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BOUNDARY VALUE PROBLEMS OF THE THEORY OF
ANALYTIC FUNCTIONS WITH DISPLACEMENTS

R. BANTSURI

ABSTRACT. Integral representations are constructed for functions ho-
lomorphic in a strip. Using these representations an effective solution
of Carleman type problem is given for a strip.

INTRODUCTION

In studying some problems of the theory of elasticity and mathematical
physics there arise boundary value problems of the theory of analytic func-
tions for a strip [1, 2, 3, 4] when a linear combination of function values is
given at a point ¢t of the lower strip boundary and at a point ¢ + a of the
upper boundary.

We refer this problem to Carleman type problem for a strip. To solve
this problem, in §1 we construct integral representations which play the
same role in its solution as a Cauchy type integral plays in solving a linear
conjugation problem. In §2 a solution is obtained for a Carleman type
problem for a strip with continuous coefficients and in §3 a solution is given
for a Carleman type problem for a strip with a coefficient polynomially
increasing at infinity. In §4 a conjugation problem with a displacement is
investigated.

When the coefficient is a meromorphic function, a Carleman type homo-
geneous problem was solved by E. W. Barens in [5] by means of Euler’s
gamma-functions (provided that the poles and zeros of the coefficient are
known). Later various particular cases were studied in [1] and [6].

§ 1. INTEGRAL REPRESENTATIONS OF HOLOMORPHIC FUNCTIONS IN A
STRIP

Let a function ®(z), 2 = z + 4y, be holomorphic in a strip {a <y < b,
—00 < & < 00}, continuous in a closed strip {a <y << b, —0o < x < o0}
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and satisfy the condition ®(z)et!*l — 0 for |2| — oo, p > 0. The class of
functions satisfying these conditions will be denoted by A% (u).
Let

mB[3 + (=1)"]

W’ k - 1’2, (1.1)

(pk(z) € Ag(u’k)7 My, <

where o and [ are real numbers, 8 > 0. Then the following formulas are
valid:

—+oo

L [ @1(t)+P1(t+a)
Pl = 25 z 1.2
1(2) = o, / sinb p(t — 2) dt, 0<Znz<p, (1.2)
hps [ @s(t)—Da(t+a)
cosh pz o () — Do (t+a a
® B Pa{ 5 Iy s 1.
2(2) 2a / coshptsinhp(t_z)dt+ 2(2>a 0<Znz<fB, (1.3)

— 00

where p = %i, a=a+if.
The above formulas are obtained using the theorem on residues.
If (=) has a form

n

a\ —J
@k(z)_\llk(z)+z;Aj(z2) , Un(z) € Al(n), k=1,2,
J:

then we shall have

1 o) 4+0(t+a) |, <= (—p)iA; ;1 \G-D
&, (2)=— [ 2 realtra) 5~ (=P) Ay !
1(2) 2a/ sinhp(t—=z) ; 4! (coshpz) ’
0<Znz<p, (1.4)
+oo

n

Bo(z) = cosh pz / Dy(t) — Pa(t+a) g — Z A (J;p)j (tamhp2)0 D ¢

2a cosh pt sinh p(t — 2) ,
0o Jj=1

+<I>2(%), 0< Tz < f. (1.5)

Let further F}, k = 1,2, be functions given on the real axis L and having
the form F,(z) = fi.(x)e!s 7l f1.(£00) = 0, where fj, are functions satisfying
the Holder condition everywhere on L, y, are numbers satisfying inequality

(1.1).
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Consider the integrals

400
1 Fy(t)dt
®(z2) = — [ X g7 .3 1.6
1(2) 2cz/sinhp(t—z)7 <Imz<p (16)
hpr [ By(t)d
cosh pz 2(t)dt
d = 0<Z, . 1.7
2(2) 2a /coshptsinhp(t—z)7 <Inz<f (L7)

— 00

It is obvious that the functions are holomorphic in a strip 0 < y < .
Using the Sohotski-Plemelj formulas we can show that the boundary
values of ®; and ®, are expressed by the formulas

