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Abstract. Sufficient conditions are established for the solvability of the
boundary value problem

() = f@)(t), hi(@) =0 (i=1,....n),

where f is an operator (h; (i = 1,...,n) are operators) acting from some
subspace of the space of (n — 1)-times differentiable on the interval ]a, b[
m-~dimensional vector functions into the space of locally integrable on |a, b|
m-dimensional vector functions (into the space R™).
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1. FORMULATION OF THE MAIN RESULTS

1.1. Formulation of the problem and a brief survey of literature. Con-
sider the functional differential equation of n-th order

2(t) = f(2)(0) (L.1)
with the boundary conditions
hi(x)=0 (i=1,...,n). (1.2)

When the operators f : C""!([a, b]; R™) — L([a,b]; R™) and h; : C""!([a, b]; R™)
— R™ (i =1,...,n) are continuous, problem (1.1), (1.2) is called regular. If the
operator f (operators h; (i = 1,...,n)) acts from some subspace of the space
C™" (]a,b[; R™) into the space Li.(]Ja,b[;R™) (into the space R™), problem
(1.1),(1.2) is called singular.

The basic principles of the theory of a wide enough class of regular problems
of form (1.1), (1.2) are constructed in the monographs [4], [5], [43]. Optimal
sufficient conditions for such problems to be solvable and uniquely solvable are
given in [7], [8], [10]-[12], [22], [24], [26]-[28], [39].
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As to singular problems of form (1.1), (1.2), they have been studied with
sufficient completeness in the case with the operator f having the form

f@)(t) = g(t2(t),....a"D(t))

(see [1], [2], [14]-[21], [32]-[35], [37], [45] and the references cited therein). For
the singular functional differential equation (1.1), the weighted initial problem
is studied in [30], [31], two-point problems in [3], [6], [23], [36], [38], [40]-[42],
whereas the multi-point Vallée-Poussin problem in [25]. In the general case the
singular problem (1.1),(1.2) remains studied but little. An attempt is made in
this paper to fill up this gap to some extent.

Throughout the paper the following notation will be used.

R =] —00,400[, Ry =[0,400].
R™ is the space of m-dimensional column vectors = (x;)*, with the com-
ponents z; € R (i = 1,...,m) and the norm

m
2l = > laal-
i=1

R? ={z=(z;)2: m; eRy (i=1,...,m)}.
R™>™ is the space of m x m matrices X = (74)j}—; with the components
zix € R (i,k=1,...,m) and the norm

XN =>_ |zl

ik=1
If v = (2;)2, € R™ and X = (z)]}—; € R™*"™, then
|| = (Jz])i2y and | X| = (|2i])i=1-

R ={X = (za)fjer + 2 €ERy (L =1,...,m)}.

r(X) is the spectral radius of the matrix X € R™*™,

Inequalities between matrices and vectors are understood componentwise,
Le., for z = (z;)%y, y = (¥i)iZ1, X = (Tik){k=1 and Y = (yir)i}—1 we have

r<y<=uz; <y (i=1,...,m)
and
X<Y<=uay<ysx (1L,k=1,...,m).
If k is a natural number and ¢ €0, 1], then

k

(k—el =G —e).

i=1
If m and n are natural numbers, —o0o < a < b < +00, @ € R and § € R, then

C5'(Ja, b[; R™) is the Banach space of (n —1)-times continuously differentiable
vector functions x :]a, b — R™ having limits

%im(t — )z (1), %irrg(b — )% (i=1,...,n), (1.3)
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where

a+i—n+|a+i—n| B+i—n+|B+1—n]

(i=1,...,n).

The norm of an arbitrary element x of this space is defined by the equality

(1.4)

n

Hchg;; = sup { Z(t —a)®(b— t)ﬁi

k=1

2@ a<t < b}.

6251 (Ja,b[; R™) is the set of 2 € C5' (Ja, b[; R™) for which "~V is locally
absolutely continuous on |a, b[, i.e., absolutely continuous on [a + €,b — ] for
arbitrarily small positive €.

Lo g(Ja,b[; R™) and L g(]a,b[; R™*™) are respectively the Banach space of
vector functions y :]a,b[— R™ and the Banach space of matrix functions Y :
Ja, b[ — R™ ™ whose components are summable with weight (t — a)*(b — t)”.
The norms in these spaces are defined by the equalities

ey = [t =)@ = ly®ldt, 1Yz, = [(¢= b= Y @) at

Lag(Ja,b[;RY) = {y € Lag(Ja, b[;R™) : y(t) € RY for t €]a,b[}.
Laﬂ(]a bl; Rme) ={Y € Log(Ja,b[; R™™) : Y(t) € R for t €la,b| }.
In the sequel it will always be assumed that —oo < a < b < 400,

acl0,n—-1], gel0,n—1], (1.5)
whereas f : C15' (Ja,b[; R™) — Lqg(Ja, b[; R™) and h; : C 5 (Ja, b ; R™) — R™
(t=1,...,n) are continuous operators which, for each p = ]0 +oo[ satisfy the
conditions

sup {1 F(@) O = llzllen—s < p} € Las(la, B[ Ry), (1.6)
sup { [[hi(2)]| - lellgnr < p} <400 (i=1,...,n). (1.7)

By a solution of the functional differential equation (1.1) is understood a vector
function = € CJ ' (Ja,b[; R™) satisfying (1.1) almost everywhere on ]a,b[. A
solution of (1.1) satisfying (1.2) is called a solution of problem (1.1),(1.2).

