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EXISTENCE AND PROPERTIES OF h-SETS

MICHELE BRICCHI

Abstract. In this note we shall consider the following problem: which con-
ditions should satisfy a function h: (0,1) — R in order to guarantee the
existence of a (regular) measure p in R” with compact support I' C R™ and

cih(r) < p(B(v,7)) < cah(r), (@)

for some positive constants co, and ¢y independent of v € T and r € (0,1)?
The theory of self-similar fractals provides outstanding examples of sets ful-
filling (O) with h(r) = r¢, 0 < d < n, and a suitable measure u. Analogously,
we shall rely on some recent techniques for the construction of pseudo self-
similar fractals in order to deal with our more general task.
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1. INTRODUCTION

We try to generalise the idea of (d, U)-sets: these sets have been introduced
by D. Edmunds and H. Triebel in [4] and [5] as a perturbation of d-sets. Their
definition is given in terms of qualitative behaviour of some Radon measures
in R™. Roughly speaking, a (d, V)-set I' (0 < d < n) is the support of a Radon
measure j, such that

w(B(y,1)) ~ r?W(r), re (0,1) and ~ €T, (1.1)

where W(r) is a perturbation at most of logarithmic growth (or decay) near 0.

(13 7

We point out that throughout this paper we use the equivalence “~” in
ag ~ by, or @(r) ~ (r)
always to mean that there are two positive numbers ¢; and ¢y such that
cra < b < coay, or crp(r) < U(r) < exp(r)

for all admitted values of the discrete variable k or the continuous variable r.
Here ay, by are positive numbers and ¢, 1) are positive functions.

The initial problem concerning (1.1) was to prove that, given any admissible
d and W, there actually exist a compact set I' and a Radon measure p with
supp u = I, satisfying the required properties. The proof of the existence of
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these sets can be found in the quoted papers and, in a more detailed form,
in [12, 22.8].

It is also important to know how different can be all the measures u satis-
fying (1.1), for a fized (d, ¥)-set T'. The situation turns out to be similar to
the case of d-sets: if I' is a (d, ¥)-set, then all finite Radon measures p with
supppu = I and (1.1) are equivalent to each other and there is a canonical
representative H%Y|T" constructed analogously to the s-dimensional Hausdorff
measure, s > 0 (see Definition 3.3 below) and then restricted to I'. Proofs and
further comments can be found in [1, 2] and [3].

Now, in a more general context, we ask for which functions A : [0,1] — R
there exist a Radon measure p and compact set I' = supp ¢ C R™ such that

w(B(v,7)) ~ h(r), vel, rel0,1]. (1.2)

In order to deal with this general approach we need basically two major ingredi-
ents: a refined theory of Hausdorff measures and densities and some knowledge
of sets generated by infinitely many contractions. General Hausdorff measures
and densities of measures help us to reduce the problem of the generic measure
p appearing in (1.2) to a (good) standard representative, whereas sets defined in
terms of (possibly) infinitely many contractions provide a nice class of examples.

2. A COUNTEREXAMPLE

Let € > 0 and consider the function A(r) = r"*=. We claim that in R™ there
cannot exist a compact set I' and a Radon measure p with supppu = I' such
that

w(B(y,r)) ~r"e, 4y eT, relol]

As a matter of fact any measure with this property should be equivalent to
H" [T (see Theorem 3.6 below). But this measure is identically zero in R™ and
hence our claim is proved.

This example shows that for an appropriate measure p the class of functions
h for which u(B(v,7)) ~ h(r) depends on the dimension n of R".

3. HAUSDORFF MEASURES AND UPPER DENSITIES

The definition of Hausdorff measures follows the so-called Carathéodory con-
struction procedure. We collect here the main definitions and results and refer
to [10] and [14] for a complete survey on these topics, including all proofs of
this section and further references.

Definition 3.1. Let H denote the class of all right continuous monotone
increasing functions h: [0, +oo] — [0, +o0] such that h(u) > 0 if u > 0. We
refer to H as to the set of all gauge functions.

Definition 3.2. If A C R" and 0 > 0, we denote by §(A) the family of all
open d-coverings of A, i.e., the collection of all sequences {A;}ien of sets A;
such that A; is open, diam(A4;) < ¢ and U2, A; D A. Of course, if A # &, then
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diam(A) = sup, ,c 4 |z — y| is the diameter of A rigorously complemented with
diam(2) = 0.

Definition 3.3. Let h € H and define, for A C R, that h(A) = h(diam(A))
if A+# @ and h(@) = 0. Then the set function

HA(A) = (lsli%{lnf{il WA+ {Ai}ien € 6(A)}}, ACR",

is called the Hausdorff measure corresponding to the gauge function h.
Of course, for h(r) = r® one simply writes H*.

