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ON THE DIRICHLET PROBLEM IN A CHARACTERISTIC
RECTANGLE FOR FOURTH ORDER LINEAR SINGULAR
HYPERBOLIC EQUATIONS

T. KIGURADZE

ABSTRACT. In the rectangle D = (0,a) x (0,b) with the boundary T’
the Dirichlet problem

*u _

EEr p(z,y)u + q(z,y),

u(z,y) =0 for (z,y) el
is considered, where p and ¢ : D — R are locally summable func-
tions and may have nonintegrable singularities on I'. The effective
conditions guaranteeing the unique solvability of this problem and
the stability of its solution with respect to small perturbations of the
coefficients of the equation under consideration are established.

8 1. FORMULATION OF THE PROBLEM AND MAIN RESULTS

In the open rectangle D = (0,a) x (0,b) consider the linear hyperbolic
equation

0*u B 11

92202 = po(z, y)u+q(z,y), (1.1)

where p and ¢ are real functions, Lebesgue summable on [§, a — d] x [0, b — J]

for any small § > 0. We do not exclude the case, where p and g are not

summable on D and have singularities on the boundary of D. In this sense

equation (1.1) is singular.

Let T be the boundary of D. In the present paper for equation (1.1) we

study the homogeneous Dirichlet problem

u(z,y) =0 for (z,y)eTl. (1.2)
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In the regular case, i.e., when p and ¢ are summable on D, problem (1.1),
(1.2) was studied in [1].
Before formulating the main results, we introduce several notations.

R is the set of real numbers. D = [0,a] x [0, b].

For any z € R set [z]4 = M%

C(D) is the space of continuous functions z : D — R.

Lijoe(D) is the space of functions z : D — R which are Lebesgue summable
on [§,a — d] x [6,b — ] for any arbitrarily small § > 0.

C2(D) is the space of functions z : D — R, absolutely continuous on

loc

[5 a— 6] x [6,b— 8] for any arbitrarily small § > 0 together with 2 e, ay and

9%z(z,y)
0xdy

axa and satisfying the condition [ fo { } dz dy < +o0.

A function u € Cloc( ) will be called a solution of equation (1.1) if it
satisfies (1.1) almost everywhere in D.

A solution of problem (1.1),(1.2) will be sought in the class 5’1103(D) N
C(D).
Along with (1.1), we have to consider the equation
o*u _ _
922072 =p(z,y)u+7q(z,y), (1.3)

where D and § € Lj,.(D).

Definition 1.1. A solution of problem (1.1),(1.2) will be called stable
with respect to small perturbations of the coefficients of equation (1.1) if
there exist positive numbers § and r such that for any p and § € Lj,.(D)
satisfying the conditions

a b
de _
m( —f//fcy a—z)(b—y)p(z,y) — plx,y)|dedy <5, (1.4)
0 0

a b
) % //my—x b— )]} 1a(z,y) — gz, y)| dz dy < +oo, (1.5)
0

problem (1.3), (1.2) has a unique solution @ in 5110’62(D) N C(D) and

b

[// 82 3x3y (x’y»)Qdmdyr<T[m(p—p)+nz(q—q)]. (1.6)

0

*For the definition of absolutely continuous functions in a rectangle see [2, §570] or
3
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Remark 1.1. If inequality (1.6) holds, then, by Lemma 2.1 proved below,
in the rectangle D the difference @ — u admits the estimate

atw.9) — uw )| < 2oy (1= 2) (1 = )] @ - )+ maa - 0]

Definition 1.2. We say that a function p € Lj,.(D) belongs to U(D) if
there exists a number a € [0,1) such that for any function u € C’llof (D)n
C(D) satistying the boundary condition (1.2), the estimate

a b

//[pxy )y (z, ) dxdy<a// 8338 dxdy (1.7)

0

is valid.

Theorem 1.1. Let

/ (wy(a — 2)(b — )]} p(e, y)] de dy < +oo,
0 (1.8)

[zy(a — ) (b — )3 |q(z, y)| de dy < +oo,

O\m
o\@ O\c_

and p € U(D). Then problem (1.1), (1.2) has a unique solution in C;-*(D)N

loc

C(D), stable with respect to small perturbations of the coefficients of equa-
tion (1.1).