1.2. Theorem on the Fredholm property of a linear boundary value
problem. We begin by introducing

Definition 1.1. A linear operator p : C5'(Ja, b[; R™) — R™ is called stron-
gly bounded if there exists ¢ € L, g(]a, b[; R} ) such that

Ip@) I < CBllzlleny for a<t<b we iy (a,b[;R™).  (1.8)
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Consider the boundary value problem
2(t) = p(a)(t) + q(t), (1.9)
&‘([L’):Coz‘ (izl,...,n), (110)
where p : Co 5 (Ja, b[; R™) — Lag(Ja,b[; R™) is a linear, strongly bounded op-
erator, {; ngl(]a, b[; R™) — R™ (i =1,...,m) are linear bounded operators,
q € Lop(Ja,b[;R™), co; € R™ (1 =1,...,m).

Theorem 1.1. For problem (1.9), (1.10) to be uniquely solvable it is neces-
sary and sufficient that the corresponding homogeneous problem

2" (t) = p(x) (1), (1.90)
G(x) =0 (i=1,...,n) (1.100)

have only a trivial solution. Moreover, if problem (1.99) (1.100) has only a
trivial solution, then there exists a positive constant v such that for any q €
L, (Ja,b[;R™) and co; € R™ (i =1,...,m), a solution x of problem (1.9), (1.10)
admits the estimate

lelleg < 7( 3 lleal + gl ) (111)

=1

The vector differential equation with deviating arguments

ZP 2V (1) + q(t), (1.12)

where 7; : [a,b] — [a,b] (i = 1,...,n) are measurable functions, P; :]a,b[—
R™*™ (; = 1,...,n) are matrix functions with measurable components and
q € Lop(Ja,b[;R™), is a particular case of equation (1.9). Along with (1.12),
consider the corresponding homogeneous equation

ZP 20N (7(t)). (1.129)

From Theorem 1.1 follows
Corollary 1.1. Let almost everywhere on |a,b| the inequalities
7(t) >a for i>n—a, 7;(t)<b for j>n—p (1.13)
be fulfilled. Moreover,

[t=ayrt-0°(n(t)—a) " (b= n(t) " IP0) dt
<4oo (i=1,...,n)." (1.14)

*) Here and in the sequel it will be assumed that if a; = 0 (3; = 0), then (7;(t) —a)~* =1

((ri(t) —b)=F = 1).
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Then for problem (1.12),(1.2) to be uniquely solvable, it is necessary and suf-
ficient that the corresponding homogeneous problem (1.12), (1.2¢) have only a
trivial solution. Moreover, if problem (1.12) (1.29) has only a trivial solution,
then there exists a positive constant v such that for any q¢ € L g(]a,b[;R™)
and co; € R™ (i =1,...,m), a solution x of problem (1.12), (1.2) admits esti-
mate (1.11).

1.3. A priori boundedness principle for the nonlinear problem (1.1),
(1.2). To formulate this principle we have to introduce

Definition 1.2. Let 7 be a positive number. The pair (p, (¢;)?_,) of contin-
uous operators p : Ci 3! (Ja,b[; R™) x Ch5'(Ja,b[;R™) — Lag(Ja,b[;R™) and
(), - Ch5t(Ja, b[; R™) x Ch5t (Ja, b[; R™) — R™ is said to be y-consistent if:

(i) the operators p(z,-) : Chg'(Ja,b[; R™) — Lqg(Ja,b[;R™) and f;(z,-) :
Cr5'(Ja,b[; R™) — R™ are linear for any fixed z € C25'(Ja,b[; R™) and i €

1,...,n};
{ (ii) for}any z and y € CI5'(Ja,b[; R™) and for almost all ¢ €]a, b we have
inequalities

It (N < (6 Iy ooy 16 DI < do(lelleg) Ivley

where dp : Ry — R is nondecreasing, 6(-, p) € Lo (Ja, b[; Ry ) for every p € Ry,
and 6(¢,-) : Ry — R, is nondecreasing for every ¢ € |a, b|;
(ili) for any z € Ci5'(Ja,b[;R™), ¢ € Lag(Ja,b[;R™) and ¢; € R™ (i =
.,n), an arbitrary solution y of the boundary value problem
y™ (1) = pla,y)(t) +a(t), blzy) = ((=1,...,n) (1.15)

admits the estimate

1

P

Il < 2( 2 Nl + lale.s )- (1.16)
’ i=1
Definition 1.2'. The vpair (p,(¢;)",) of continuous operators

p o+ Cog(la,b;R™) x Cogl(a,b[;R™) —  Lag(la,b[;R™) and ()L,
Cr 3t (Ja, b[; R™) x Cogt(Ja, b ; R™) — R™" is said to be consistent if there exists
~v > 0 such that this pair is y-consistent.