Remark 3.4. The h-measure defined above is actually well defined: for any
A C R", the approximate measure

HI(A) = inf{ih(Ai) {Aitien € 6(A)}

is monotone in 4, ie., HY(A) > HE(A) if & < 6 and hence H"(A) =
sups-o HE(A) (of course, one allows +o0o as a possible outcome). Moreover,
H" is an (outer) Borel regular measure.
It can also be noted that only values of h(r) with r near zero are really
important. Hence one can think of A(r) as a function, say, from [0,1) — R,.
Extremely useful local characteristics of Borel measures are their upper and
lower densities. Let h be a gauge function with the property that h(0) = 0.

Definition 3.5. Let p be a locally finite Borel measure. Then

o p(B(w,r))
D u(xr) = 111?5(1)1[) The

and

ooy e B T)
D'u(z) = hlrnﬂlé’lf‘ “hen)

are called the upper, respectively the lower, h-density of u at x. For a special
choice h(r) = r* one writes of course D°, and D*.

The following theorem will turn out to be of great importance later on. We
briefly denote by X,, the class of all y-measurable sets and by B(R™) the class
of all Borel sets in R".

Theorem 3.6. Let p be a locally finite Borel measure and let h be a gauge
function such that h(0) = 0 and h(2r) < Kh(r) for some positive constant K.
Then

(i) pA) < KsupmeAfhu(a:)Hh(A), AeXx,

(i) (A) > infoes D p(@)HA(A),  Ae BRM).
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4. ALPHABETS AND WORDS

Following [7], we collect here some useful notation.

Let N > 2 be a natural number, then by the alphabet we mean the set of
letters A = {1,...,N}. Ais endowed with the discrete topology and with the
equally distributed Radon measure 7! defined on atoms by 7!(i) = N~! for
e A

A finite word « of length k = |a| is any element of A* and will be denoted
by a = aias . .. ay. AF is endowed with the product measure 7% = xleTl.

Given any two finite words o = oy ...ay and 0 = (31 ... 3, we denote by af
the finite word aq ... g0 ...0,. The set of finite words is endowed with the
following relation: a < g if |o| < || and oy, = Bi, i = 1,..., |a].

An infinite word (or simply a word) is any member of 2 = AN and will be
denoted by I = #1i5.... We extend the relation introduced above: if « is a
finite word and I € 2, then o < I means that o; =i, j=1,...,|a].

If a is a finite word and I € A, then ol denotes the shifted word obtained by
chaining a and I, i.e., by ai,...qjqi1iz... and o* is the set {af,I € ™A}. The
k-th stop of a word I is the finite word i, .. .4, and will be indicated with 1.

Let ny,...,n, € N; then we define the projection m,, , : A — A™ by
Tny..nm (ilig, c. ) = inl c. inm-

Since A = []2, A, we endow the set of all words with the product topology 7
and the product o-algebra 9. We collect in the following proposition some very
well known facts.

Proposition 4.1. 2 is a compact (complete and separable) metric space. For
any choice of the numbers n; € N the projection operator m,,. n,, @S uniformly
continuous.

Moreover, if we let T = x5, 71

, we get a Radon finite measure on A such that
Tom L =71m (4.1)
for any choice of the numbers n;.

Here we have adopted the notation for image (or distribution) measures with
respect to a function f: (tof1)(A) = 7(f~'(A)). Sometimes the same measure
is denoted by ¢, T f or f(7).

5. CANTOR-TYPE SETS

In this section we quote the results obtained by G. Follo in [6] about sets
generated by infinitely many contractions. The situation presented in that
paper is rather general. Here we need a special case where the ambient space
is R™, the contractions are even similarities whose number at every step is the
same constant. Hence the following results hold true and are proved in a much
more general setting.

We recall that if x € R™ and A is a nonempty set of R™, then we let d(x, A) =
inf,ea |z — a| be the distance from x to A. Remember also that on the class K
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of all nonempty compact sets of R™ one defines the so-called Hausdorff metric
given by
dn(H,K) =sup{d(k,H),d(h,K): ke K,h € H}.

This is actually a distance and dy({z},{y}) = | — y| for any z,y € R™. It is
known that the metric space (R, dy) is complete.

Let N > 2 be a fixed number and let § = {&1,82,...} be a sequence of
finite sets (with cardinality N) of contractive similarities, i.e., for every k € N,
Sk = {fr1,---, fun} is a set of N different contractive similarities in R", each
one with the same similarity ratio g. We call (improperly) § a system of
similarities (of order N ).

Then define, for A C R” and k € N, §(A) = UL, fi ;(A) and let

Sk © Trt1(A) = Fr(Srt1(A4)), k=1,2,....

