], and A, :]a,b] x Ry —[1, +o00]
(k=1,...,m) such that §(s) < s —a for a < s <b, and for any numbers
s €la,b], p > 0 and any vector functiony € C([a,b]; R"™) satisfying condition
(33), there hold, almost everywhere on s — §(s), s, the inequality

(c(s) +y)(1) -sgn(y(t)) <

!
< as,0)(s = 7 (143 i) (s — 5(5),7,65[)@))?“5,@) y
k=1

X In <2+ZV(?J)(S5(8),Tksp(t))>, (37)
k=1
where
_)s—=4(s) for s —8(s) <t <s—[5(s)] M)
Trsp(t) = {5 — (s 7t)ﬁ for s — [5(3)]>\k(5,p) <t<s . (38)

Then each noncontinuable solution of equation (1) is defined on [a,b].
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Proof. Let s €]a,b] and p > 0 be arbitrarily fixed. We introduce ¢ €0, 1]
such that

B(s,p) > 2e — 1.
By virtue of Theorem 2 and inequality (37), to prove the corollary it is
sufficient to establish that problem (35), where

a)(0)= s p)(s = 07 (1430 [l - 301, mep )] )
k=1

(24 3 v )(s = 00570 ). (39)

k=1

has an upper solution on the interval [s — d(s), ].

By Corollary 1.3 from [2] and equalities (38) and (39), problem (35) has a
noncontinuable upper solution «* on some interval I C [s —d(s), s]. On the
other hand, from Corollary 2 it immediately follows that I D [s — d(s), s].
It remains for us to show that s € I.

Choose numbers g €10,d(s)[ and py € ]p, +oo[ such that

1 1 —
= <In= < [a(s,p)(m+1)(1 +In(2+m))] tooe, (40)
0
u*(s = do) < po, (41)
and for any k € {1,...,m} and u € C([s — do, s]; R) put
y 5 — 0o for s—éogtgs—é)"“(s’p)
(1) = 5 re(s.p) i (42)
s—(s—t)*E»  for s—4) <t<s
k(S,p)
. 00 for s—éogtgs—é)‘
Vi (U)(t) = * Ak (s,p) 0 (43)
[u(ri ()], for s—dg <t<s

(P* (U)(t) = OZ(S, p)(s _ t)?E—l <1 + Z [I/Z(u)(t)] )\k(s,p)) <
k=1

x In (2 + gjl y;;(u)(t)). (44)

Then by virtue of (38) and (39) the inequality ¢ ,(u*)(t) < ¢*(u*)(t) holds
almost everywhere on |s — do, s[ and therefore

10 < w0, (45)

Let [ be a natural number so large that

0<

(1+3)e

8o 7 > pg (k=1,...,m). (46)
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Setting v(t) = (s — t)~(+2)¢ we obtain

v(s —dg) > po. (47)
Moreover, with (42), (43), and (46) taken into account we find
00 for 5—60§t§s—53"“(8’p)
vi(v)(t) = (t+doe

(s—t) *G2 for s-— 58"“(5”)) <t<s

and

(+3)e

vip(v)(t) < (s—1t) XA for sp—dp<t<s (k=1,...,m). (48)
By (44) and (48) the inequality
P*(0)(t) < als, p)(s — 1) (1 +m(s — 1)~ 1T2)) x
x In (2 +m(s — t)_(H'%)E) < afs,p)(m+1) x
X (s — t)25717(l+%)8 In [(2 +m)(s — t)—(l+§)e]

holds almost everywhere on ]s — dg, s].
On the other hand, using (40) we have

(s —t)°In

1 1
<dogln— <
s—t 50

< [a(s,p)(m—l—1)(1+ln(2+m))}_1 for s—dy<t<s

and
I [2 4+ m)(s = )] =In@ -+ m) + (1+ %)ﬂn ﬁ <
<( +1n(2+m))(l+ %)sln% <
G PN )
7Oé(S7p)(m+1)( t) fi o <t <s.
Therefore
@ (v)(t) < (l + %)E(s _pet-(ird)e (49)
and
L) > 0. (50)

By Theorem 1.4 from [2] inequalities (41), (45), (50) imply the estimate

0<u™(t) < (s— zf)_(H'%)E for s—0p <t<s,
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by means of which we find from (45) and (49) that

du*(t)
dt

<pifs =ty 0D

3

where p; = (I + 3)e. Assume now that the inequality

< pk(S _ t)—(l—k+%)s—1’ (51)

where py, is a positive constant, holds almost everywhere on |s — dg, s| for
some k € {1,...,1}. Then

1\ -1
0 <u™(t) < po+ (l —k+ 5) e(s — 1)~ (k+9)e <

< p1r(s — t)_(l_k+%)5 for s—9y<t<s,

where p1, = po+ (l—k—i—%)_la_lpk. On account of this, estimates (42)—(46)
yield

_(=ktd)e
Vi (u)(t) < po+ pui(s — 1) O <
(1—k+3§)e

< (po+ pux)(s —8) 0,

L+ 3 @)@ <143 (o0 + puo) ™90 (s — 1) 707K <
k=1 k=1

{ Z (po + p1x) k(s’p)} (s — t)_(l_kJr%)E,

m

In (2 +3° y;;(u)(t)) <In [(2 + i (po + Plk)) (s— 1) ]
k=1

k=1

Sln(2+ipo+mk)+lln(sit)§
<[m(2+ ipﬁm) e

and
du*(t
0< udt( ) < prpa(s — 1) U5 — 1) In st =
1
< prga(s — )" UF D5 I 50 S prya(s — £)"(RTEE,
0
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where

Pr+1 = a(s,p [ zm: (po + p1k ’\’“(S’p)] {ln <2+ i(ﬂo +P1k)) + l}
k=1 k=1

We have thus shown by induction that inequality (51) holds almost every-
where on |s — dg, s for each k € {1,...,1+ 1}. Therefore

du*(t) =4

0<—2— <pls—1)2

and 0 < u*(t) < p* for s — §g < t < s, where p* = py + %50%. By Corollary
3.3, the latter estimate implies s € I. [J

The proved proposition immediately implies

Corollary 8. Let there exist functions 0 :]a,b] —]0,1], ¢ :]a,b] — R",
0 :Ja,b)x Ry — R, §:Ja,b] —]—1,0], Ay :]a,b] — [1,+00] (k = ..., m)
and a number mg € {1,...,m} such that the inequalities

() Ss— (s )% (k=1,...,mo),
T(t) <s—08(s) (k=mo+1,...,m),

and

fo(t,e(8) + 9o, -+, ¢(8) + ym) - sgn(yo) <

m mo
<a(s, Do el ) s = 0P (143 Il ) x
k=mo+1 k=1

<tu (24 ) (52)
k=1

hold respectively on s —6(s), s| and |s — 6(s), s| x R ™ Then each non-
continuable solution of equation (3) is defined on |a,b).

Example 2. LLet b—a <1, A >1and € > 0. Then the differential
equation
dz(t)
dt

Ate

= 2eo - - )}

has the noncontinuable solution z(f) = (b — t)~2 defined on the interval
[a,b].

1See [3].
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This example shows that the index Mg (s) on the right-hand side of (52)
cannot be replaced by A (s)+¢ for any k € {1,..., m} no matter how small
e>0is.

To conclude, note that Corollaries 1, 2, 4, and 5 are analogues of the
well-known theorem of A. Wintner ([4], Ch. III, §3.5) for problems (1), (2)
and (3), (2), and Corollaries 7 and 8 are generalizations of the theorem of
A. Myshkis and Z. Tsalyuk [3] (see also [5]).
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