Theorem 1.2. Let conditions (1.8) be fulfilled and the inequality

Ao(z,y) + M1 A2
w(a—)b—y)  Pya— by
hold almost everywhere in D, where \g is a nonnegative summable function,
and A1 and Ay are nonnegative numbers such that

p(z,y) < (1.9)

47 1 16
A //)\O(w,y) dz dy + 1>\1 + W)\Q < 1. (1.10)

Then the statement of Theorem 1.1 is valid.

As an example, consider the differential equation
84u _ |: l1 n l2
0220y?  Lay(a—2)(b—y) = 2%y2(a—2)2(b—y)?
lgaty (a — )" (b — )", (1.11)

Jut
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where l; (¢ = 1,2,3), p; and v; (j = 1,2) are some real constants. By
=1,2

Theorem 1.2, if p; > =3, v; > =2 (j ;2) and
1 16
1[11]4_ + —= 252 [l2]+ < 1 (112)

then problem (1.11), (1.2) has a unique solution in C’llof( )NC(D) and this
solution is stable with respect to small perturbations of the coefficients of
equation (1.11).

Note that condition (1.12) is sharp, since for Iy = 4, ls = I3 = 0 problem
(1.11),(1.2) has an infinite set of solutions. More precisely, for any ¢ € R,

the function u(z,y) = cxy(z—a)(y—"b) is a solution of problem (1.11), (1.2).

8§ 2. AUXILIARY STATEMENTS

In this section, along with the notations introduced in §1, we shall make
use of the following notations also.

Ay® = {ue C2(D)NC(D) s ulw,y) =0 for (a,y) €T}.

5’1(7) is the space of functions z : D — R, absolutely continuous to-
gether with 2 5, aTZ, and aazazy

We introduce

Definition 2.1. Let a > 0. We say that a function p € Li,.(D) belongs
to Uy(D) if inequality (1.7) holds for any v € A2

2.1. Properties of the functions from A(l)’z.

Lemma 2.1. Ifuc A", then

Uz(x,y)<ibxy(a—x)(b— y)p® for (z,y) € D, (2.1)
a b
1
//my (a — ) b Y) dxdy§1p2’ (2.2)
00
a b
Y) 16
//[azya—x(b— )} dwdy < 25750", (2:3)
00

where
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Proof. First, let us prove estimate (2.1). The condition v € A"? yields the
representations

u(z,y) :/ %dsdt (¢4, =0,1) for (z,y) € D.
ia jb

Hence, by the Schwartz inequality and notation (2.4) it follows that
uZ(z,y) < p2|I - ’LaHy _.]b| (Zv.] = Ov 1) for (xay) eD.

Therefore u?(x,y) < p?>min{x,a — z} min{y,b — y} for (z,y) € D. But
min{z,a — 2} < 2z(a — z) and min{y,b — y} < 2y(b —y) for (z,y) € D.
Consequently, estimate (2.1) is valid.

Now pass to proving estimate (2.2). By Hardy-Littlewood theorem (see
[4], Theorem 262), we have

i u(x, 2 2u(z, 2
/J}(al—x)(a any)> dxg;O/(W) dr

0

almost everywhere in (0,a) and (0, b), respectively. Therefore

b 296’ / u(x, 2
[ ety ] s (5 ]

Consequently, estimate (2.2) is valid.
As for estimate (2.3), it follows from V. I. Levin’s inequality (see [5] or
[4, D.79]). Indeed,

a b

[ e @]

0 0

a

b
< [ e ]

[
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a

b
16 u(z y 16 5
< — d dy = ——=p°.
~ a?b? // 3333 T = ap2f -
00

Lemma 2.2. Let u € AY2. Then there exist sequences (zik)125 and
(yir) i 25 such that

O<zip <zop<a, O0<yip<ya <b (k=1,2,...), (2.5)
lim 21, =0, lim xz9p,=a, lim y1,=0, lm yo, =b (2.6)
k——+oco k—-+o0 k——+o00 k— o0
and
T2k Y2k
li = :

JHm / / axQ u(z,y) de dy = p?, (2.7)

Tik Y1k

where p is the number given by (2.4).