Theorem 5.1. Consider the sequence {F}ren described above and suppose
that these two conditions hold true:

(i) there ezists a nonempty compact set (Q C R™ such that §x(Q) C Q for
every k € N;
(ii) limg—oo [T5— 01 = 0.
Then the sequence of sets

3’10"'03k(14)= U fl,ilo"'ofk,ik(A)

i1erin€{l,...,N}

is convergent in the Hausdorff metric for any non-empty compact set A. More-
over, the limit (which is a compact set of R™) is independent of A and will be
denoted by K.

The set K can be described in a more direct (and useful) way: choose a
starting point zy in R” and consider a word I = iyis--- € 2 (the number N of
letters of the alphabet A defined in the previous section is the same number N
of similarities involved here). For any k € N let

fr (o) = friy © faiy 0+ 0 fru (o). (5.1)

Theorem 5.2. For any I € 2, the sequence { f1, (v0)}r. defined above con-
verges to a point p(I) € K independent of xo. The application p: A — K
defined in this way is surjective and uniformly continuous.

Here we make a short digression and add an observation: the map p is not
generally injective. However, under the following assumption, p turns out to be
a one-to-one map. We got an inspiration, when reading an analogous statement
in the new book of J. Kigami (]9, Proposition 1.2.5]).

Proposition 5.3. Suppose that for every k € N, fi..(Q)Nfi;(Q) = D, i # j,
then p is injective.
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Proof. Let us introduce some notation: if [ = ¢145--- € A and m € Ny, then
0" = typirimiz . and pPTHT) = EMyoo frnttyimes © 0 © fnkines (To). Fi-
nally, if 7 # J, then §(7,J) = min{k : iy # jp} — L.

To prove our assertion, first observe that if I # J, then p(I) = p(J) if and
only if p™(o™I) = p™*ti(c™J), where m = §(I,J) (reduction). Indeed, let
I,J € a* for |a| = m, then p(I) = fo(p™to™I) = fo(p" o™ J) = p(J). Since
fao is injective the “if” part is proved. The other direction is obvious.

So, if I # J and p(I) = p(J), up to a shift of m symbols, the first letters
of I and J (now related to the system {Fy+m}ie, are different and f,,41:(Q) N

fmi14(Q) # @ for some i # j. O

This rather easy assertion will hold true in our setting thereafter when we shall
construct a pseudo self-similar fractal using the techniques described above.
Hence, in our case p is even a homeomorphism and the topological nature of
the fractal K = p(2) is then completely described by that of 2.

Let us come back to our path and let us define a suitable measure on K: let

p=rop, (5.2)
where 7 is the Radon measure defined on 2 in Proposition 4.1.

Theorem 5.4. The measure jt = 7 o p~ ' is a finite Radon measure with
supp 4 = K. Moreover, for any Radon measure v with v(R™) =1 and compact
support, the sequence

l/k:N_k Z Vofg_1
lo|=k
converges weakly to p as k tends to infinity.

Of course, f, is defined as in (5.1): if |o| = k, then fo(z) = fis 0 -0 fro. (T)
for x € R™.

The first part of the theorem is an immediate consequence of the properties of
image measures under continuous functions. The second (and more important)
part can be regarded as an extension of the existence theorem of invariant
measures on self-similar fractals.

Remark 5.5. As we have pointed out all these results hold in a much more
general form. In any case the theory developed in the previous sections is widely
sufficient for us. See [6] for a complete survey.

6. CONSTRUCTION

Let us come to the main part of this note, i.e., the construction of an h-set.
Below follows a more precise definition.

Definition 6.1. Let, for n € N, §,, be the set of all continuous monotone
increasing functions h: [0,00) — [0, 00) such that there exist m € N with m > 2
and a sequence { g }ren With

(D1)  h(A--- M) ~m™™ kEN;
(Dy) 0 < infp A\p < sup, A\p < m™L.
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The class ), is a suitable set of functions providing examples of compact
sets I' able to carry a measure p with p(B(v,7)) ~ h(r), for v € I and all r
sufficiently small: as a matter of fact the number m™ and the coefficients A\
will be used for the construction of a pseudo self-similar fractal (as shown in
Section 5) with the desired properties.

Remark 6.2. Notice that any h € $),, has the so-called doubling condition,
i.e, there exists a positive constant C' = C'(h) such that

h(2r) < Ch(r), 0<r<l.
In (8.9) we shall considerably improve this assertion.

Remark 6.3. The assumption sup, A, < m ™! is technically useful, but strong:
the function h(r) = r™ is not contained in $),,. Analogously, functions of type
" logr|¥, for s > 0 (related to (n, ¥)-sets), are not to be considered in the
above schematisation. For those functions it may happen that sup, A\, = m™!.
We can of course incorporate these particular examples into £),: we already
know that n-sets and (n, V)-sets exist. Analogously, the case inf; A\, = 0 is
a limiting situation. An interesting example where this strong decay occurs
is given by h(r) = |logr|~¥ with s > 0, which, consequently, does not be-
long to $,,. However, one could prove that there exists a compact set I' with
HIeOI D (B (v, 7)) ~ [logr| L, for y € T and 0 < r < 1.