Theorem 1.2. Let there exist a positive number py and a consistent pair
(p, (€;)1y) of continuous operators p : Chg'(Ja,b[;R™) x Ci5'(Ja,b[; R™) —
R™ and (;)1, : Cog'(Ja, b[; R™) x C25 (Ja, b[; R™) — R™ such that for any
A €10, 1[ an arbitrary solution of the problem

2(t) = (1= Np(e, 2)(1) + Af(2) (), (117)
A= Dli(z,x) = Ahi(z) (i=1,...,n) (1.18)

admits the estimate

Hﬂa"”cgjﬁl < po. (1.19)
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Then problem (1.1), (1.2) is solvable.

For n =1 and a = 8 = 0, Theorem 1.2 implies Theorem 1 from [27].

Corollary 1.2. Let there exist a positive number vy, a ~y-consistent pair
(p. (6:)7—y) of continuous operators p : Cl 5 (la, b[ ™) x Cigt(Ja,b[; R™) —
L, s(Ja,b[;R™), (6;), : ng_ﬁl(]a,b[; R™) x C75 Y(a,b[;R™) — Rm" and func-
tions 1 :]a, b xRy — Ry and ny : Ry — Ry such that the inequalities

Hf = p(z,2))| < n(t. Ielens). (1.20)

(,2)| < n0(||x||cn 1) (1.21)

are fulfilled for any x € Cg,gl(]a,b[;]Rm) and almost all t €]a,b]. Moreover,
(-, p) € Lag(Ja,b[;Ry) for p € Ry and

p—+o0 p

lim sup (770(/7) + ; /b(s —a)*(b— s)"n(s, p) ds) < fly : (1.22)
Then problem (1.1), (1.2) is solvable.

As an example, in C5'(Ja,b[; R™) consider the boundary value problem
2™ () = g(t,2(n(t), ..., 2"V (m(t)), (1.23)
%i_r)r;x("_l)(t) =c¢(z) (i=1,...,k),
limz@ V() = ¢(x) (i=k+1,...,n).

t—b

(1.24)

Here k € {1,...,n — 1}, a € [0,n — k|, 7; : [a,b] — [a,b] (i = 1,...,n)

are measurable functions, ¢; : égﬁl(]a,b[;Rm) — R™ (i = 1,...,m) are con-
tinuous operators, and ¢ :]a, b xR™ — R™ is a vector function such that
g(,x1,. .., x,) ]a,b[— R™ is measurable for any x; € R™ (i = 1,...,n) and
g(t,-,...,-) : R™ — R™ is continuous for almost all ¢t €]a,b[. We will also

suppose that for i > n — « the inequality
Tl<t) >a

holds almost everywhere on |a, b| .
The following statement is valid.

Corollary 1.3. Let there exist ng : Ry — Ry, P; € Lao(Ja,b[;RT") (i =
1,...,n) and q :]a,b] xR, — RT such that

Z lei(@)Il < mo(llzllnt) for @ € Oyt (Ja,b[;R™) (1.25)
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and on |a, b[ XR™™ the inequality

‘g(t,:cl, . ,xn)‘

n

< i (Ti(t) - a)aipi(t)|$i| + q(t,z (Ti(t) _ a)aZHIE@H) (1.26)

i=1

holds. Let, moreover, q(-, p) € Lao(]a, b[; RY) for every p € Ry, the components
of q(t, p) are nondecreasing with respect to p,

b

lim (”"<p) 4 ;/(s —a)*llq(s, )l ds> —0 (1.27)

p—+00 p

a

and
r(P) <1, (1.28)
where
(b — q)n—h-1-a+arn

P = ; (n—k—Dk+1—1i—ogsy)! a/(S — a)a(Tz‘(S) - a)k+17i*ak+1pi(s> ds

i .

n (b . a)n7i7a+ai b

3 (n =7 /(s —a)*P;(s) ds.
i=k+1 :

a

Then problem (1.23), (1.24) is solvable.
Before passing to the formulation of the next corollary we introduce
Definition 1.3. An operator p : Cli 5! (Ja, b[; R™) — Lq s(Ja, b[; R™) (an op-
erator £ : C5'(Ja, b[; R™) — R™) is called positive homogencous if the equality
pO)(t) = Ap(a)()  (€x) = M=) )
is fulfilled for all z € C 5 (Ja,b[; R™), A € Ry and almost all ¢ €]a, b].

Definition 1.4. A positive homogeneous operator p : CZ@I(]a,b[;Rm) —
L, 5(Ja,b[; R™) (a positive homogeneous operator £ : CZ:@,I (Ja,b[; R™) — R™) is
called strongly bounded (bounded) if there exists a function ¢ € L, g(]a, b[;Ry)
(a positive number (;) such that the inequality

Ip(@) @)l < COllzllen (@) < Gollellonr )
holds for all z € C’gw_@l(]a, b[; R™) and almost all ¢ €]a, b[.