Proof. Let
Pu(z,y)
e e St . 2.8
wlay) = (2.9
For any natural k set
N a o= 8 " _(k+1)a " _ (2k+3)a
k= op+a T g2 T k2 M okg4
P b By = b b (k1) _ (2k+3)b
k= ok+4 P kr2 T Tkx2 P 2k44
by ag
wig(z) = /w2(a:,y) dy, wak(y) = /w2(sc,y) dz, (2.9)
Bok Qok
ag ag B b
/wlk(x) der/wlk(x) da?Jr/wgk(y)der/wgk(y)dy:ek. (2.10)
ok aok Bok bok

Then lim e, =0.
k— 400

In view of the continuity of w, w1 and wsyy, for any natural k there exist
T1) € [aok, k), ok € laok, akl, Y1k € [Bok, Bel,  yer € [bok, b]
such that

wig(z1x) = minf{wik(z) : aor < = < oy},

wig(Tor) = min{wik(x) : aor < = < ax},
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_e
2k + 4

. a
= min {m[WQ(xlmy) + w? (zok, y)] + war(y) : Bor <y < 5k},
a
2k + 4

. a
= min {m[wz(ﬂﬁm,y) + w? (zok, y)] + war(y) 1 box <y < bk}-

[w? (1, Y1) + W (@2k, y1x)] + wor (y1x) =

(W2 (21, Yor ) + W (@2k, Yor )] + wor (yar) =

Then it is obvious that the sequences (z;x);25 and (yi) 25 (i = 1,2) satisfy
conditions (2.5) and (2.6). On the other hand, from (2.9) and (2.10) we have
Bk b

sk (@) + wis(z2)] + / wak(y) dy + / wan(y) dy >
Bok boxk

S a

s

M=okt 4
Br

a 2 a 2 ]
> [ [2 4 d
> [ [Gut @) + gt ) + waly)| dy +
Bok
[

_a 2 a9 } S
+/ {2k+4w (T1k,y) + T (z2k,y) + wor(y) | dy >

bok

ab
> W[WQ(xlkvylk) + w2($2k>y1k) + w2($1k,y2k) + w2($2k»y2k)] +
b

+m[w2k(ylk) +wor(yer)] (B=1,2,...).

Therefore

wig(zik) < (k4 2)eok, war(yirn) < (k +2)eor (1 =1,2; k=1,2,...), (2.11)
(i, yje)| < (B+2)eor (1,5 =1,2; k=1,2,...), (2.12)

where g = max {2%, %,2(2—’;})5} and

li =0. 2.1
%0 =0 (219)

Moreover, inequality (2.1) implies that

(i,j=1,2; k=1,2,...), (2.14)

B
|U(Iika yjk)| < m

where v = 2p(ab)?.
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For every natural k consider the integral

T2k Y2k
*u(z,
Iy, :/ &UQ(&;)U(J:,Z/) dx dy. (2.15)

ZT1k Y1k

By equality (2.8) and the formula of integration by parts, we have

T2k Y2k T2k
_ w(z,y) . ow(x, yar)
I = / </MU($7y)dZ/> dx = / {Tu(:c,y%)f
Tik Yik Tik
Y2k T2k
ow(x, ow(z,y) Ou(x,
G ] e [ ([ PG 0 =
Yik T1k

= w($2k7y2k)u($2k,y2k) - w(mlkvka)u(xlka y2k) -

—w(Zok, Y1ik)U(T2k, Y1x) + W(T1k, Yik)u(T1k, Y1k) —

T2k
Ou(z, ou(x,
_ / {w(x’y%)% _ w(x,ym)%} do —
T1k
U\T2k, U(T1k,
- / [w(ﬂizk,y)aizky - w(:clk,y)ail;y} dy + Ior, (2.16)
Yik
where
T2k Y2k aZU(x y) 9
Tox = ——22) dzdy.
Ok / / ( Ozxdy ) ray
Tik Y1k
Moreover, as it follows from (2.4) and (2.6),
: _ 2
kEI-Poo Iox = p°. (2.17)

By virtue of the condition u € A*? and equality (2.8) we have

w: / () dy, W: / w(z,y)de (i=1,2).
T Y
(i—1)b (i-Da

If along with this we take into account equalities (2.4) and (2.9) and in-
equality (2.11), then we get

T2k Yik

/ w(yw%;’)dx]:\/w(xyk)( [ wteay) as

(i—1)b

<

T1k
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T2k

<[7kw2(x,ym)dfﬂr{/< 7 w(x,y)dy>2dx}%<[w2k(ym)]

Tik Tik  (i—1)b

Nl

X

=

b
/w2(m,y) dxdy] <(beor)?p (i=1,2; k=1,2,...),(2.18)
0

X
| —
o
+ | =
[N}
o\g

/w(xik,y)W dy‘ < (acor)?p (i=1,2; k=1,2,...). (2.19)

Using conditions (2.12)—(2.14), (2.18), and (2.19), from (2.16) we find
[Tk — Tok| < 4yzor + 2(beor) 2 p + 2(azor) 2 p — 0 for k — +oo,
Hence, according to (2.15) and (2.17), there follows equality (2.7). O
2.2. On one property of the set U, (D).

