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OSCILLATION AND NONOSCILLATION CRITERIA
FOR TWO-DIMENSIONAL SYSTEMS OF FIRST ORDER
LINEAR ORDINARY DIFFERENTIAL EQUATIONS

A. LOMTATIDZE AND N. PARTSVANIA

ABSTRACT. Sufficient conditions are established for the oscillation
and nonoscillation of the system

p(t)v,

where p, q : [0, +00[ — [0, +00[ are locally summable functions.
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8 1. STATEMENT OF THE PROBLEM AND FORMULATION OF THE MAIN
RESULTS

Consider the system

u' = p(t)v,
oo )

where p,q : [0,+00[— [0, +o0] are locally summable functions. Under a
solution of system (1) is understood a vector-function (u,v) : [0, +o0[—
] — 00, +oo[ with locally absolutely continuous components satisfying (1)
almost everywhere.

A nontrivial solution (u,v) of system (1) is said to be oscillatory if the
function v has at least one zero in any neighbourhood of 4+00; otherwise it
is said to be nonoscillatory.

It is known (cf., for example, [1]) that if system (1) has an oscillatory
solution, then everyone of its solutions is oscillatory.

Definition. System (1) is said to be oscillatory if it has at least one
oscillatory solution; otherwise it is said to be nonoscillatory.
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It is known (cf., for example, [2]) that if

+00 t+oo
/ s)ds = +oo and / q(s)ds = +o0,

then system (1) is oscillatory, and if

+00 Foo
/ s)ds < 400 and / q(s)ds < 400,

then system (1) is nonoscillatory (see also Remark 5).
Therefore we will assume that either

/+oo p(s)ds = +oo and /+OO q(s)ds < +o0 (2)

“+o0o
/ p(s)ds < oo and / s)ds = +o0.

It is easily seen that if (u,v) is an oscillatory solution of (1), then the
function v also has zero in any neighbourhood of 400, and the vector-
function (@, v) = (v, —u) is an oscillatory solution of the system

or

"=q(t)v,
"= —p(t)u.

SIS

In view of this fact, it is sufficient to consider the case where conditions
(2) are fulfilled.
It results from [3] that if conditions (2) are fulfilled and for some A < 1

+oo
/ P (5)a(s) ds = +oo,

where

t
F(t) = / p(s)ds for t>0, )

0
then system (1) is oscillatory (for the second order linear equation, i.e.,
when p(t) = 1, this assertion goes back to W. B. Fite [4] and E. Hille [5]).

Therefore, unless the contrary is specified, throughout the paper we will
assume that

+oo “+oo
/ p(s)ds =400 and / fA(8)g(s)ds < +oo for A< 1, (4)

where f is defined by (3).
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Introduce the notation

+oo
g.(\) = lim inf f13(1) / P(s)als) ds,

t——+o0

+oo
g*(\) = limsup f1(¢ )/ A (s)q(s)ds for X< 1,

t——+o0

g«(\) = liminf f17( / A (s)

t——+o0

g*(\) = limsup f1= (¢ / fA(s)q(s)ds for X >1.
t——+oo
Below the new criteria for the oscillation and nonoscillation of system
(1) are given in terms of the numbers g.(\) and g*(\). Analogous results
for second order linear equations, second order nonlinear equations of the
Emden-Fowler type and third order linear equations are contained in [6],
[7] and [8], respectively.

Proposition 1. If either g,(0) > 1 or g.(2) > 1, then system (1) is
oscillatory.

In the case of the second order equation, i.e., when p(¢) = 1, this result
slightly generalizes E. Hille’s theorem [5].

According to Proposition 1, it is natural to restrict our investigation to
the case where

0,(0)< 7 and g.(2) <. (5)
Theorem 1. Let (5) be fulfilled and
00> 0.0) + 5 (VI 49.(0) + VI~ 45.(2)). (6)

Then system (1) is oscillatory.

From this theorem we obtain in particular that if ¢*(0) > 1, then (1)
is oscillatory (for the second order equation this assertion goes back to
E. Hille [5]).

Theorem 2. Let (5) be fulfilled and either

0> g + (14 VT 1.0) @

41—

for some A <1 or

o> g~ 5 (1 VI—19.0) ®)
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for some A > 1. Then system (1) is oscillatory.