Corollary 1.4. Let there exist a linear, strongly bounded operator
D Cgﬁl(]a,b[;Rm) — Lo p(Ja,b[;R™), a positive homogeneous, continuous,
strongly bounded operatorp : Ci 5! (Ja, b[; R™) — Lqg(]a, b[; R™), linear bounded
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operators {; : C&gl (Ja,b[; R™) — R™ (¢ = 1,...,n), positive homogeneous, con-
tinuous, bounded operators 0; : CL 5 (Ja,b[;R™) — R™ (i = 1,...,m), and
functions n :]a, b xR, and no : Ry — Ry such that the inequalities

|£@)®) = p@)(t) = B@) @) < 0t Jallen) (1.29)
é ‘ hi(x) — Ci(x) — Zl(x)H < ?70(||xH02:61) (1.30)

hold for any x € CL5'(Ja,b[;R™) and for almost all t €la,b[. Moreover,
n(,p) € Las(Ja,b[;Ry) for any p € Ry,

lim (Uo(p) + ; a/b(s —a)*(b— s)n(s, p) ds) =0 (1.31)

p—+oo \ p
and for any A € [0,1] the problem
2™ (t) = p(x)(t) + \p(x)(t), Gi(z) +Mi(z) =0 (i=1,...,n) (1.32)
has only a trivial solution. Then problem (1.1), (1.2) is solvable.
As an example, for the second order singular half-linear differential equation
u(t) = pu()u(t) " ()" sgnult) + p2(t)(t) + po(t) (1.33)

let us consider the two-point boundary value problems

lim u(t) = ¢, %lﬂg u(t) = ¢y (1.34y)
and
lim u(t) = c1, Pngu’(t) = ¢y. (1.347)

We are interested in the case where p € [0, 1] and p; :]a,b[— R (i = 0,1,2)
are measurable functions satisfying either the conditions

/(t —a)(b—t)|pi(t)] dt < +oo (i =0,1), /\pQ(t)| dt < 400, (1.351)

a

a'(t)

o(t)

pr(t) > — Mo (D], {pg(t)— }sgn(to—t)z—AQU(t) (1.361)

for a <t < b,

or the conditions
b

/(t —a)lpo()|dt < 400 (i =0,1), /|p2(t)| dt < +o00,  (1.35)

a

pi(t) = =Mfe (], pa(t) —

> —Xo(t) for a <t <b. (1.362)
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Here ¢y €]a,b[, \; € Ry (i = 1,2), and o :]a,b[— R, is a locally absolutely
continuous function such that either
+o0

o'(t)sgn(to —t) <0 for a <t <b, 0/ T AQde ey
b to b
g /0' ds—l—’/ (s)ds—/a(s)dsl, (1.371)
to
or
e ds
/ A+ Ags 4 sOF/K >”/ (1.372)

By virtue of Theorems 3.1 and 3.2 from [9] Corollary 1.4 implies

Corollary 1.5. Let conditions (1.35;), (1.36;) and (1.37;) be fulfilled for
some i € {1,2}. Then problem (1.33), (1.34;) has at least one solution.

This corollary is a generalization of the classical result of Ch. de la Vallée-
Poussin [44] for equation (1.33).

2. AUXILIARY PROPOSITIONS

Lemma 2.1. Let p >0, n € L,s(Ja,b[;Ry), tg €]a,b[, and S be the set of
(n — 1)-times continuously differentiable vector functions x :|a,b| — R™ satis-
fying the conditions

|20V to)|| < p (=1, ,m), (2.1)
Hx(”_l)(t) — x("_l)(s)H < /7](5) d¢ for a<s<t<b. (2.2)

Then S C 5’2231 (Ja,b[; R™) and S is a compact set of the space CL 5! (Ja, b[; R™).

Proof. Let x be an arbitrary element of the set S. Then by (2.2) the function
("= is locally absolutely continuous on ]a, b[ and

|2 (t)]| < n(t) for almost all t €]a,b[. (2.3)
Therefore
™ € Ly s(a,b[; R™), (2.4)
: (= to)i
(i-1) 0" -1
z JZZ G—i) (o)
t
—|—< ‘/(t—s)”’ix(")(s)ds for a<t<b (i=1,...,n), (2.5)
n
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and
Hx(i_l)(t)H <g(t) for a<t<b (1=1,...,n), (2.6)
where
n b— ] i
_py =9 ‘/ syds| i=1,....n). (27)
= (7 —1) (n—1)
Let
’il = max{z' Loy = 0}, 7:2 = max{z' . ﬂz = 0}
Then
n—i>a, o =0 for i<i;, ay=a+i—n>0 for i>i, (2.8)
n—zZﬁ, QZZOfOI'ZSZQ, ﬁZ:ﬂ+2—n>Oforz>12 (282)
Therefore
El(t) < €i((1+) < +oo for 1 < 11, a<t<t, (29)
to
/51+i1(s) ds < +oo if iy <n-—1, (2.10)
gi(t) <ei(b—) < +oo for i <iy, to<t<b, (2.11)
b
/61+i2(3) ds < 400 if iy <n—1. (2.12)
to