By these examples it should be clear that our approach does not take into
account the existing limiting cases.

If a function h verifies the following stronger condition, then h € §,,. Some-
times this is easier to check than Conditions (D) and (D3) of Definition 6.1.

Proposition 6.4. Let h be a strictly increasing continuous function and de-
note by h™! its inverse. If there exist two real numbers § > 1 and K > 0
with

(i)  h(2°r) < 2"h(r) and

(i)  h7Y(2s) < Kh71(s)

for all r and s sufficiently small, then h € $,,.

The proof of this proposition is rather simple and we omit it.
Here we give the main definition we have in mind.

Definition 6.5. Let I' be a non-empty compact set in R” and h € §,,. Then
I is calledan h-set if there exists a finite Radon measure p in R™ whose support
is I', such that
w(B(y,7)) ~ h(r), vyeT, re(0,1).
Such a measure p will be called related to h or, simply, an h-measure.

Theorem 6.6. For every h € $, there exists an h-set, i.e., there exist a
compact set I' C R™ and a finite Radon measure p such that

(i) suppu=T;
(i)  w(B(y,7r)) ~ h(r), foryel andr e (0,1).
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Moreover, all measures p satisfying (i) and (ii) are equivalent to H"|T.

Proof. Let {\;}ren and m be, respectively, the sequence and the number related
to h by Definition 6.1. Let @ = [—1/2,1/2]" be the unit cube in R". Let us
divide it naturally into m™ sub-cubes with sides of length m~! parallel to the
coordinate axes and denote their centers by v;, 7 =1,...,m". Then define

fri(7) = e + vy, keN, j=1,...,m".
Now, we let § = {§k}ren be the system of similarities defined by

Sk ={Sfr1s- s frmn}-

We can apply Theorem 5.1 to the family {Fx}ren. In fact, condition 5.1-(i)
is fulfilled, taking precisely our cube ). 5.1—(ii) is also true since in this case
the similarity ratios g = A\, < m~! < 1/2. Therefore there exists a compact
set I' C @ which is the limit of §; o --- 0 Fx(Q) as k — oc.

Our aim is to prove that this I" satisfies conditions (i) and (ii) of the theorem,
with respect to the measure p defined in (5.2) and described in Theorem 5.4
adapted to the present situation. We remark that the number N appearing
there is the same number N = m™ of contractions in each §y.

Now, fix o € R™ and let B = B(~,r) be a ball of radius r € (0, 1) and center
vyel.

Step 1. By Theorem 5.2 there exists a word I € 2 such that
p(I) = lim fiz 0o fri (o) = 7.
Therefore, for all k greater than some kg

f1(@) = friy o0 fri(Q) C B. (6.1)

In order to see this, choose ¢ € Q. Then |fr,(q) — p(I)| = M-+ Xlg — ¢,
where ¢’ belongs to the pseudo self-similar fractal ' generated by the system
of similarities § = {&k+1,Sk+2,---}, which is in the same (or possibly bet-
ter) conditions as § Hence also I' € @ and consequently \; --- \i|qg — ¢| <

Thus, we choose a minimal index k (sometimes called Markov stop) such that
condition (6.1) is fulfilled.

Equivalently, k£ is a minimal index for which A; - - - Ap diam(Q) < r.

Then, with this choice of k = k(r), one can easily check that

AT < A1+ A diam(Q) < 7,

where \g = infy Ay > 0. This inequality and the doubling condition for A imply
that

h(r) < ch(Ay -+ Ap) < dm™*, (6.2)

for some unimportant constants ¢ and ¢’ depending only on h.
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Thanks to the definition of y and (4.1), the measure u(f7,(Q)) can be easily
estimated:

n(f1,(Q)) =70 p™ (f1,(Q) = 7(p7 (f1,(Q)))
=7({J eA:p(J) € £1,(Q) )z r({Je: e}
= 7(Ip) = 7(m (k) = 7 "(Ig) =m0 (6.3)
Hence, by (6.2) and (6.3), we have
(B(v,7)) _ #(f1,(Q) _ m™*
h(r) = hl(r) = cm—kn

Therefore p(B(v,r)) > Ch(r) for some constant C' > 0 independent of v € T
and r € (0,1). This is half of the desired estimation.

Step 2. Let again k = k(r) be the Markov stop for {\;};en. Consider the
set of all words of length k and define Q, = f,(Q), for every a with |a| = k.
Of course, the sets Q,, |a|] = k, are pairwise disjoint.