+o00
@1(t0):F1(t0)+1/ Fy(t)dt

2 2a | sinhp(t —to)’
- . (1.8)
Fi(to) 1 / Fy(t)dt
O (t = S A
ota)=—==-2, | Sabpl—to)’
Fa(to) hpr [ Fy(t)dt
B (1) = F2lto cos pz/ 5
2(to) 2 2a cosh ptsinh p(t — tg)’
—o0
Fylty) coshpty [ Fy(t)dt (1.9)
Dot +a) = — T2t0) | po/ 2()
2o 2 2a cosh ptsinh p(t — tg)

— 00

It follows from Plemelj—Privalov’s theorem that that the boundary values
of ®; and P, satisfy the Holder condition on a finite part of the boundary.
Let us investigate the behavior of these functions in the neighbourhood of
a point at infinity. We begin by considering the case with p, =0, k =1,2.
Rewrite formula (1.6) as

+oo
1 1 a 1
1) = 2a__/ [sinhp(t —2) pt—2)(t+a— z)}Fl(t)dt +

+oo +oo
1 Fi(t) g — 1 / Fy(t)dt
2ap t—z 2ap t+a—z

—0Q0 —00

, 0< Iz <.

Here the first term is holomorphic in the closed strip 0 < Z,,z < 3 and
tends to zero at infinity. The second and the third term are analytic in the
strip 0 < Z,,,z < 3, vanish at infinity and their boundary values satisfy the
Holder condition, including points at infinity [7].
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Therefore ®; € Ag(O).
Now let us consider the function ®5(z). Rewrite formula (1.7) as

@2(2) =

—+o00 —+o0
1 / (coshpz — coshpt)Fap(t)dt 1 Fy(t)dt
2a cosh pt sinh p(t — z) 2a sinhp(t — z)
As we have shown, the second term here belongs to the class Ag (0).
Denote the first term by Z and rewrite it as

+oo
T 1 sinh £(t + 2)F(t) 5t —
2 coshptsinh2(t —z)

— 00

oo . )
_ 1 sinh £(2z — 7 + iy) Fo(z — 7)
2a coshp(xz — 7) cosh £ (7 4 iy)

/ / sinh £( 2x—7’—|—2y)Fg(Jc—T)d
coshp(x — 7) cosh §(7 + iy) T
Let x > 0. Then the first integral will be bounded in the strip 0 < Z,,,z <

B, since 2z — T < 2(x — 7).
Rewrite the second integral as

—+oo
1 [ sinh 82z — 7 +iy) Fy(z — 7)
2a coshp(x — 7) cosh (7 + iy)

/ / smhp (x+t+iy)Fa(t)dt
2a 2a coshpt cosh & (x —t +iy)

The first term is bounded, since x 4+t < x — t. The second term can be
written in the form

1 [sinh Z([(w —t +iy) + 20 Fa(t)dt 1

2a cosh pt cosh §(x — t 4 iy) 2
0 0

tanh = (x —t+iy)Fa(t)dt +

1 x
+% /tanhpth(t)dt. (1.10)

2
Since the function tanh £z = tanh %(ﬁ + ai)z is holomorphic in the strip
0<Z,z <6< fand |tanh §z| — 1, the estimate

|D2(2)] < [®o(z)] + €|z] (1.11)
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holds for the function ®5 when x are large in the closed strip 0 < Z,,z < 4.
®y(x) is bounded for z > 0 and € < 0 is an arbitrarily small number. A
similar estimate is also true for the case x < 0. In the same manner one
can obtain an estimate of the form (1.11) in the strip 0 < § < Z,,z2 < 8
provided that the function ®5(z) is represented as

+oo +oo
1 cosh pz + cosh pt 1 Fy(t)dt
P = — F(t)dt — — _—.
2(2) 2a / cosh pt sinh p(t — 2) () 2a sinhp(t — 2)

Now let us consider the case with p, > 0, & = 1,2. Rewrite (1.6) as
follows:

+oo
1 cosh pyts (t)dt
[0} = — _— t) = t sh 1 t.
1(2) 2@/ Snhp(t—2) ¢1(t) = f1(t)/ cosh

It is obvious that ¢4 (¢) satisfies the Holder condition in the neighbourhood
of a point at infinity.
We write the function ®4 in the form