If i > 4y, then, with (2.7) and (2.8;) taken into account, for any § €]0,ty — af
we find

aAT1—n a+6
hr&sgp [(t — a)aisi(t)} = lir?j;lp [% / (s —t)""'n(s) ds]
a+o
< (ni), [ (s = ayuts)ds

Hence, because of the arbitrariness of 9, it follows that

lim [(t — a)*&;(t)] =0 for i > iy. (2.13)

t—a

Analogously, it can be shown that

lim [(b— £)%&;()] =0 for i > iy, (2.14)

t—b
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If © <4y (if i < dy), then by virtue of conditions (2.3) and (2.81) (conditions
(2.3) and (2.8;)) we have

to b

/(s —a)" Y| 2™(s)|| ds < 400 ( /(b —5)" ™ (s)|| ds < +oo>.

a to

Hence (2.5) implies the existence of the limit
im D im D

If however ¢ > iy (7 > i), then from (2.6) and (2.13) (from (2.6) and (2.14)) we
have

: i, (i=1) (1) — : =) ()
lim(t —a)*2 V() =0 ( lim(b — £)*2V(t) = 0).
We have thereby proved the existence of limit (1.3).  Therefore S C
Civg' (Ja, [ ; R™).
By the Arzela-Ascoli lemma, from estimates (2.3), (2.6) and conditions (2.9)—
(2.14) it follows that S is a compact set of the space Cl 5! (Ja,b[; R™). [

Let (p,(¢;)f~,) be a ~-consistent pair of continuous operators p
Cap (la,0[;R™) x Cogl(ab;R™)  —  Lag(la,b[;R™) and (67,
Cap (o, bER™) x €5 (Ja, bR™) — R™, and ¢ @ Cij'(Ja,b[;R™) —
Lag(Ja,b[;R™), co; : CL 5! (Ja, b[; R™) — R™ (i = 1,...,n) be continuous opera-
tors. For any z € Cl5'(Ja, b[; R™), consider the linear boundary value problem

y ™ () = plz,y) (1) +q(@)(t),  Glz,y) = cu(z) (i=1,...,n). (2.15)

By condition (iii) of Definition 1.2, the homogeneous problem

y"m () =plz,y)(t), bi(z,y)=0 (i=1,...,n) (2.150)

has only a trivial solution. By Theorem 1.1 this fact guarantees the existence
of a unique solution y of problem (2.15). We write

u(z)(t) = y(1).

Lemma 2.2. u: C2 5 (Ja,b[; R™) — C2 5 (Ja,b[; R™) is a continuous opera-

tor.
Proof. Let
z € Ch5 (Ja, 0 R™),  yi(t) = (@) (t) (1=1,2)
and
y(t) = ya(t) =y (t)
Then

y " () = pa(aa, y)(8) + qolar, 22) (1),
li(xe,y) = ci(x1,m0) (1=1,...,n),
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where
Go(w1, 22)(t) = p(x1, 41)(t) = P22, 51) (1) + q(22)(t) — (1) (2),
¢i(21, 22) = (21, 22) — Li(22, 1) + coiz2) — coi(z1) (i=1,...,n).
Hence, by condition (iii) of Definition 1.2 we have

e <7l an)l + lao(er.a2) e )

=1

Hu Tg) — u(xl)‘
Since the operators p, ¢, ¢; and cy; (1 = 1,...,n) are continuous, this estimate

implies the continuity of the operator u. [

Lemma 2.3. Letk € {1,...,n—1}, a € [0,n—k], and z € Cly'(Ja,b[; R™)
be a vector function satisfying conditions (1.24). Then on |a,b| the following
inequalities are fulfilled:

D] < 306 — P ey (o)

1
(n—1)!

+ (b—a)" "ti(t —a) ¥y(z) (i=k+1,...,n), (2.16)

(21 E:b—a‘7Z ()]

(b _ a)n—k—l atogy

T kD E T ey @ @) (=1 k), (217)
where
b
y(@) = [(s = a)*[a(s)| ds. (2.18)

a

Proof. Let xo(t) be a polynomial of degree not higher than n — 1 satisfying the
conditions

x(()i_l)(a) =c(z) (i=1,...,k), $(()i_1)(b) =cl@) (i=k+1....n)

V0] < Y0~ ay (@) Tor a<t<b (i=1...n). (219

On the other hand,

200 =) - SV (- et (s) s (2:20)
(t=k+1,...,n),

201 (¢) :c,;(x)+/x(i)(s) ds (i=1,....k). (2.21)
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By (1.4)
n—i—a—a; >0 (i=1,...,n).
Therefore

(S o t)nfi S (S o a)nfifaJrai(S _ a)*ai(s _ CL)a
<(b—a)"" N (t —a) (s —a)* for t<s<b (i=1,...,n).
If along with this we take into account inequality (2.19), then from (2.20) we

obtain estimates (2.16).
It is clear that

apyr <1,
since @« < n — k. If agyy < 1, then by virtue of (2.16) and (2.19), from (2.21)
follow estimates (2.17).