Lemma 2.3. Leta > 0,0 >0, p € Uy(D) and the function p € Ljoe(D)
satisfy the inequality

a b

/ / ry(a—2)(b— 9)ple.y) — ple.y))s dedy <5 (2.20)

0 0

Then
pe Ug(D), (2.21)
where § = a + %5.

Proof. Let u be an arbitrary function from A2, and p be the number given
by (2.4). Then by Definition 2.1 and Lemma 2.1 inequalities (1.7) and (2.1)
are valid. Moreover, if we take into account inequalities (2.20) and

Pz, 9))+ < p(z, y)l+ + [P(z,y) = p(z,9)]+,

then we get

a b

a b
// Pz, y)] L u? xy)dasdy<// p(z,y)]su? (2, y) do dy +
0

0

a

b
+// p(x,y)] (2, y) dedy < ap® +
00
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a

b
+% / /wy(a —z)(b—y)[p(z,y) — p(z,y)]+dedy < (a+%5)p2:ﬁp2,
0 0

Consequently, inclusion (2.21) is true. O
2.3. Lemmas on a priori estimates.

Lemma 2.4. Let p € U, (D), where 0 < a < 1, and the function q €
Lioe(D) satisfy the condition

a b

mla) / / [wy(a—2)(b - ) a(e. ) dedy < +oo.  (2.22)
0 0

Moreover, if problem (1.1),(1.2) has a solution u € 5;0’3 (D)NC(D), then

2
- Oé)\/%nz(q),

where p is a number given by (2.4).

p< (2.23)

Proof. By virtue of Definition 2.1 and Lemmas 2.1 and 2.2 the function
satisfies conditions (1.7) and (2.1), and there exist sequences ()5 and
(yir) 25 (i = 1,2) satisfying conditions (2.5) and (2.6) such that equality
(2.7) is true.

Multiply both sides of (1.1) by u(x, y) and integrate them over [z1, Zax] X
[y1k, y2k] for any natural k. Then with regard to (1.7),(2.1) and (2.22) we
find

T2k Y2k 84 T2k Y2k
//U(%y)Mdmdy://p(w,y)UQ(%y)dwder
Tik Y1k ik Y1k
T2k Y2k a b
+ q(z, y)u(z,y) dedy < //Lp(x,y)]wQ(ﬂc,y) dx dy +
Tik Y1k 0 0
a b 9
+ z, ) ||u(z, y)| de dy < ap? + — k=1,2,...).
O/O/|q< D)l dedy < 0 + i@ | )

If we pass in this inequality to the limit as k — 400, then by (2.7) we get

2
2<Oé 2_’_7 .
p”<ap \/@nQ(q)p

Consequently, estimate (2.23) is true. O
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Lemma 2.5. Let () <a< ]., 5 > 0,
a+ 17 .

and the functions p € U (D), B,q and § € Li,.(D) satisfy conditions (1.4)
and (1.5). Moreover, let problem (1.1),(1.2) have a solution u € Cl “2(D)N

C(D), and problem (1.3),(1.2) have a solution u € Cllof( )N C(D). Then
inequality (1.6) is valid, where

= Imax 4p 2
"= {(1 — B)ab’ (1_5)\/@} (2:25)

and p is the number given by (2.4).

Proof. Note that by Lemma 2.3 inclusion (2.21) is true. Set
’U(I’, y) - ﬁ(xa y) - ’LL(.T, y)
Then from (1.1)—(1.3) we have

*v(x,y)

8x28y2 = ﬁ(x,y)v(x,y) + [ﬁ(xay) - p(:c,y)]u(:z:,y) +q(l',y) - q(x7y)ﬂ

v(z,y) =0 for (xz,y) eT.