Now we need the condition \° = sup; Aj < m~! which we have not yet used.
By simple calculations one gets that if v € Q, and 7' € @, for two different
words « and o with length %k, then |y — /| > (m™ — A)A\;--- Ay, Let
c=(m™' — A% (diam(Q))~*. Of course, we have

p(B(y,er)) = ({1 € A [p(I) =] < er}).
Let v = p(a,J), for |a,| = k and J € A If I € aZ, then p(I) € Q.. Hence,

as we have said above, |p(I) — 7| > (m™!' — )\0))\1 - Ag—1 > cr and therefore
p(I) & B(~,cr). Consequently,

u(B(y,er)) < T(a2) = m™™,

-----

i

This shows that
w(B(y,r)) < Ch(r)

for some unimportant positive constant C.
Combining together this result and what we have obtained in Step 1, we
conclude that there are two positive constants ¢; and ¢y such that

cih(r) < u(B(vy,71)) < eah(r), re(0,1), vel. (6.4)

Step 3. 1t remains to show that p is essentially unique. In order to get this
result note that (6.4) immediately implies that

O<c§@h,u('y)§C’<oo

for some constants ¢ and C' independent of v € I'. Thanks to Theorem 3.6 we
can conclude that

p(A) = p(ANT) ~ sup D' pu(x)H"(ANT)

reANT

~H'ANT) =H"T(4), AcBR").
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This concludes the proof of the theorem. [

7. EXAMPLES

As we have remarked in the introduction, our aim was to give a unified and
general approach to the study of (compact) sets I' whose geometrical structure
is defined by

w(B(y,r)) ~h(r), — ~vel, re(0,1),
where g is a finite Radon measure supported by I'. Apart from the limiting
cases discussed in Remark 6.3, the outcome is satisfactory: as we will see, all
(d,¥)-sets (0 < d < n) introduced by D. Edmunds and H. Triebel in [4, 5]
(including the case of d-sets) are particular h-sets; we shall also show some
examples of h-sets which are not (d, V)-sets. Hence, after showing that this
approach is consistent and produces something new, in Section 8 we will study

some geometrical properties of h-sets.
We briefly recall the definition of (d, ¥)-sets.

Definition 7.1. A positive monotone function ¥ defined on the interval
(0,1) is said admissible if

U(27%) ~ W(277), j €N, (7.1)
Example 7.2. Let b€ R and 0 < ¢ < 1. Then the function
U(r) = |loger|®
is an admissible function.

We shall use some properties of admissible functions in the sequel: we refer
to [1, 3, 4, 5] and [12, Section 22| for their proofs and further observations. For
the sake of simplicity one might always think of W(r) = |logcr|® for some b € R
and 0 < ¢ < 1, though not all admissible functions can be described in this way.

Definition 7.3. Let I be a compact subset of R™, ¥ be an admissible func-
tion and d be a real number with 0 < d < n. Then I is said to be a (d, V)-set
if there exists a finite Radon measure p such that supp u = I' and

w(B(y, 7)) ~ riu(r), vyel, 0<r<l.

The following theorem essentially asserts that h-sets extend the definition of
(d, ¥)-sets.

Theorem 7.4. Any (d,V)-set, with 0 < d < n is an h-set, with h(r) ~
rdW(r).

Proof. Up to equivalent functions, we may assume h(r) = r?¥(r) to be contin-
uous and monotone decreasing, with W(1) = 1, but this is not the point.

We have to find a sufficiently large positive integer m and a sequence {A; }ren
such that Conditions (D) and (D3) of Definition 6.1 be satisfied. Let

nk

_n o1 _nk 1 _n(k—1)
A =m dWU"d(m™ d )Wi(m~ 4

), k=1,2,.... (7.2)
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With this choice we have, for k =1,2,...,

nk

Ao Ay =m”F T (), (7.3)
Let us estimate h(A; - -+ Ag). From (7.3) we get
A+ Ae) =m0 )W E 0

_nk
).

Both for an increasing and for a decreasing admissible function ¥ the last ex-
pression is greater than m~"*: hence it remains to show the upper estimation.
We consider the case of decreasing W. Then, by the properties of admissible

functions,

2nk _nk
d

m-d = o(m_%klll_é(m d)), k — oo,
and hence there exists a positive constant C' independent of k such that

_nk 2nk

m_%k\Il_é(m a)>Cm™ 4.
Therefore
A+ M) <m0 () W(Cm ).
By (7.1) we finally get h()\;---Ax) < em™™ which is the upper estimate we
wished. If ¥ is increasing, one proceeds analogously.

Let us consider now the coefficients ;. By monotonicity we have always
M <m~d < m™! (VU decreasing) or A\, > m~4 (V¥ increasing). We consider now
the case with ¥ increasing. The techniques we use to prove the upper estimation
for A\ in this case are analogous to those needed for the lower estimation in the
other one.