“+o0
By(z) = L / p1(t) coshl (t — 2) + ] ),
2a sinh p(t — 2)
bz [ coshpa(t — 2) inh iz [ sinh(t — 2)
coshpyz [ coshp(t —z sinhpyz [ sinh(t — 2)uy
= t)dt t)dt.
2a / sinh p(t — 2) Pr(t)dt + 2a / sinh p(t — 2) ()

Since py < 78/ (a + 52) = Rep, we have ®; € AP (111). Taking this into
account and applying the arguments used in investigating the behavior of
the function ®3(z) in the case with Fy(£o0) = 0, we show that

Dy € AD(By).
Let us formulate the results obtained above.

Theorem 1. If the functions Fj,(z)e "%l (k =1,2), satisfy the Holder
condition everywhere on L and Fy(z)e "%l — 0 for [z| — +oo, where p,
are some numbers satisfying inequality (1.1), then @y, € Ag(uk) for pup >0,
o >0, exp®y € Ag(g) for o = 0, where € is an arbitrarily small positive
number.

Formulas (1.8) and (1.9) imply

Di(t) + By (t+a) = Fi(t), te (—o0,00), (1.12)
@2(t)7@2(t+a) :FQ(t), te (700,00), (113)
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ie., ®1(z) and P2(z) defined by (1.6) and (1.7) are solutions of boundary
value problems (1.12) and (1.13) of the class Ag(,uk), k=1,2.

Clearly, if the function ®3(z) is a solution of problem (1.13), then the
function W(z) = ¢ + ®(z) will also be a solution. We shall show that
problems (1.12) and (1.13) do not have other solutions of the class A5 (u, ),
k = 1,2. For this we should prove

Theorem 2. If Fy(t) € L(—o00,00), then for a solution of problem
(1.13) of the class A’g(O) to exist it is necessary and sufficient that the con-

dition
oo

/ Fy(t)dt = 0
be fulfilled.
Proof. We can rewrite formula (1.7) as
1 17
Dy(2) = % / cothp(t — 2)Fy(t)dt — %a / tanh pt Fo(t)dt. (1.14)
a a
— 00

It is obvious that the limits of ®5(z) exist for z — +o00, 0 <y < 3, and
17 17
C + Dy(too +iy) = :t% / Fy(t)dt — % / tanh ptF(t)dt + C. (1.15)

Taking
oo
1
——/Fz ) tanh pt dt
2a

and setting

/ Fy(t)dt =0, (1.16)

we find by virtue of (1.15) and (1.16) that the solution of problem (1.13)
has the form

oo

1
W(z) = %a / coth p(t — z) Fy(t)dt (1.17)
a
and belongs to the class Af(0).
The necessity is proved by integrating equality (1.13) and applying the
Cauchy theorem. [
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It remains to prove

Theorem 3. If the function ¢ € Ag(%), A = =£1, and satisfies
the condition ¢(z) = Ap(x + a), then it is constant and, for A\ = —1, equal

to zero.

Proof. Let A = —1 and

oz) . ay_a
= - . 1.1
?) cosh pz + (2) m(z— %) (1.18)
The function W(z) € A (0) and satisfies the condition
2a%> ra 1
U(e) — (o +a) = — “”(5)71;2—@2/4' (1.19)

Since W(z) is a solution of problem (1.19) of the class A5 (0), the condition

oo

2%2%"(%) / ﬁjlﬁ:mw(g):o

—00

is fulfilled on account of Theorem 2. Thus ¥(z) is a solution of the homo-
geneous problem

U(x) —TV(z+a)=0, —oo<z<+00.
If we introduce the function

_U(2) - ¥(g)
Ui(z) = —————=
cosh pz
then we shall have
Ui(z)+Vi(z+a)=0, —o0<z<+00.
By applying the Fourier transform to the latter equality we obtain
Uy (14 et =0.

Hence we have Wy(t) = 0, U1(z) = 0. Therefore by (1.18) ¢(z) = 0. We
have thereby proved the theorem for A = —1.
Let A =1. Then

The function
U(z) = ¢(z) — w@a) (1.20)

also satisfies this condition and Lp(%a) =0.
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We introduce the notation

V(z) | a 9(3)
v = — .
o(2) cosh 2pz * 2m 2 — %

Now, repeating the above arguments, we find that ¥ (%) =0, i. e., ¥o(z) €

Ag (0) and satisfies the condition
Uo(z) — Uo(z+a) =0.

