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ABSOLUTE SUMMABILITY FACTORS AND ABSOLUTE
TAUBERIAN THEOREMS FOR DOUBLE SERIES AND
SEQUENCES

SH. YANETZ (CHACHANASHVILI)

ABSTRACT. Let A and B be the linear methods of the summability of
double series with fields of bounded summability Ag and B{), respec-
tively. Let T be certain set of double series. The condition = € T is
called By-Tauberian for A if Aj NT C Bj.

Some theorems about summability factors enable one to find new
By-Tauberian conditions for A from the already known Bj-Tauberian
conditions for A.

The first paper on connections between summability factors and Taube-
rian theorems for simple series and sequences was by Kangro [1] who proved
three theorems where conditions were formulated in terms of summability
factors. The theorems of Kangro [1] and Baron [2, §27] are generalizations
of the theorems of Meyer-Konig and Tietz [3]-[5] and Leviatan [6].

To prove absolute Tauberian theorems with the aid of absolute summa-
bility factors for double series and sequences we need to generalize some
important theorems about absolute summability factors for simple series
and sequences.

1. BASIC DEFINITIONS AND THE MAIN LEMMA

The following notation and definitions will be used in this section.
Let

Z Unmn (1.1)

m,n=0
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be an infinite double series of real or complex numbers with partial sums
m,n

Unn = Z Uke-

k,0=0

Let A = (amnke) be an infinite normal double matrix of real or complex
numbers.

Let

m,n
!/
Unin = Z AmnkeUge-
k=0

We say that (1.1) is summable by the method A, or, shortly, (1.1) is
A-summable to the sum U’ if there exists the limit

lim U, =U' (1.2)

In that case we call the matrix A a method of summability.

We call a double series (1.1) boundedly A-summable, or, shortly, Ap-
summable to the sum U’ if U}, satisfies conditions (1.2) and U}, = O(1). In
that case we also denote the method of summability A by A;. Analogously,
the Bp-summability will be defined with the aid of the double matrix B =
(bmnké)-

Let A; be the set of all Ap-summable double series. If (1.1) is Ap-
summable to the sum U’, we write

Ab{ Zumn} =U'.

The number U’ is called the A-sum of the double series (1.1).

If for every absolutely convergent double series (1.1) is | A|-summable (see
[7], p- 141), then we say that the method A conserves absolute convergence.
If the method A conserves absolute convergence and

Ab{Zumn} = Zu”‘”

for each absolute convergent double series (1.1), then the method A is called
absolute regqular.

The set of all |A]-summable double series is called the field of absolute
summability of A and we denote it by A or |A|". If

Bb{mzmumn} = Ab{§umn}

for each double series from |B|' N |A|’, then we say that A, is consistent
with Bg.
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In the sequel we use the notation:

ATy = Tmn, — Tm—1,n,

Anxmn = Tmn — Tm,n—1,

=Zmn — Tm—-1n — Tmpn—1 1+ Tm—-1,n—1-

Let p be an arbitrary set of double series (1.1). We denote by r the set
of double sequences x = (Uy) associated with p, i.e.,

r= {x : ZZHUM € p}.
Kl

For example, if p is the set of bounded convergent double series, then
r = bc, the set of bounded convergent double sequences; if p is the set byg of
bounded double series converging to zero, then r = ben, the set of bounded
double sequences converging to zero; if p is the set p of double series with
bounded partial sums, then r is the set m of bounded double sequences; if p
is the set ¢ of absolutely convergent double series, ¢y absolutely convergent
double series converging to zero, then r is the set a of absolutely converging
double sequences, i.e., a = {z : Uy = Q(1)}. Here zppn = Q(yYmn) denotes
3 A (Tmn/Ymn)| < oo. If p is the set £y of double series absolutely

m,n

converging to zero, then r is the set ag of double sequences z, for which

Uke = w(1). Here Zpmp = w(Ymn) denotes Tmpn = Q(Ymn) and Tompn = 0(Ymn)-
We will use the notation:

m

Tmn = Wm(ymn) means Tmnp = Qm(ymn)a Tmn = 0(1)7
Tmn = wn(ymn) means Tmnp = Qn(ymn)7 Tmn = 0(1 .

)
The numbers (g,,,,) are called summability factors of type (p, By) (or (p, By))
if for every double series Y Uy, € p it always follows that

m,n

Zsmnumn € By (or ngnumn c Bz)

m,n m,n

Let A and B be the methods of the summability of double series (1.1).
Let T and Tp be certain sets of double series (1.1). We denote three double
series (1.1) by z,y and z.
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The condition x € T will be called By-Tauberian for A, if
A,NT C By.

In particular, when the convergence method E = C%° (see [7], p. 141),
ie., if B, = Ej = ¢, instead of an E,-Tauberian condition, it will simply be
called an absolute Tauberian condition.

Now we formulate the main lemma.

Lemma 1.1. Let A, D B and A; be consistent with By. If the condi-
tion © € Ty is By-Tauberian for Ay, then the condition x € T is also By-
Tauberian for Ay if every element x € T can be represented by x = y + z,
where y € Ty and z € By.