To complete the proof of the lemma it remains to consider the case where
a1 = 1. Then aw = n — k and thus from (2.19)—(2.21) we find

n i 1
szk(b_a>j |Cj(x)‘+ ( _]g_l)'y(x)
and
|$(i_1)(t)| < i(b —a) Z|Cj($)’ + e 11)‘(k‘ — (t — a)k—zy(x)
(1=1,...,k)

Therefore estimates (2.17) are valid. [

3. PROOF OF THE MAIN RESULTS

Proof of Theorem 1.1. Let B = C5'(Ja, b[; R™) xR™ be a Banach space with
elements u = (x;¢q,...,¢,), where z € C’Z’Bl(]a,b[;Rm), G €ER™ (1=1,...,n),
and the norm

n
lulls = llullgnr + > lleall
’ i=1
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Fix arbitrarily to € |a,b] and, for any u = (z;¢1,. .., ¢,), set
~ (& (=) (i-1)
p(u)(t) = (; N (Cz‘ +z (tO))

i(t) = ((”—1)' / (t — )" Lq(s) ds; co, - . . ,c%).

Problem (1.9), (1.10) is equivalent to the operator equation
u=pu)+4q (3.1)

in the space B since u = (z; ¢y, ..., ¢,) is a solution of equation (3.1) if and only
ifc; =0 (:=1,...,n) and z is a solution of problem (1.9), (1.10). As for the
homogeneous equation

u=p(u) (3.1p)

it is equivalent to the homogeneous problem (1.9), (1.100).

From condition (1.8) and Lemma 2.1 it immediately follows that the linear
operator p : B — B is compact. By this fact and the Fredholm alternative for
operator equations ([13], Ch. XIII, § 5, Theorem 1), equation (3.1) is uniquely
solvable if and only if equation (3.1p) has only a trivial solution. Moreover, if
equation (3.1p) has only a trivial solution, then the operator I — p is invertible
and (I —p)~': B — B is a linear bounded operator, where I : B — B is an
identical operator. Therefore there exists 7y > 0 such that for any ¢ € B the
solution u of equation (3.1) admits the estimate

[ulls < olldl 5-

However,

a5 < > llcoill +llglle.
i=1

where v, > 1 is a constant depending only on «, (3, a, b, tg and n. Hence

Julls < v( X lleall + gz ) (32)
i=1
where v = Y971.

Since problem (1.9),(1.10) is equivalent to equation (3.1), it is clear that
problem (1.9), (1.10) is uniquely solvable if and only if problem (1.9), (1.10¢)
has only a trivial solution. Moreover, if (1.95), (1.10y) has only a trivial solution,
then by virtue of (3.2) the solution = of problem (1.9),(1.10) admits estimate
(1.11). O



ON SINGULAR BOUNDARY VALUE PROBLEMS 805

Proof of Corollary 1.1. We set

n

p(@)(t) = Pit)x" D (7(t))

=1

for any 2 € Cl5' (Ja, b[; R™). Then equations (1.12) and (1.12,) take respectively
forms (1.9) and (1.9¢). On the other hand, in view of (1.13) and (1.14)

p: Caj (a,b[;R™) — Las(Ja, b[; R™)

is a strongly bounded linear operator. Therefore the conditions of Theorem 1.1
are fulfilled. O

Proof of Theorem 1.2. Let 6§, §g and ~ be the functions and numbers appearing
in Definitions 1.2 and 1.2". We set

() = 2p08(t,2p0) + sup { [ F @O = (12l s < 200,

Mo = 2p0d0(2p0) + D_sup {12 = lllcns < 200},

pr="(m0+ nlle.,), (1) = 8(t, pr)po +n(t), (3.3)
By = {z € i (Jla.b[;R™) : |alcns < pu}, (3.4)
1 for 0 <s < p
X(s) =92—s/py for py<s<2pg, (3.5)
0 for s > 2pg
q(z)(t) = X(chHcg;;) [F(2)(t) = pla, 2)(1)], (3.6)
coi(z) = X(||xucg’_ﬂl) i, x) = hi(w)| (i=1,...,n), (3.7)

By (1.6) and (1.7)

o < +00, 1€ Lap(la,b[;Ry), 7" € Lap(la, b[;Ry)
and for every x € Cl ;' (Ja,b[; R™) and almost all ¢ € Ja, b[ we have the inequal-
ities

lg(z) (O < n(t), Zn:lllcOz-(w)ll < 7o (3.8)

Let u : Cg'(Ja,b[; R™) — C.5'(Ja,b[; R™) be an operator which to every
z € Cl5'(Ja,b[;R™) assigns the solution y of problem (2.15). By Lemma 2.1,
u is a continuous operator. On the other hand, by conditions (ii) and (iii) of
Definition 1.2, notations (3.3), (3.4) and inequalities (3.8), the vector function
y = u(x) satisfies, for each z € By, the conditions

t
Wher s <o [0 00 =y )| < [0(©)dg for a<s<t<b,
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By Lemma 2.2 this implies that the operator © maps the ball By into its own
compact subset. Therefore, owing to Schauder’s principle, there exists z € B
such that

z(t) = u(z)(t) for a <t <b.