But, as shown above, in that case ¥y(z) = ¥(z) = 0 and therefore equality
(1.20) implies

which proves the theorem. [J

8 2. A CARLEMAN TYPE PROBLEM WITH A CONTINUOUS COEFFICIENT
FOR A STRIP

Let us consider the following problem: find a function ® of the class
Ag (1) by the boundary condition

O(z) = A\G(x)P(xz +a) + F(z), —oo<x< 400, (2.1)

where a = a+i83, 8> 0, up < 733+ \)/2(a? 4+ 3?), F and G are the given
functions satisfying the Holder condition including a point at infinity, G # 0
and F(£o0) =0, G(—o0) = G(00) = 1, the constant A takes the value 1 or
—1.

The integer number 3 = 5-[arg G(2)]1%, where [arg G(2)]*% denotes
an increment of the function arg G(x) when z runs over the entire real axis
from —oo to oo, is called the index of the function G(z). The index of
Go(z) = G(x)[(x — a/2)/(x + a/2)]* is equal to zero and therefore any
branch of the function In Gy(z) is continuous all over the real axis. We
choose a branch that vanishes at infinity. By formulas (1.7) and (1.9) G(z)
can be represented as

where

X() = (2 - g)%Xo(z),

oo (2.3)
Xo(2) = e cosh pz / In Go(t)dt
oL =P Ty, coshptsinhp(t — z) )’
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By virtue of Theorem 1 X(2) and [Xo(2)]7! € Ag(e), where ¢ is an arbi-
trarily small positive number.
Using (2.2), we rewrite condition (2.1) as

:)\(I)(era) F(x)
X(z) X(x+a) X(z)

The function ®(z)/X(z) is holomorphic in the strip 0 < Z,,,z < 3 except

perhaps of the point z = 5, at which it may have a pole of order s, for

» > 0, and satisfies the condition

—00 < < 00. (2.4)

(®(2)/X(2))e ™ -0 for |z] -0 and 0<y<p,

where 0 < pu < 76(3 + A)/2(a? + $%). By (1.4) and (1.5) condition (2.4)
implies

+oo
B(z) = );f) _/ 0 Q}?ﬁ& 5+ XE@a) Bra=-L (25

+oo
_ X(2)coshpz F(t)dt
= | 5@

2a cosh pt sinh p(t — 2)
—o0
+X(2)p2(z) for A=1, (2.6)
where
0, 2 <0,
x—1
= 2.7
#1(2) ZCk(l/coshpz)(k), x>0, @7)
k=1
0, 2 <0,
wa(z) = Z Cr(tanhpz)® . 5 >0, (2:8)
k=1
C}, are arbitrary constants.
Let us investigate the behavior of the function
X)) [ F)dt
z
= 0< Tz <8, 2.9
#(2) 2a / X(t)sinhp(t —z)" 2<p (29)

in the neighbourhood of a point at infinity. The function X(z) can be
represented as

X(2)= (2= 5) expli(2) - expTa(2),
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where

1 [ sinh2(z+£)In Go(t) »

Th(z) = ——
1(2) 2a coshptcosh §(t —z)
1 [ InGo(t)dt
To(z) = - [ —220Wd
2(2) 2a / sinhp(t — z)

As we have shown, T'y € A5(0), i. e., (expTa(2) — 1) € 45(0).
By differentiating the function I';(z) we obtain

, 1 /°° In Go(t)dt

= — _ < < .

() 2a J coshi(t—=z)’ 0sTmzsfo<b
—00

It is easy to verify that I'j(z) — 0 for |z| — oo and therefore for any
there is a number N such that

T (z+iy)| <e for |z| >N, 0<y<pf<p. (2.10)

We represent ¢(z) as

N
o(z) = X(2) / f(((t)) o dt
-N

2a t) sinhp(t — 2) +

(/ / > Smhp(tt_z), 0<Znz < fo.