Proof. Let . € A,NT and x = y+ z with y € Ty and z € Bj. Then clearly
y=x—2z€ A,NTy C B). Hence z € B;. O

Let the numbers A\py # 0, fimn # 0, where Ay fimn # 0 and p_q, =

Hm,—1 = 0.
Let us assume that p,,, and \,,, are factorizable, i.e.,

fimn = Hpp * fs Amn = Ay - Ap,
and for m,n >0

N 0 VR Y N Y

m?

Then

Aanfl,n _ /1';7171 An/‘x Am/im,nfl _ Zm,um . fol

Amn PRV Amn YDV

2. CONNECTIONS BETWEEN ABSOLUTE SUMMABILITY FACTORS FOR
DOUBLE SERIES AND ABSOLUTE TAUBERIAN THEOREMS

For every double series (1.1) a double sequence (V,,,,) will be constructed
by the formula

m,n

1
Z )\M’ukz. (2.1)

Hmn k,£=0

an =

Recall

(Y Nmfl,nfl/)\mna Ymn = (Zmnﬂmn)/AnLna

6;71” = (An,um—l,n)//\mna ﬁxm = (Amﬂ'm,n—l)/)\mn-

One can now state
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Theorem 2.1. Let A} D By, where Ay is consistent with By. If the fol-
lowing conditions are fulfilled:
(1) the numbers cuy,, are summability factors of type (p, By),

(2) the double series ' = > Bl A Vin and " = 3 B A Vi are

boundedly | B|-summable, 7
(3) condition (W /Ymn) € 7 is By-Tauberian for Ay,
then the condition

(Vinn) €1 (2.2)
1s also By-Tauberian for A.
Proof. From (2.1) we obtain
B Vi)
Umn = mn\HmnVmn)-
N

We use the formula (see formula (15.31) in [2]) for the difference of products
of double sequences and obtain

With the aid of the series

xzzunww y:Zanana Z:w+wl+w//7

m,n m,n
where
_ Z V ! /6/ Z V " __ 6// Z V
w = AmnLBmn Vmn, w = mn=mVYmn, w = mn=nYmn,
m,n m,n m,n

we get © = y + z from (2.3).
If condition (2.2) is satisfied, then Y A, Vinn € p, and from conditions

m,n

(1) and (2) it follows that z € Bj. We denote
To = {Zumn ¢ (Umn/Ymn) € 7“}.

From (2.3) we conclude that y € Ty. According to (3), the condition
x € Ty is By-Tauberian for Ay. Thus the statement of Theorem 2.1 follows
from Lemma 1.1 if one sets

T:{Zumn:(an)ET}. O
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If in Theorem 2.1 we take B = F and r = a, then (p, By) = (¢,¢). It is
known (see [8], p. 131, Theorem 3) that e,,, € (C7, C&P) for a, § > 0 iff
the following conditions

A%PBe = 0[(m+1)"(n+1)""], A% =O[(m+1)"%],
APepn =0[(n+1)77], emnn=0(1)

are fulfilled. From here, with o = 8 = 0, we obtain following

Lemma 2.2. For ey, € (|¢|,|€]) it is necessary and sufficient that
Emn = O(1).

The proof of the condition w’ = O(1) in the proof of Corollary 4.1 from
[9], p. 160, and Lemma 2.2 imply

Corollary 2.3. Let A be an absolutely regular method for the summa-
bility of double series. If the following conditions are fulfilled:

(1) Hm—-1n—-1 = O(Amn)v

(2) 2 |hmnl < oo,

m,n

3) X ”;;;vamn =0(1), X “ﬁ;znvmn =0(1),

(4) condition wpy = Q(Ymn) is absolute Tauberian for Ay,
then Vinn = Q(Ymn) 18 also absolute Tauberian for A,.

As we see by Lemma 2.2, ., € (¢,¢) iff £,,,, = O(1). Since ¢y C ¢, the
conditions for e,,, € (¢, ¢) are necessary and sufficient for e,,, € (£, ¥) as
well. Therefore e,,,, € ({o,¢) iff £, = O(1). Thus analogously to Corollary
2.3 we obtain

Corollary 2.4. Let A be an absolutely reqular method of the summability
for double series. If the conditions (1), (2), and (3) of Corollary 2.3 are
fulfilled and

(4) the condition Uy = W(Ymn) is absolute Tauberian for Ay,

then V! = w(Ymn) is also absolute Tauberian for Ay.

Analogous theorems for simple series were proved by S. Baron (see [2],
p. 234, Corollary 27.3).
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3. CONNECTIONS BETWEEN ABSOLUTE SUMMABILITY FACTORS FOR
DOUBLE SEQUENCES AND ABSOLUTE TAUBERIAN THEOREMS

In this section we shall find connections between summability factors for
a double sequence and absolute Tauberian theorems.
In (2.1) let

/\mn = amnbmn-

With the notation used in Theorem 2.1 we get

Theorem 3.1. Let A}, D By, where Ay is consistent with By. If the fol-
lowing conditions are fulfilled:

(1) the numbers qun, are summability factors of type (p, By),

(2) the numbers Apnitmn/bmn are summability factors for a double se-
quence of type (r,r),

(3) the double series w' and w” are By-summable,

(4) condition (amntmn) € r is Be-Tauberian for Ay,
then the condition

(Vinn) €7 (3.1)
is also By-Tauberian for Ay.