For the second order linear equation, this theorem generalizes Z. Nehari’s

theorem [9].

Remark 1. Below we will show (see Lemma 5 and Lemma 6) that the
mapping A — |1 — Ag*(\) does not increase for A < 1 and does not
decrease for A > 1, while the mapping A — |1 — \|g«(\) does not decrease

for A < 1 and does not increase for A > 1. Moreover,

Jim 1= Alg.(A) = Tim |1 = A|g. ()

and

Jim (1 Ag™(\) = i, 1= Alg™(A).

Corollary 1. Let (5) be fulfilled and

lim |1 = Alg™(A) >

e~ =

Then system (1) is oscillatory.
Corollary 2. Let (5) be fulfilled and for some X # 1

1
1= Nge() > § -

Then system (1) is oscillatory.

Corollary 3. Let (5) be fulfilled and

lim su s)ds > -
t*?JrOOp In f / f
Then system (1) is oscillatory.

Corollary 4. Let (5) be fulfilled and

1
4

+oo
lim sup(1 — /\)/1 Fs)gls)ds > ~ .

A—1—

Then system (1) is oscillatory.

(10)

Remark 2. Inequalities (9)—(12) are exact and cannot be weakened. In-

+oo
deed, let p(t) > 0 for ¢ > 0 and [ p(s)ds = +oo. Suppose that ¢(t) =
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4]}/2(8) for t > 1, where the function f is defined by (3). It is easy to check

that

1 1
- 1— Mg\ =—,
N BN

t
tEI-Poo ﬁ /1 f(s)q(s)ds = i )

+oo
lim (1 - /\)/1 A (s)q(s) ds =

A—1—

1= Ag*(\) =

N

However system (1) has the nonoscillatory solution (v/f, ﬁ)
Theorem 3. Let for some X\ # 1

2A—-1)(3—=2)\)

N 1
1 and |1 —Ag*(A) < 1 (13)

1= Mg (V) >
Then system (1) is nonoscillatory.

Remark 3. As it will be seen from the proof, this theorem is also valid
for the case where g is not, in general, of constant sign.

Corollary 5. Let conditions (5) hold and for some A €] — oo,
1— /%= g.(0)[Ull + /3 — g:(2), +00[ the inequality

1
1— Mg (A -
L=Ng" () <

be fulfilled. Then system (1) is nonoscillatory.

Remark 4. Consider the system

u' = p1(t)u+ pa(t)v,
v’ qll(t)u+q22(t)v, (14)

where p;, g; : [0, +00[ —]—00, +00[ (i = 1,2) are locally summable functions
such that pa(t) > 0 and ¢1(¢) < 0 for t > 0. It is easy to see that system
(14) is equivalent to system (1) with

pl0) =ty | [ (@2(8) — m(9) as).
q(t) = —qi(t) exp {— /Ot (q2(s) — p1(s)) ds} for t>0.

Therefore from Theorems 1-3 the oscillation and nonoscillation criteria
for system (14) can be obtained.
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§ 2. SOME AUXILIARY STATEMENTS

Throughout this section, we will assume that ¢ #Z 0 in any neighbourhood
of +o00 and p(¢) > 0 for 0 < ¢t < 1.

Lemma 1. Let (u,v) be a nonoscillatory solution of (1). Then there

exists tg > 0 such that

u(t)v(t) >0 for t>to.

Proof. For the sake of definiteness, we assume that u(t) > 0 for ¢t > .
Suppose that v(t1) < 0 for some ¢; > to. Then from (1) we find that
v(t) <w(ty) for t > t; and

u(t) = u(ty) —|—/t p(s)v(s)ds < u(ty) + v(tl)/t p(s)ds for t>ty.

According to (4), from the latter inequality we obtain the contradiction
u(te) < 0 for some to > t1. [

Lemma 2. Let (5) be fulfilled and system (1) be nonoscillatory. Then
there exists tg > 0 such that the equation

p' = —q(t) — p(t)p? (15)

has the solution p : [tg, +00[ —]0,+o00[. Moreover,

ltiinj&f f(t)p(t) > @ ,
limsup f(¢)p(t) < @

t— 400 2 ’
where f is defined by (3).