Hence, by Lemma 2.4 and conditions (2.21) and (2.24), there follows the
estimate

a =

{//b(ai; 5 dzdyrﬁ(l_;)\/@nz(qqﬂ
0
\/%O/ao/bxya_x b—y)|? [p(z,y) — p(z, y)llu(z, y)| dz dy.

Now if we apply conditions (1.5) and (2.1), then it becomes clear that

4p _ 2 _
mﬁl(? -p)+ mnz(q - q).

pt <

Consequently, estimate (1.6) is true, where the constant r is given by
(2.25). O
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2.4. Lemmas on the existence and uniqueness of solutions of
problem (1.1),(1.2).

Lemma 2.6. If p € Ua(D), where 0 < a < 1, then problem (1.1),(1.2)
has at most one solution in C>>(D) N C(D).

loc

Proof. Let u; € 5110’3(D) NC(D) (i = 1,2) be arbitrary solutions of problem
(1.1),(1.2). Set u(z,y) = uz(x,y)—u1(z,y). It is obvious that u is a solution
of the homogeneous problem

dtu
W =p(z,y)u (2:26)

and u € AY?. Hence by Lemma 2.4 it follows that %&f) =0 and

x Y

0%u(s,t
u(m,y)z/ ﬁ 0.
00

Consequently, ui(z,y) = us(z,y). O

Lemma 2.7. If the functions p and q are summable on D and p €
Ua(D), where 0 < o < 1, then problem (1.1),(1.2) has one and only one
solution in C;-(D) N C(D).

loc
Proof. By Lemma 2.6, problem (2.26), (1.2) has only the trivial solution in
the space C’llo’c2 (D) N C(D). Consequently, this problem has only the trivial
solution in C*(D), since

CY(D) c C2(D)n (D). (2.27)

But by Theorem 1.1 from [1] the summability of p and ¢ on D and the
unique solvability of problem (2.26),(1.2) in the space C(D) guarantee the
existence and uniqueness of a solution u € C*(D) of problem (1.1),(1.2).
Hence Lemma 2.6 and condition (2.27) imply that u is the unique solution
of problem (1.1),(1.2) in CL*(D)NC(D). O

loc

§ 3. PROOFS OF THE MAIN RESULTS

Proof of Theorem 1.1. Note that by Definitions 1.2 and 2.1 there exists
a € (0,1) such that

peUL(D). (3.1)
For any natural m set

a (4m—1)a)x( b (4m—1))7

Dm = (77 N
4dm 4m 4m 4m
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plz,y)  for (2,y) € D,
pm(fl? y) =
0 for (z,y) € D\D,,,

q(z,y)  for (2,y) € Dp,
qm(z,y) =
0 for (x,y) € D\D,,

and consider the differential equation
0*u
0x20y?

It is clear that p,, and g, (m = 1,2,...) are summable on D and the
conditions

Pz, 9) < p(2,9), lam(z,y)] < lg(z,y)| (m=1,2,...), (3.3)
Jim p(z,y) =pz,y),  lm gn(z,y) = q(z,y) (3.4)

= pm(z,y)u+ q(z,y). (3.2m)

hold almost everywhere in D. Moreover, by (3.1),
pm EUL(D) (m=1,2,...). (3.5)

By Lemmas 2.4 and 2.7, for any natural m problem (3.2,,), (1.2) has the
unique solution u,, in C};>(D) N C(D) and

a b
2 ,
pm < —————= [zy(a —2)(b — )| |gm(z,y)| dz dy,
(1-a)Vab 0/0/

Nl=

where p,, = [fo fo (8 “g’;gz y)) dx dy} . Hence, taking into account (1.8)
and (3.3), we find

pm <y (m=1,2,...), (3.6)

a rb 1
where y = =2—= [ [ley(a — 2)(b — )2 |a(w, y)| dz dy.
By Lemma 2.1 and condition (3.6), we have

|t (2, 9)| < volzy(a —x)(b— y)]2 for (z,y) € D =1,2,...), (8.7

(m
|um(xy)—umxy|—}//azgmajtddt // ddt
0y

1 _ 1
< @F —2))2pm + (@7~ y)Epm < (T —2)F +[F—y))2) (B8
for 0<2<Z<a, 0<y<y<b (m=1,2,...),

m\»-‘

where o = maX{Q(ab)—%7a%’b%}7.