By notations (3.6), (3.7) the function z is a solution of problem (1.17), (1.18),
where

A= x(llzllenr)- (3.9)
Let us show that x admits estimate (1.19). Assume the contrary. Then either
o < lellezs < 20n .10
or
||95||CZ;,1 > 2po. (3.11)
If condition (3.10) is fulfilled, then by virtue of (3.5) and (3.9)
A€o, 1,

which, by one of the conditions of the theorem, guarantees the validity of esti-
mate (1.19). But this contradicts condition (3.10).

Assume now that inequality (3.11) is fulfilled. Then by virtue of (3.5) and
(3.9)

A=0
and therefore x is a solution of problem (2.15y). Thus z(¢) = 0 since problem
(2.15¢) has only a trivial solution. But this contradicts inequality (3.11). The
contradiction obtained proves the validity of estimate (1.19).

By (1.19), (3.5)—(3.7) and (3.9), it clearly follows from (1.17), (1.18) that
A =1 and z is a solution of problem (1.1),(1.2). O

Proof of Corollary 1.2. By (1.22) there is py > 0 such that

’Y(Uo(ﬂ) + /(S —a)*(b—s)"n(s, p) d5> < p for p> po. (3.12)

Let x be a solution of problem (1.17), (1.18) for some A €]0,1[. Then y =z
is also a solution of problem (1.15) where

/N
=
S
=
~—

|
=
8
2
=
~—

N—

Assume that
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By the y-consistency of the pair (p, (¢;)?_,) and inequalities (1.20), (1.21) we
have

p <232 lew@)l + .,

< ’y(??o(p) + /(s — )™ (b— 5)n(s, p) ds).

Hence by (3.12) it follows that p < pg. Therefore estimate (1.19) is valid, which
due to Theorem 1.2 guarantees the solvability of problem (1.1),(1.2). O

Proof of Corollary 1.3. Problem (1.23),(1.24) is obtained from problem (1.1),
(1.2) when

F@)(t) = g(t,a(n (), .., "D (5(t)), (3.13)
hi(z) = limz V() —ei(x) (i=1,...,k),
t—a
" | (3.14)
hi(x)zlml}x( (t) —ci(x) i=k+1,...,n).
By virtue of the restrictions imposed on g, 7, ¢; (i = 1,...,n) and the inequal-
ity & < n —k it is obvious that f : Cig'(Ja,b[; R™) — Lao(la,b[; R™) and
hi + Cigt(Ja,b[;R™) — R™ (i = 1,...,m) are continuous operators satisfying
conditions (1.6) and (1.7), where 3 = 0.
Assume for any z, y € Cy' (Ja, b[; R™) and ¢ €]a, b that
p(z,y)(t) =0, Gi(w,y) =limy () (i=1,....k),
- (3.15)

(i(z,y) =lmy V() (i=k+1,...,n).

According to Definition 1.2" and Theorem 1.2 the pair (p, (¢;)_,) of continuous
operators p : Ctg1(Ja,b[iR™) x Cy! (a b[iR”) — Loo(a bl R™), (61
o' (Ja, b[; R™) x Clg'(Ja, b ; R™) — R™™ is consistent.

To prove Corollary 1 3, by Theorem 1.2 it is sufficient to show that for each
A €]0, 1] an arbitrary solution = of problem (1.17), (1.18) admits the estimate

lellgpr < po (3.16)

where pg is a non-negative constant not depending on A\ and .
By virtue of (3.13)—(3.15) problem (1.17), (1.18) takes the form

2 () = Ag(t,x(n(®), ..., 2" (1)), (3.17)
%i_r)%:c(i_l)(t) =Xgi(z) (i=1,...,k),
lirrl}:c(i’l)(t) =Aci(z) (i=k+1,...,n).

t—

(3.18)

Let = be a solution of problem (3.17),(3.18) for some A €]0,1[. Then by
virtue of Lemma 2.3 we conclude that estimates (2.16), (2.17), where y(x) is
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the vector given by equality (2.18), are true. On the other hand, on account of
(1.26) we have

n 0

M@SE/@—W%$%WVW@MWWﬂ®

—ta

b
+ /(s - a)aq(s, ||x||0251) ds.