Proof. Let (u,v) be a nonoscillatory solution of system (1). Choose a > 0
so that u(t) # 0 for t > a. It is easy to see that the function p(t) = Zgg
satisfies equation (15) for ¢ > a. By Lemma 1, there exists tg > a such that
p(t) > 0 for t > to.
Introduce the notation
r = lminf f(t)p(t), R =limsup f(¢)p(t). (17)

t—+o0 t—4o0

From (15), we have
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Integrating this equality from ¢y to ¢, we obtain

t
p(t)/ p(s)ds <1 for t>tg.

to

Hence, by (4), we have
lim p(t) =0. (18)

t——+oo

Taking into account (18) and integrating (15) from ¢ to 400, we obtain

+oo +oo
FOp0) = 1) [ als) s+ 10 [ p(s)9)ds for ¢> 10, (19)
Hence we easily find that
7> g.(0). (20)

Multiplying (15) by f? and integrating from ¢y to ¢, we obtain

F000) = 555 P t0)otto) = 5 [ Poals)ds+
1 t
+ li0] /to p(s)f(s)p(s)(2 = f(s)p(s)) ds for t > to, (21)

whence we get
R <1—g.(2). (22)

Now suppose that ¢.(0) # 0 and g¢.(2) # 0 (otherwise, estimates (16)
follow from (20) and (22)). Let 0 < ¢ < min{g.(0), g«(2)}. Choose t. > to
so that

r—e< f(t)p(t) < R+¢e for t>t.,

+00 t
f(t)/t q(s)ds > g.(0) — ¢, % tf2(s)q(s) ds > g.(2) —e for t>t..

From (19) and (21) we have
f®)pt) > gu(0) —e+ (r —e)? for t>t.,
1
f®

These inequalities readily imply

F)p(t) < <= f2(to)p(to) — 9+(2) +e+ (R+¢e)(2 - R—¢) for t>t..

r>g.(0)+1r%, R<R(2-R)-g.(2). (23)
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Therefore

22 (1-VIT4.0), k< (1+VI45.0).

Thus the lemma is proved. [

Lemma 3. For the nonoscillation of system (1) it is necessary and
sufficient that for some X # 1 the system

u = p(t)v,
v =(t)u+ ha(t)v 24)
be nonoscillatory, where
() = 2[R (1) sen(1 - 3) - F3(0)
ha(t) = —ij(f()t) Fu(t)san(1—\) for >0,
Fy(t) = f172 (1) /+OO fAs)q(s)ds for t>0 and X\ <1,
(26)

Fy(t) = f172(1) Ot fA(s)q(s)ds for t>0 and A > 1.

Proof. The equality

v(t) _ Fa()
t) = fAt) —=% —
)= PO L~ g
establishes a correlation between a nonoscillatory solution (u,v) of system
(1) and a solution p (defined in some neighbourhood of +00) of the equation

sgn(l — )

, A 2p(t)F
p= —ﬁ% p°+ ( Jf?((tt)) - ]}(QA(A;;) sgn(1l — A))p+
+ ff(i)(t) (AFA(t)sgn(l — A) — FX(t)). (27)
On the other hand, the equality
_ v(t)
p(t) = A1) ut)

establishes a correlation between a nonoscillatory solution of system (24)
and a solution p (defined in some neighbourhood of +00) of equation (27).
Consequently the nonoscillation of each of systems (1) and (24) implies the
nonoscillation of the other. O
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In the next lemma a sufficient condition is established for the nonoscilla-
tion of the system

u' = p(t),
o = U(tyu+ h(t)o, (28)

where [, h : [0, +00] — ] — 00, +00] are locally summable functions.

Lemma 4. Let the function p : [tg, +oo[ — ] — 00,0[U]0, +oo[ be locally
absolutely continuous and

J(t) < 1) + h(B)p(t) — p(Op*(E) for ¢ > to.
Then system (28) is nonoscillatory.

Proof. Assume the contrary. Let (u,v) be an oscillatory solution of system
(28). Let to > t1 > to be chosen so that

u(t) >0 for ¢ <t <ty, u(t;)=0, wu(tz)=0.

It is clear that
v(ty) >0 and wv(t2) < 0.