By the properties of admissible functions we have

n(k—1) nk

\Ilé(m_ d )gc(logm)bﬁfé(m_7)

for some positive constants ¢ and b independent of m and k. Hence, inserting
this estimate into (7.2) and choosing m large enough (remember that d < n)
we have, for some ¢ > 0,

0<m™d <A\ <m ' kE=1,2,...,
which is the desired assertion. [J
Another interesting class of h-sets can be obtained with the choice
h(r) = rdellosrl® 0<r<l,

for 0 < 5 < 1/2and 0 < d < n. Notice that exp{=|logr|{} is not an admissible
function in the sense of Definition 7.1, as an easy calculation immediately shows.

To compare more precisely exp{=|logr|{} and an admissible function ¥(r)
we pass to the logarithms (and exploit some properties of admissible functions):

| log exp{+|logr[{}| ~ [logr[{,
and

|log |¥(r)|| < clog|logr|,
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where 7 > 0 is small enough. These estimations show that exp{=|logr|{} and
U(r) are not comparable.

Proposition 7.5. Let 0 < 3 < 1/2 and 0 < d < n. Then the function
h(r) = rfexp{£|logr|{} for 0 < r < 1 belongs to $,.

Proof. Let us consider the case h(r) = r%exp(—|logr[{), the other one being
analogous. Let

A =m " d exp{c(k:{ — (k- 1){)}
with ¢ = £(2)¥(logm)¥. With this choice we have

Ao A =mo T exp{ckt}.

A1 - A) = m™ " exp{dck¥} exp{—| logm™ " exp ck{|{}
k {
=m " exp{dck{ — ’nd logm — ck{’ }

=m " exp{dck{(l —(1—- c'k‘{_l){)}
~cll -1

~m " exp{dck®1"1} ~ m

since 2 — 1 < 0.
For the estimation of the coefficients Ay we have, by monotonicity arguments
and taking into account n/d > 1, that

m-d <\, < m~aecllosmt -1

(with ¢ independent of m) provided m large enough.
As we have said, the case h(r) = r?exp{|logr|{} can be treated analogously
and therefore the proof is concluded. [

8. PROPERTIES OF THE MEASURE

In this section we derive some geometric properties of an h-set. For exam-
ple, in the simplest case with h(r) = 7 it is known that the (local) Hausdorff
dimension is equal to d. With some more effort one gets that also in a slightly
more general case of (d, U)-sets the dimension is still d (see [1, 3]). But the spe-
cial structure of the measure u related to an h-set allows us not only to derive
the Hausdorff dimension but also other significant measure-theoretic properties.
In the sequel we shall restrict our attention to the Minkowski content, to the
Hausdorff dimension of an h-set I' and to the Hausdorff dimension of the mea-
sure 1 ~ H"|I" supported by I'. Finally, we shall consider two pure geometric
properties of an h-set: the so-called Markov inequality related to a set and the
ball condition. We shall give a sufficient condition for which h-sets preserve
Markov’s inequality, generalising an analogous theorem stated by A. Jonsson
and H. Wallin for d-sets, and we shall show that every h-set verifies the so-called
ball condition.
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We begin by recalling the definition of the Hausdorff dimension of a set (let
in the following inf @ = sup @ = 0).

Definition 8.1. Let A C R”. Then the number
dimy A = inf{s > 0: H*(A) =0} (— sup{s > 0: H*(A) = oo}>
is called the Hausdorff dimension of A.

Definition 8.2. For s > 0 the upper and the lower s-dimensional Minkowsksi
content of a bounded subset A of R™ are defined by

M’ (A) = limsup £1(4,)
5—0 §n—s
and
L(As)

M?(A) = liminf

6—0 gn—s ’

respectively. If the limits coincide, then the common value M?*(A) is called
s-dimensional Minkowski content of the set A.

Recall that As := {z € R" : d(x, A) < 0} is the parallel set of A of amount o
and L" denotes the Lebesgue n-dimensional outer measure. Accordingly, the
upper and the lower Minkowski dimension are defined as follows.

Definition 8.3. Let A be a bounded subset of R"™; then
dimyA = inf{s > 0 : M"(A) = 0} (: sup{s > 0: M’(A) = oo})
and
dimy A = inf{s > 0: M*(A) = 0} (: sup{s > 0 : M*(A) = oo})

are called the upper and the lower Minkowski dimension of A, respectively.
Should the limits coincide, then the common value dimy, A is called the Min-
kowski dimension of A.

There is an immediate characterisation of these Minkowski dimensions, which
is easier to handle.

Proposition 8.4. Let A be a bounded subset of R™. Then

S B .. log L"(Ays)
dimyA=n— hrdn_glf W

and
log L7 (As)

dim A = n — li
dim A = n —limsup == s

Finally, we introduce the local and the global Hausdorff dimension of a Borel
measure.
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Definition 8.5. Let 1 be a locally finite Borel measure and x € R™. Then

: . Jog pu(B(z, 7))
d =1 f———
imy, () im in log.

is called the lower pointwise dimension of p at x.
Definition 8.6. Let p be a locally finite Borel measure. Then
dimpp = esssup,cgpn dimy, pu(x)
is called the Hausdorff dimension of .