550 T. KIGURADZE

By the Arzela—Ascoli lemma, conditions (3.7) and (3.8) guarantee the

existence of a subsequence (Umy, )25 of the sequence (uy,);">, uniformly
convergent on D. Set
Then from (3.7) we get

u(z, y)| < yoley(a —x)(b—y))? for (v,y) € D. (3.10)

For any natural k£ the function u,,, admits the representation

a b

Umy, (1'7 y) = 9 (CL‘, 5)92(?/, t) [pmk (57 t)umk (57 t) + qm, <57 t)] dsdt, (3'11)
/1

where
s(2—1) for s<u, t(4—1) for t<y,
9@, 5) {x(j — 1) for s> x, 92y ) {y(f7 — 1) for t>y.

Moreover, it is obvious that the functions g; and g, admit the estimates

@)l < (1= 2)s, ol < (1-7)t (3.12)
< (=) 0-0)
092(y,t -1 4
5 < - )]0 5),

If along with this we take into account conditions (1.8), (3.3), and (3.7),
then we obtain the inequalities

lg1(, )92y 1) [Py (85 )i, (8, 0) + Gy, (5, )] < ¢ (s,8) (k=1,2,...), (3.14)
9g1(x, s) Oga(y,t)
‘ ox dy
< [ajy(l - 2) (1 - %)]_1(]*(5,15) (k=1,2,...), (3.15)
where q*(s,1) = 5o [st (1 - £) (1= )] Iots. 0 + st (1~ £) (1= £ . 1)
and ¢* is summable on D.

Now if we apply the Lebesgue’s theorem on the passage to the limit under
the integral, then, with regard to (3.4), (3.9), and (3.14), from (3.11) we get

(3.13)

[pmk (57 t)umk (87 t) + qm,, (57 t)]’ <

a b

u(z,y) = g1(x, 8)g2(y, t)[p(s, t)u(s,t) + q(s, t)] dsdt. (3.16)
j]

0
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By virtue of (3.15), equalities (3.11) and (3.16) yield

2 2
R N C2% ) I CY )
k—4oo  Ox0y 0xdy

uniformly on every closed subset of D. Taking into account this fact, from
(3.6) we get

a b

// (W)Qdmdy <. (3.17)

0 0

By virtue of (1.8), (3.12), (3.13) it follows from (3.16) and (3.17) that
u € C’ 2(D) N C(D) and u is a solution of equation (1.1). On the other
hand, 1t is clear from (3.10) that u satisfies the boundary condition (1.2).

By Lemma 2.6, problem (1.1),(1.2) has no solution different from w in
Cloa(D)NC(D).

To complete the proof, we have to show the stability of the solution
with respect to small perturbation of the coefficients of equation (1.1).

Let 0 be an arbitrary positive number satisfying inequality (2.24), and p
and r be numbers given by equalities (2.4) and (2.25). Consider arbitrary
functions p and § € L,.(D) satisfying conditions (1.4) and (1.5). Then by
conditions (1.8),(3.1) and Lemma 2.3,

a b
//xya—a: )b — )3 P(, )| d dy < +oc,
0

a b
//xya—x by} (e, y)| dedy < +oo
0

and p € Ug(D). But according to the above-said, these conditions guar-
antee the existence and uniqueness of a solution @ € C2*(D) N C(D) of

loc

problem (1.1),(1.3). On the other hand, by Lemma 2.5, the solutions u and
u satisfy conditions (1.6). O

Proof of Theorem 1.2. Let

a b

4 1 16
= %//Ao(x,y)dxdy—i— Z)\I_FW)Q
00

By Theorem 1.1 and inequality (1.10), to prove Theorem 1.2 it is sufficient
to establish that the function p satisfies condition (3.1).
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Let u be an arbitrary funciton from A%2. Then by Lemma 2.1, inequa-
lities (2.1)—(2.3) are valid, where p is the number given by (2.4). If along
with this we take into account inequality (1.9), then we get

a b
u?(z,y)
<
/0/ (z,y)] u?(z,y) dedy < //)\oxy (o =) b= y)da:dy—I—
a b a b
+)\1// d:cdy+)\2// } de dy <
zyla —x)(b—y) xya—a: b y)
00 00
4 ] A 16

_ 2

_Lb//% s dvdy+ 5+ ol = ag
0

Hence, in view of the arbitrariness of u there follows inclusion (3.1). O
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