Introduce the notation

w(t)=exp[— / h(s)ds] o(t)zj;gso(t), polt) = pB)p(),
bo(t) = 1(£)p (%), po<t>=f;((?) for 4 <t<ts

It is easily seen that
o' (t) = lo(t) — po(t)o?(t) for t; <t <t
Po(t) < lo(t) — po(t)pd(t) for ¢ <t <ty

For the sake of definiteness, we assume that p(t) > 0 for t > ty. Since
o(t1+) = +o0 and o(ta—) = —o0, there exist t3 € |t1,t2[ and € €]0,t2 — t3]
such that o(t3) = po(t3) and

(29)

0<o(t) <po(t) for t3<t<ts+e. (30)
Due to this fact, from (29) we have

o(t) = o(ts) +A lo(s)ds —/ po(s)o®(s)ds >

t3

t t
zpo(t3)+/ lo(s)ds—/ po(s)p2(s) ds > po(t) for ts <t < ts+e.

t3 t3

But the latter inequality contradicts (30). The obtained contradiction
proves the validity of the lemma. [
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Remark 5. Let

—+oo +oo
/ q(s)ds < +o0, / p(s)ds < +o0

and
—+o0 +oo
p(t) = / q(s)ds —|—/ p(s)ds for t>0.
t t
Choose tg > 0 so that p(t) < 1 for t > tg. Then it is obvious that
p'(t) < —q(t) = p(t)p*(t) for t>to.
Consequently, according to Lemma 4, system (1) is nonoscillatory.

Lemma 5. Let g*(\) < +oo for A # 1. Then the mapping A —
1= Ag*(A) (A — |1 — A|g«(N\)) does not increase (does not decrease) for
A < 1 and does not decrease (does not increase) for A > 1.

Proof. We prove this lemma only for the case where A < 1. For A > 1 the
lemma is proved in a similar way. Let € > 0. Choose t. > 0 such that

+oo
g:(A) —e < fl_/\(t)/t fA(s)g(s)ds < g*(\) +e for t>t.. (31)

It is easy to see that
+o0 t+oo
P [ e ds = 17 [ Pt s+

+o0 oo
=N | f“<s>p(s>[f“<s> / fA@)q(s)ds} ds

t
for w<1 and t>0.

Hence we find
+oo

W -1+ 5 =0) < e [ e ds <

t

<(g*()\)+5)<1+/f;>\) for A< p and t>t..

Consequently

(1=XNge(N) = Q= pgs(p), (1 —p)g™ (1) < (1 —=A)g"(\) for A <p.
Thus the lemma is proved. [

Lemma 6. Let g*(\) < +o0 for A # 1. Then
i (1= 0. () = Jim (3~ 1)g.(3),
Jim (1-2)g*(A) = lim (A =1)g"(A).
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Proof. Let A < 1, p > 1 and € > 0. Choose t. > 0 such that inequalities
(31) be fulfilled and

gs(p) —e < f17H( /f” s)ds < g*(pn) +¢& for t>t..

It is easy to see that

+oo
fH<t>/t Ps)als) ds = —F10 (1) /f“ $)ds +
+oo

Hu= N0 [ o >[f1 (s)

+oo
fl ,u, / fllf dsfffl )\( )l f)\(S)q(S)dS+
= N / () 72(s >[f1 As)

From these equalities we have

f“(f) €3 di} ds for t>0,

Oof)‘(f)q(f) d§] ds for t>0.

S

+oo
B2 (g2 () — )~ 10 /f” s <) [ Plslate)ds<

< ﬁ (g (1) +e) for t>t.,
_ +o00
“ =) =10 [ P ds< ) [ 1 slate)ds <
< Z;_i\(g (N) +e¢) for t>t..

Hence we obtain

(1 = N)ge () — (1= Mg (1) < (1= Ngu (N, (1= Ng"(N) < (1 = A" (),
(1= N)ge(A) = (= Dg"(A) < (1 = Dgulp), (1= 1g" (1) < (1= N)g" (V).
Now by Lemma 5 we can conclude that equalities (32) are valid. O

The next lemma can be proved similarly by using the equalities

B flf)\(t) +oo
=gy ) D Ga)ds+

Lo [P )l ds +
In f(t) 1

LA [P06) [y
o) T [f (#)

+oo
f’\(f)q(f)dﬁ} ds for t>1 and A<,

S
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400 +oo s
Pas)ds == [P0 | f”(ﬁ)q(i)dﬁ] ds
for A<1 and p> 1.