It is easy to show that the first and the second term vanish for x — +oc.
We shall show that the third term also tends to zero for x — 400, 0 <y <
Bo < B. This term will be denoted by Z.

1=

7"exp<r2<z> ~ Ta(t) exp(Ts(2) ~ T1(0) (= = $)F() .

(t — 5)*sinhp(t — 2)
N

Assume that > > 0 and represent the function (z — 7)% as

(-8 = T g e
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Inequality (2.10) implies that
Ti(2) —T1(t)] < ‘/FI(S)dS‘ <elt—z|, t<N, »x>N, 0<y<fo,

ie., Re(I'1(t) —T1(2)) —e|t — 2| < 0. Thus we have
}exp[Fl(t) —T(2) —elt — 2| — 1| < Alt—=z|, t>N, > N.
The latter inequality and formula (2.11) imply

s|m o F(t
|I\<c2/ ot + iy P(0) e

n)!n!|sinhp(x — t +iy)||t — 5|"

oo

/ eflP=tAlx —t| + (1 — e~sl==th]| F(t \dt /
+c
! [sinhp(z — ¢ + iy)] 2|a|smhp (t—2)|

N

where, as shown above, the third term is the modulus of a function of the
class Ag (0). Since ¢ is an arbitrarily small number and F(o0) = F(—00) =
0, the first two terms are the convolutions of functions summable with
functions tending to zero for — oco. Therefore they tend to zero for z — oo,
0<y <G <p.

It can be shown in a similar manner that ¢(z) — 0 for z — —00, 0 <y <
Bo, as well. It is not difficult to prove that the function ¢(z) tends to zero
for |z| — o0, Bo < I,z < 8. When s < 0, one can use the same reasoning
to show that ¢(z) — 0 for |z| — oo, 0 < y < (3, provided that z and ¢
are exchanged in equality (2.11). Thus the function ® represented by (2.5)
tends to zero for |z| — +oo, 0 < y < B. Quite similarly, it is proved that
for the function ® defined by (2.6) we have ®(z)e~¢?l — 0 for |z| — oo,
0<y<p.

For sc < 0 the function X (z) has a pole of order —s at the point z = §
In that case the solution exists only if the following conditions are fulfilled:

T F(t) 1 (k)
X dt=0, k=0,...,(—«—1), for A=—1 2.12
/X(t) (COShpt) 0, 0, 7( x )v or s ( )

— 00

7 F(t) ; et \®
/ X(t) (COShpt) dt =0, k=1,...,(=%—1), for A (2.13)

— 00

The results obtained can be formulated as

Theorem 4. For A\ = —1 and > > 0 problem (2.1) is solvable in the
class AD(0) and a general solution is given by (2.5) with formula (2.7) taken
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into account. If » < 0, then the problem is solvable if condition (2.12) is
fulfilled. In these conditions problem (2.1) has a unique solution in the class

Ag(O) which is given by formula (2.5) for ¢; = 0.

Theorem 5. if A =1 and » > —1, the problem (2.1) is solvable in the
class Ag(e) and the solution is given by (2.6) with (2.8) taken into account;
for s < —1 the solution exists provided that condition (2.13) is fulfilled. If
these conditions are fulfilled, then problem (2.1) has a unique solution in the
class Ag (€). This solution is given by (2.6), where pa = 0.

8 3. A CARLEMAN TYPE PROBLEM WITH UNBOUNDED COEFFICIENTS
FOR A STRIP

Problems of the elasticity theory can often be reduced to a Carleman type
problem with coefficients polynomially increasing or decreasing at infinity.
We shall consider such a case below.

We write the boundary condition of the problem in the form

O(z) = P, (2)G(2)®@(x +i08) + F(z), —oo <z < 00, (3.1)

where G(z) and F(z) satisfy the conditions discussed in §2, and P, (z) is a
polynomial without real zeros. Condition (3.1) can be rewritten as

®(z) = qla® + 467526 — iz)’ " Go(2)®(z + i) + F(x),  (3.2)

where §(n) = 0 for even n and §(n) = 1 for odd n; ¢ is a complex number;
Go(x) is a Holder class function including a point at infinity Go(—o0) =
Go(OO) =1.