Now, let I" be an h-set, and let u be a related measure (by this we always
mean that y is a finite Radon measure with p(B(v, 7)) ~ h(r), for small values
of r). It is easy to show that

log h(r)

lim inf w = lim inf ————=
r—0 logr r—0  logr

(and analogously for the lim sup), since log u(B(v,7))/logr =logh(r)/logr +
o(1) as r — 0. This proves the following theorem.

Theorem 8.7. If i1 is a measure related to an h-set, then

log h
dimy g = liminf ©8 <T)
r—0 log r

In order to evaluate the Minkowski content of an h-set, let us consider the
following lemmas.

Lemma 8.8. Let, for 0 < r < 1, B = {B(y;,r) Y, v € T, be a finite
covering of an h-set I' such that B(v;,r/3) N B(v;,r/3) = & fori # j (such a
covering will be called optimal). Then

1
N, ~ —, 0<r<l,
h(r)
where the equivalence constants do not depend on 7.

Proof. The proof is simple:

p(0) = (U BGi)) < N, max u(B(r) < eNoh(r)

1<i< N,

= c”u(UlB(m-,r/?;)) < "u(l).

Since 0 < p(I") < oo, we get N, ~ 1/h(r), which is the desired assertion. [
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Lemma 8.9. Let I' be an h-set. Then
o
h(d)
Proof. Of course we can find positive constants ¢; and ¢, (sufficiently small
and large, respectively) independently of § and two optimal coverings Ble1d) =
{B(yi,e18)}14” and B = {B(3;,c26)} 123" such that

NC1§ NCQ(S

U B(%,Q(S) C F(S C U B(’?j,CQ(S).

i=1 j=1

L"(Ts) ~

By the above Lemma 8.8 we finally get
o
h(9)

(with equivalence constants independent of ¢) which is the desired assertion. [J

LML) ~

We can now state the main assertion for the Minkowski dimensions of h-sets.

Theorem 8.10. Let I be an h-set. Then

log h
dim ' = lim inf 08 (r)
s—0  logr

and

S log h
dim " = lim sup o8 (T)
5—0 log r

Proof. Thanks to Lemma 8.9 and Proposition 8.4 we get

g 108(67/h(5))

dimy(I') =n — h{anl(?f T loes
B .. dogd" —logh(s) log h(9)
=n— hrer 151f log 0 = hr? jélp logd

Considering analogously dim ,,(I") we conclude the proof. [

Remark 8.11. We observe that it may really happen that

lim inf log 1(9) < limsu log h(9)
5—0  logd 5—0 log ¢

, (8.1)

for some function h € $,. To see this, first observe that if A and g are two
positive equivalent functions from, say, (0,1) — R, then

lim inf M = lim inf log g(r)
r—0 ogr r—0  logr

and analogously for the lim sup.
If h € 9, then one can easily construct an equivalent function g such that

liming 2890T) i g 089 M)
r—0 ogr k—o0 log )\1 . )\k
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(analogously for the lim sup), where m and Ay, k € Ny, come from the definition
of h € §,,. Since the above expressions, as we pointed out, are independent of
the particular representative of h € §,, we have that

1 1 -1
lim infolgh(r) — nliminf (' O%m M1 Ak") (8.2)

r—0 ogr k—o0 k

(analogously for the limsup), for any h € 9,,.

Therefore, the existence of a function h € 9,, with (8.1) is simply reduced to
the choice of an appropriate sequence {A}ren,, such that the right hand-side
of (8.2) oscillates (which is possible), complemented by the observation that for
any given sequence { A }ren, with 0 < infy, Ay < sup, Ay < m™!, for some integer
m > 2, one can easily construct a function h € §,, related to that sequence.

Finally, let us come to the most interesting property (for us) of an h-set.

Theorem 8.12. Let I be an h-set. Then

. o log h(5)
dimy I'N B(y,r) = h%n_}glf log

verT, re(0,1). (8.3)

The expression on the left-hand side is sometimes called the local Hausdorff
dimension of the set I" and in general it is a function depending on v and r. The
theorem says that in the case of h-sets it is always constant. This implies the
weaker assertion that the Hausdorff dimension of T' is liminfs .o log h(d)/logd.