1

Lemma 7. Let g*(\) < o0 for some A < 1 and g*(p) < +00 for some
w>1. Then

limsup ——— lnf / f(s)g(s)ds < (1 —A)g*(N),

t——+4oo

limsup(1 — A) / P ()a(s) ds < (- 1)g* ().

A—1—

§ 3. PROOF OF THE MAIN RESULTS

Proof of Proposition 1. Assume the contrary. Let (u,v) be a nonoscillatory
solution of system (1). Then according to Lemma 1, there exists ¢ty > 0 such

that u(t)v(t) > 0 for tg > 0. It is easy to see that the function p(t) = 28
for t > to satisfies equation (15). Similarly to the proof Lemma 2, we can
see that inequalities (23) are fulfilled, where r and R are defined by (17).

However from (23) we have

9«(0) < 7 and g.(2) <

B~
=

But this contradicts the conditions of the proposition. [

Proof of Theorem 1. Assume the contrary. Let system (1) be nonoscillatory.
Then according to Lemma 2, equation (15) has the solution p : [tg, +00[ —
10, +00[ satisfying (16). Integrating (15) from ¢ to +oo and taking into
account (18), we can conclude that equality (19) is valid. Suppose that
9+(0) #0. Let 0 < € < g«(0). Choose t. > to so that

1(1_ 1= 10.(0)) —= < f(t)o(t) (1+W)+efort>t

2
From (19) we easily find that

f(t)/t+oo()ds< (14 V1= 140.(2)) += -

_E (1_ 1—49*(0))—5}2 for t > t..

Hence we have

6°(0) < 0.(0) + 5 (VI— 100 + VT~ 15.09)).
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For g.(0) = 0 the validity of the latter inequality is proved in a similar way.
On the other hand, this inequality contradicts condition (6). O

Proof of Theorem 2. Suppose that system (1) is nonoscillatory. Then ac-
cording to Lemma 2, equation (15) has the solution p : [tg, +00o[ — |0, +00]
satisfying estimates (16). Multiplying (15) by f* and integrating from t to
400 if A < 1 or from ¢y to tif A > 1, we get

1—X +oe A _
) / P(s)a(s)ds = F(t)p(t) +

120 [ POPT R0 S6)006) ds < F000) + s
t - 4(1 = N)

for t>t;, and A <1,

F1) ) FA()a(s) ds = = f(t)p(t) + [ (to)plto) f17A (1) +

0 | F(8) P (s)pls) (A — F(s)p(s)) ds <

2
e (- 0P )

for t>ty; and A > 1.

< —f(0)p(t) + [ (to)p(to) F1(E) +

Taking into account (16), from these inequalities we find

2
g*(A)gﬁJr%(ler) for A<1,
g*()\)gzl()\)\—l)_;(l_ 1—49*(0)> for A > 1.

But this contradicts inequalities (7) and (8). O

Proof of Corollary 1. Suppose that g*(\) < +oo for A # 1 (otherwise, by
Theorem 2 system (1) is oscillatory). By Lemma 6, the limit in the left-hand
side of (9) exists. Obviously,

lim [(1-Ng"(N) -~ 5= (1 /1o 4g*(2))} > 0.

A—1—

This implies that (7) is fulfilled for some A < 1. Therefore by Theorem 2
system (1) is oscillatory. [

Taking into account Corollary 1, Lemma 5 and Lemma 7, we can easily
make sure that Corollaries 2—4 are valid.



298 A. LOMTATIDZE AND N. PARTSVANIA

Proof of Theorem 3. Define the functions Iy, hy and Fy by (25) and (26).
According to (13), there exists tg > 0 such that

2A2 — 4\ + 1 (22 — 1)(3 — 2))

EX(0) + 2]1— Al B\t + 16(1 — A)2

<0 for t > tp.

Consequently
P (t) < IN(t) + ha(t)p(t) — p(t)p*(t) for ¢ > t,

where p(t) = 4(11:7)% for ¢t > tg. In view of this fact, by Lemma 3 and
Lemma 4 system (1) is nonoscillatory. [
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