As shown above, the function Go(z) can be represented as

_ Xo(=)
GO(ZU) = m, —o0 < x < 00, (33)
where
B i\ > cosh pz 7 In [Go(t)(ifigﬁ)”]
Xolz) = (Z B ?) P ( 2i(3 cosh pt sinh p(t — 2) dt>' (34)

Write the function [z2 +442%]31(23 —iz)?(™) in form (3.3). We shall find
solutions of the problems

Xi(z) = (20 +ix) X1 (x +i8), —oo <z < 400, (3.5)
Xo(z +i6) = (20 — iz) Xao(x), —o0 <z < +400. (3.6)
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Applying the Fourier transformation to conditions (3.5) and (3.6), we
obtain the differential equations

(f1(t)e?) = (1 —2Be™) f1(t), —o0 <t < +00,
fo(t) = (26— e_ﬁt)fz(t), —00 < t < 400,
where f1(t) and f2(t) denote the Fourier transforms of the functions X (z)
and Xo(z).

By performing the reverse Fourier transformation of the solutions of these
equations we obtain the solutions of problems (3.5) and (3.6):

+oo
1
Xi(2) = / exp ( _ Beﬁt 4382+ z’tz)dt, 0<Tmz<B, (3.7

— 00

+o00
Xo(2) = / exp < - %e_ﬁt — 20t +itz)dt, 0 <Znz<p. (3.8)

— 00

On substituting e®* = 37, we have

3237 76

Q\N
Q
[ V)
=@
LS
—
—
w
+
e
~—

. (3.9)
iz i _ iz 12
2) =B 50/6 Fdr — 68 BF<2—5).
‘We introduce the notation
1 Xa(2)lE] —5(n)
X3(2) = [ T (Z)] (Xa(2) 0™, 0< Tz <. (3.10)

Using Stirling’s formulas [11], we obtain from (3.9) and (3.10) the following
representations of the functions X;(z) and X3(z) in the neighbourhood of
a point at infinity:

X2 = G Fel 5 (140(1)), 0<y<p,

%(2) = Caly)e Bt 8 (14.0(2)), 0<y<p,

where C1(y), C2(y) are the bounded functions that do not vanish.
By virtue of these formulas, for sufficiently large values of |z| (3.10) im-
plies

[Xs(2)] = C(y) (|| 7) B (=Bl 345) 20 (14 O(é)) (3.11)
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Using equalities (3.3) and (3.11), we rewrite condition (3.2) as

d(x) ®(x+i8) F(x)
— = , —oo <z <00, 3.12
X(z) X(@+if)  X(z) (312)
where X (z) = Xo(2)X3(2).
The function ®(z)/X(z) is holomorphic in the strip 0 < Z,,,z < [ except
perhaps for the point z = i3/2, where for ¢ > 0 it may have a pole of order
not higher than s, and satisfies the condition

(@(z)/X(z))e*“lzl —0 for |z]| =00, pu< % +e.

Write ¢ in the form

X4(x) iz
= —"——, X4(z) =ex (— In )
1T Xirigy PTG
From (2.7) and (2.5) it follows that if ¢ is not a real positive number, then
a general solution of problem (3.1) is given by the formula

2 T oexp (E=SE (5 — ¢
B(z) = );( 5) = (g) Sirﬁlhp((t - Z))) Pl)dt + X(2)p(2),  (3.13)

— 00

where vy =1In|q|, d = argq, 0 < § < 27.

= J T—0+iy)z
p(z) = Z C<%(exp W/Coshpz). (3.14)

For s« > 0 the solution of problem (3.1) is given by formulas (3.13) and
(3.14). Note that for »» < 0 it is assumed that ¢(z) = 0. For s < 0 the
function X (z) has, at the point z = §7 a pole of order —s¢ and therefore the
bounded solution exists in the finite part of the strip only if the conditions
p(z) = 0;

o0

| oo %(t)zjjj(w),

cosh pt
J=0,...,(=1—=5), (3.15)

are fulfilled. Thus, like in §2, one can easily prove that in the case of even
n problem (3.1) has a solution ®(z) € Ag(O) for any 6 € (0,2m), while in
the case of odd n it has a solution ®(z) € Ag(“gg‘; +¢) for 6 € (0,%];
®(z) € AS(0) for 6 (3,37); ®(2) € Ag(262_B3” +¢) for § € [3m,27),
where € > 0 is an arbitrarily small number.
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When ¢ > 0, by substituting
O(2) = Xa(2)¥(?)
condition (3.12) can be reduced to the condition