Proof. With the aid of the formal series x,y, z as in the proof of Theorem
2.1, expansion (2.3) gives = y+z. Then, as stated in the proof of Theorem
2.1, from condition (3.1) and conditions (1) and (3) it follows that z € Bj.
In addition, from conditions (3.1) and (2) one gets

bmn

an> er.

We set
Ty = {Zu’"" S (QmnUmn) € r}
and conclude that y € T if in Ty we take wmp = Yinn Vinn. According to
(4), the condition x € Ty is Be-Tauberian for A,. Thus the statement of
Theorem 3.1 follows from Lemma 1.1 if one sets

T = {Zumn i (Vinn) € r}.

In Theorem 3.1, if we put B; = ¢ and r = a, then (p,By) = (¢,¢)
and (r,7) = (a,a). Then the convergence factors a.,, € (¢,£) and are
characterized by Lemma 2.2. In condition (2) the convergence factors
Apntimn/bmn € (a,a) for the above-mentioned convergence factors, which
we characterize by Lemma 3.2 below, are obtained from Theorem 1 of [7],
p. 144.
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_If we examine B = E in Theorem 1 of [7] and assume that brnke =
Amnkﬂsmnkb then

Z Emnuuguykég,uu = Z Zmn(577171;1,1/5;41/ -
p,v=kt pv==k,L
= Zmn 6mnk€5u,u = Zmngmn- (32)
w,v==k,l
By substituting (3.2) into (4) of [7] we obtain
Z |AnEmn| < 00 (3.3)

If in (5) of [7], p. 144, we take only the term with & = m and put £ =0,
we obtain

n
n v=0
Consequently, condition (5) of Theorem 1 in [7] implies the condition

= Z |Zn5nu5mu| = Z ‘Znsml/| = 0(1)

and, analogously, the condition

Since by Proposition 1 of [7], p. 144, condition (5) is equivalent to condi-
tions (6), (7), (8) of Proposition 1 in [7], the latter follow from (3.3), (3.4),
and (3.5).

Indeed, from (3.4) we obtain

> S Bt = 3 | S K6 -

m,n  p,v=0 m,n v=0

—1
ZUD DI
n v=0

Consequently, the above mentioned conditions (7) and (8) follow from
(3.4) and (3.5), but in our case condition (6) is condition (3.3).
Thus we have proved

—0(1). O

Lemma 3.2. For e, € (|€|,|€|) it is necessary and sufficient that con-
ditions (3.4) and (3.5) and €y, = Q(1) be fulfilled.

If as above we combine Theorem 13.1 with Lemmas 2.2 and 3.2, and choose
Emn = Pm—1,n—1/Ymn a0d Emn = Apnlimn/bmn (respectively), we obtain
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Corollary 3.3. Let A be an absolute reqular method of the summability
for double series. If the following conditions are fulfilled:

(1) Hm—1n—1 = O(Aan .

(2) A timn = Q(bmn)7 Apntimn = Qm(bmn)’ Apn fimn = Qn(bmn);

(3) 22 [hmn| < o0,

m,n

(4) 2|22 B Vi | = 0(1) 3

(5) condition amptmn = Q(1) is absolute Tauberian for Ay,

then the condition Vi, = Q(1) is also absolute Tauberian for Ay.

”ﬁngann =0(1)

We use Theorem 3.1 with r = a¢ and show that the conditions of Lemma,
3.2 are necessary and sufficient for e,,, € (ag,a). Indeed, from conditions
(3.3)—(3.5) it follows that &,,, = O(1) by the formula (see [10], p. 10)

m—1,n—1

m—1 n—1
Emn = €00 + E Ay — E AV E Aoy, myn=1,2,....
p,v=0 n=0 v=0

Therefore the conditions of Lemma 3.2 are necessary and sufficient for
Emn € (ag,aop), since empUpmn = O(1)Upmpn = O(1) - o(1) = o(1), and from
(3.3)—(3.5) it follows that (g;3nUmn) € a.

Theorem 3.1 and Lemma 3.2 imply

Corollary 3.4. Let A be an absolute regular method for the summabil-
ity of double series. If conditions (1), (3), and (4) of Corollary 3.3 and
conditions

(21) ZWLnNJm,n = Wm(bmn)y ZWLnPJran = wn(bmn);

(5") condition amptmn = w(1) is absolute Tauberian for Ay,
are fulfilled, then the condition V., = w(l) is also absolute Tauberian for
Ay

Analogous theorems for simple series were proved by H. Tietz ([11],
p. 139, Theorems 3.1 and 3.3) and S. Baron ([2], p. 236, Corollary 27.4).
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