If, along with (2.16) and (2.17), we take into account that o, =0 (i = 1,... k),
then from the latter inequality we obtain

y(z) < Py(z) + yo(z)
and therefore
(£ =Py(z) < yo(x), (3.19)

where E is the unique m x m matrix and

+ /(s — a)g(s. |ellgp) ds. (3.20)

By the nonnegativeness of the matrix P and inequality (1.28), from (3.19) it
follows that

y(x) < (B =P) yo(x).
If along with this we take into account condition (1.25) and equality (3.20),
then (2.16) and (2.17) imply that

lllen ot < m(llzllen ) (3.21)

where
b
o) = (o) + [ = "t )l )
and p is a positive constant depending only on «;, P;, 7; (1 = 1,...,n), a and
b. On the other hand, due to condition (1.27) we have
lim m(p) —0
p—=too P

and therefore

m(p) < p for p> po,
where

pozinf{p>0: 77is)<1 for sE[p,+oo[}.
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Therefore from (3.21) we obtain estimate (3.16). On the other hand, it is
obvious that the constant py does not depend on A and z. O
Proof of Corollary 1.4. The strong boundedness of the operators p and p and
the boundedness of the operators (¢;)" , and (¢;)?_, guarantee the existence of
¢ € Lag(]a,b[;Ry) and ¢y € R, such that the inequalities

@) Ol +lp() D < COllzllenr
n . (3.22)
> (@)l + 8@ < Gollalien
i=1 ’
hold for each = € C% 5! (Ja, b[; R™) and almost all ¢ €]a, b|.
By Theorem 1.1 and Definition 1.2' the pair (p, (¢;)"_,) is consistent since for
A = 0 problem (1.32) has only a trivial solution.
Let us consider for arbitrary A € [0,1], ¢ € Lag(Ja,b[;R™) and ¢, € R™
(t=1,...,n) the boundary value problem

2(t) = p()(t) + Ap(x)(1) + (1), (3.23)
and prove that every solution x of this problem admits the estimate
lollrp < 7( X leoill + gl ) (3.25)
’ i=1
where 7y is a positive constant not depending on A, ¢, co; (1 = 1,...,n) and z.

Assume the contrary that this is not so. Then for each natural k£ there are
M €[0,1], qr € Lag(Ja,b[;R™), ¢ € R™ (i=1,...,n)
such that the problem
2(t) = p(x)(t) + Mep() (1) + i (t),
li(x) = Nely(2) + e (P =1,...,n)

has a solution x; admitting the estimate

def =
o anlco s > b( 3 llowil + el )
’ =1
If we assume that

Ti(t) = pi lwn(t), G@(t) = pplan(t), Ci=pplow (i=1,....n),
then we have

[Zllens =1, (3.26)
1@k llom-1 < ! EniH* | < ! (3.27)
n—1 - C ) ) .
dg ary L 2 K 2

2 (1) = (@) (8) + MP(T4) (E) + i (1), (3.28)
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C(m) = Meli(Tr) + 00 (i=1,...,n). (3.29)
Let to = %2 Then (3.28) implies
Ty, (t) = yk(t) + 2(t), (3.30)

where

i=1 (Z_ )'
-+mf¢ﬂ/@—@”%m@xe+Awewen@, (3.31)
Zk '/t—s" 17 ds‘

By (3.27) we have
kEIJPoo ||Zk’|cg;; =0, k1~1>r+nooéki =0 (i=1,...,n). (3.32)

On the other hand, with (3.22) and (3.26) taken into account, from (3.31) we
find

lyS V()| < p* (i=1,...,n),
t
(n=1) 1y _ . (n=1)
s V@) = V9] < [ c@rdg for a<s <<,

where p* is a positive constant not depending on k. By virtue of these inequali-
ties and Lemma 1.1, we can assume without loss of generality that the sequence
(yr)i2y is converging in the norm of the space C; (]a,b[ R™). It can also
be assumed without loss of generality that the sequence (AR)i2S is converging.
Assume that

A= lim Ay, z(t) = lim y(t).

k—4o00 k—4o00

Then by (3.29)—(3.32) we have

Jim g = zllgno = Tim ye = 2y =0 (3.33)

and

&(x):)\zi(:v) (i=1,...,n),

()(s) + Ap(x)(s)) ds.

s
o\
o~

Therefore x is a solution of problem (1.32). On the other hand, from (3.26) and
(3.33) it clearly follows that
el gns = 1.
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But this is impossible because for each A € [0,1] problem (1.32) has only a
trivial solution. The contradiction obtained proves the existence of a positive
number v that possesses the above-mentioned property.
By condition (1.31) there is py > 0 such that inequality (3.12) is fulfilled.
To prove Corollary 1.4, it is sufficient due to Theorem 1.2 to establish that
for each A €]0, 1] an arbitrary solution x of the problem

() = p(a)(t) + A[f (@) () = p(a)(1)], (3:34)
li(x) = A(ti(w) = hi(x)) (i=1,...,n) (3.35)

admits estimate (1.19).
It is obvious that each solution x of problem (3.34),(3.35) is a solution of
problem (3.23), (3.24), where

ot) = MF@)(0) — pl)(t) — D)),
Coi = /\(&-(I) + 0i(z) — hz(a:)> (i=1,...,n).

According to the above proof, x admits estimate (3.25) from which, with (1.29),
(1.30) and (3.36) taken into account, we find

(3.36)

b

1 n—1 — o — 6 n—1 .
qu%m(no(uxucmw [ —ar-s) n(s,uxuca,ﬂ)ds)

a

Hence, by virtue of (3.12), we obtain estimate (1.19). O
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