U(x) Y(z+1if) F(z)Xi(z)
- = — . 3.16
X@)  X@vm) X o csreee B
By virtue of formula (3.15) a general solution of problem (3.1) has the
form

+ X*(2)pa(2), (3.17)

225 /X* s1nhpt—z)

where X*(2) = X (z) coshpzX4(z),

x—1 j
Z C; ; (tanhpz) + Cz,  for 3 >0,
—Jj=0

p2(z) (3.18)

C, for =0,
0, for < -1,

C, Cj, j =0,...,(3c = 1), are arbitrary constants. If »» < —1, then the
solution exists only provided that the condition

(t) 1
—0, j=0,... (—%—2
/X* dtJ coshpt)dt 0, 7=00ns(==2),

is fulfilled.
One can prove that ®(z) € AJ(¢) for an even n and ®(z) € Ap (7/(26)+¢)
for odd n; here ¢ is a small positive integer.

Remark 1. Formulas (3.8) and (3.9) can be obtained by applying formu-
las (3.3) and (3.4).

Indeed, if in formula (3.4) Gy (t) is replaced by the function (28 —iz)~1,
then we shall have

cosh pz T Ini— In(z 4 2i0) d:r) (3.19)

2i3 cosh pz sinh p(x — 2)

X,(2) = exp <

By the function In z we understand In z = In |z| + arg z, —7 < arg z < 7.
After rewriting In(x + 2i3) as

n

In(z+2iB) = Y [In(z +if(k+2)) - In(z +iB(k + 3))] +In(z +iB(3+n))
k=0



228 R. BANTSURI

and substituting this expression into (3.19), by virtue of (1.3) we obtain

cosh pz T Ini— In(z + 2i0)

wz) = 2ip6 cosh pz sinh p(x — 2) do =
:Z[ zﬁk+2))—1n(¥+kzﬂ)}+
k=0
cosh pz T In(1+n)s) 1
2i0 cosh pt sinh p(t — z) dt+ O(ﬁ)

If we perform some simple transformations and calculate the latter inte-
gral by the formula

cosh pt T In[(n + 1)5]dx
2i3 coshpzrsinhp(x — z)

—00

then we shall have

_;m[(ui)e—i} <lnn+1 ’; )—lnﬂc—

;(ln(n+1)§;>+lnﬁ+0n, ¢= 226

i3

Passing to the limit as n — +o0, by virtue of (3.19) we obtain
12 iz
— AT (1+ )e Femetg = Ar(2- S)
¢ H 3

8§ 4. ON A CONJUGATION BOUNDARY VALUE PROBLEM WITH
DISPLACEMENTS

As an application of the results obtained in §2 we shall consider one
kind of a conjugation problem with displacements, when the boundary is
a real axis. Denote by ST and S~ the upper and the lower half-planes,
respectively.

Consider the following problem:

Find a piecewise-holomorphic function bounded throughout the plane
using the boundary condition

Ot (2) = G(2)® [a(z)] + f(x), —oo << +o0, (4.1)
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where G(z) and f(x) are the given functions satisfying the Holder condition,
G(x) #0, G(oo) = G(=00) = 1, f(+00) = f(—00) =0,
ofz) = T, z <0,
bx, x>0,

b is a constant.
If we denote by s the index of the function G(x), then G(x) can be
represented as [7]

X+(2) expw(z), z €8T,
(@) X~ ()’ ) (Z—H) expw(z), =2€57, “2)
z—1
+oo
1 [ Go(t)dt B T+ i\~
) =g | Thos G = 6@ ()
On putting the value of G(z) into (4.1), we obtain
oF(x) ¢ (ax) _ f(@)
Xt X-(x) ~ Xt(@) —00 < & < 400. (4.3)
For x < 0 condition (4.3) takes the form
ota) 0 (@) _ f) wa
Xt() X~(z) Xt(x) '
A general solution of problem (4.4) can be written as
0
f)d
/ X ) =2 + X (2)Po(2). (4.5)

The function ®(z) is holomorphic on the plane cut along the positive
semi-axis except perhaps for the neighbourhood of the point z = —i at
which it has a pole of order s for s > 0.

For s¢ < 0 the function X (z) has a pole of order —s¢ at the point z = —i.
Therefore for a bounded solution to exist it is necessary that the condition

B (i) + QM/W_O k=0,1,...,(——1), (4.6)

be fulfilled.
If we put the value of ®(z) into (4.3), then we have

df(z) = G1(2)®@y (bx) + fo(z), 0<z < o0, (4.7)
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where Gy (z) = (b;)), folz) = () + G1(x)A™ (bx)
0
1 Ft)dt
A(z)_zm_/ X+()(t — 2)

The function z = €S, ( = £ + 41, maps the strip 0 < 1 < 27 onto the
plane having a cut along the axis x > 0.
On introducing the notation ®¢(e¢) = ¥y(¢), 0 < n < 27, we obtain

dF(z) = Vo(€), @y (br) = Uo(¢& +1Inb+27i), —o0 < € < +o00. (4.8)
Thus problem (4.7) is reduced to the problem considered in §2
o (&) = GT(E)Wo(E +Inb + 2mi) + Fy(€), —o0 <& < 400, (4.9)
where G (&) = G1(e%), Fo(€) = fo(e®), G*(—00) = G*(00) = 1,

£(0)
X*(0)°

TndG* = 0, F0(+OO) =0, FO(_OO) =

Since for 3 > 0 the function ®(z) can have a pole of order s at the point
z = —i, we seek a solution ¥, of problem (4.9) in the class of functions
satisfying the condition

¢— %7” * 8 47
WO (Gi) €AW 1< (4.10)

By virtue of formula (2.6) it is easy to show that a general solution of
problem (4.9) is given by the formula

+oo
() = TG [T X (w0, (1)

where a = 1Inb + 2mi, p= 7t

= 3
ch cothkp(C — im'), x>0,

v(Q) = 4 i
C-1, n = _17
0, x < —1,

e cosh p¢ In G*(t
X*(¢) =exp ( / coshptsmhp(t—O)
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Returning to the variable z, we obtain

+
~ Xo(2) 21 fo(t)dt B
w0 =27 [ Gy F e - ), @)

0
B 1 OolnGl(lt)zt?P*1 17 Lfo(t)
xae) =ew (5 [ 2505 ) A= [ e
0 0

With (4.5) and (4.12) taken into account we conclude that a general
solution of problem (4.1) has the form

oo

f(t)d 221 fo (¢
P(z) = {2#1 X+ ) (t—=2) / t;:’ — 2%p) *
0
+ Xo(a)(pale) - 4)] (13)
i 220 4 (—3)2P\ k
ZC}@(M) , x>0,
po(z) = ’;i’ o (4.14)
0, x < —1.

The function 22P is holomorphic on the plane cut along the positive axis
if by this function we mean the branch for which the limit as z — 1 from
the upper half-plane is equal to 1 while t?” denotes the function value, at
the point ¢, of the upper edge of the cut.

For s = —1 the function X,(z) has a pole of first order at the point
z = —i. In that case po(z) = C_; and Xo(—i) # 0 and therefore the
constant ¢; can be chosen so that for z = —i the expression in square

brackets on the right-hand side of (4.13) would vanish. Hence when s > —1
problem (4.1) has a bounded solution for an arbitrary right-hand side. When
» < —1, for a bounded solution to exist it is necessary and sufficient that
the conditions

&1 fdt Xo(2) [ 2 Vfo(t)dt
& lam | XTmi—2 " e ) XT@z — )
—0o0 0

- AXO(Z)] =0,

z=—1, k=1,...,—x,

be fulfilled. Then the solution is given by formula (4.13).
For b =1 we have p = 1, Xo(2) = 1, fo(t) = f(t) and formulas (4.13)
and (4.14) give a solution of the conjugation problem.
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Conjugation problems with displacements are investigated in [8-10] in
the case with o/(t) belonging to the Holder class.
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