Proof. Let us denote the inferior limit in (8.3) by D. Let us consider the se-
quence {sp = A;r--- A}, exploited in the proof of the Main Theorem 6.6.
Recall that h(sy) ~m™ and 0 <a <\ <B<1,k=1,2..., (we shall later
return to the exact value of these constants now it is only important that 0 <
a < < 1). By what we said in Remark 8.11, D = limsup,_, . log h(sx)/ log sy,
and the latter is easily estimated as follows:

nlogm < lim inf log h(sy) < nlogm

|loga| = k=o' logsy ~ |logfB|

Now that we know that 0 < D < +o00, we can apply the so-called mass distri-
bution principle for estimating the Hausdorff dimension of a set. Let 0 < s < D
and v € I', then we have

2°D°pu(y) = lim sup 7M(B(% )

= lim sup exp{log u(B(v,r)) — slogr}
r—0 re r—0

= exp{lim sup logr(log h(r)/logr —s)} = 0. (8.4)

Then, thanks to Theorem 3.6—(i) and (8.4),

——
0 < pu(T) < esup D pu(y) H (D).
vel’
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The only noncontradictory assertion we can derive is that H*(I') = co. This
implies s < dimy . Since s was arbitrarily chosen in (0, D), we get D <
dimy I'. Analogously, taking s > D, one gets

inf D" p(y) = co. (8.5)

Again, thanks to Theorem 3.6—(ii) and (8.5), we infer that

=00

—_—~
00 > pu(T) = inf D"p(y) H(T).
The only possibility to avoid a contradiction is that H*(I') = 0. This shows
that dimy I' < s. Since s was arbitrarily chosen in (D, 400), we get that
dimy I' < D. Therefore we have that the Hausdorff dimension of I" is D.

It remains to show that this notion is even local, i.e., if we choose I'(v,r) =
N B(y,r),y €T, 0 <r <1, we have to show that dimy I'(y,r) = D. But
this is straightforward: one can reconsider the above proof replacing I'(v, ) is
still an h-set with respect to i = H"|T'(~y,r), maybe with different equivalence
constants, but this does not matter. Hence the dimension of I'(v, ) is still D.
But this is what we have claimed and the proof is concluded. [

Remark 8.13. Using the version of Theorem 3.6 for lower densities instead of
upper densities and using the same techniques as in the above proof, one could
show that if I is an h-set, then

log h
dimp I' N B(y,r) = limsup og h(9)
6—0 1Og 0

, veTl, re(0,1),
where dimp A denotes the packing dimension of a set A C R".

Remark 8.14. As a by-product of the above proof we have

nlogm nlogm

| log A%

<n,
|log \g| —

where \g = infy A, and A’ = sup, A;, come from condition (D5) of Definition 6.1.

Now we would like to investigate the so-called local Markov inequality related
to an h-set. This property turns out to be rather helpful in problems concerning
the linear extension to R™ of functions belonging to Besov-type spaces suitably
defined on h-sets.

We give the definition of a set preserving the local Markov inequality and a
useful geometrical characterisation. Sets preserving this inequality are studied
in detail in [8] (see also [13]): we refer to this work for a general survey.

Definition 8.15. We say that a closed non-empty set F' C R" preserves
the local Markov’s inequality if the following condition holds for all positive
integers k:
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for all polynomials P of degree at most k and all balls B = B(f,r) with
feFand 0 <r <1, we have

max |VP| < er ' max | P| (8.6)
FNB FNB

with a constant ¢ depending only on F', n and k. We then refer to (8.6) as
Markov’s inequality on F.

For the sake of brevity a set preserving the local Markov’s inequality is simply
said Markovian.

The definition imposes, in some sense, a certain “thickness” on the set F.
However, also very “dusty” and sparse sets (hence, low-dimensional sets) can
also be Markovian. What really matters is a non-local alignment condition, as
Proposition 8.16 points out. For instance, for any admissible function h € $,,
the pseudo self-similar fractal constructed in the proof of the Main Theorem 6.6
preserves the local Markov inequality, as one easily verifies with the help of the
following proposition (see [8, Theorem 2, p. 39]).

Proposition 8.16. A closed non-empty subset F' of R" is a Markovian set
if and only if the following geometric condition does not hold: for every e > 0
there ezists a ball B = B(f,r), with f € F and 0 < r < 1, so that BN F is
contained in some band of the form {x € R" : |b- (z — f)| < er}, where the dot
stands for the scalar product and |b| = 1.

The following proposition gives a sufficient condition for a function h € 9,
so that the resulting h-set preserves the local Markov’s inequality. Essentially,
we extend [8, Theorem 3, p. 39].

Theorem 8.17. Let n > 2 and let I' be an h-set in R™. Suppose that for
every ¢ > 0 there exists € > 0 such that h(er)/h(r) < g™, for 0 < r < 1.
Then T" is a Markovian set.

Proof. We prove that the geometric characterisation expressed in the above
Proposition 8.16 does not hold. Let p be an A-measure on I'. Let ¢ > 0 to be
chosen appropriately later on and let B = B(y,r) be a ball with v € T" and
0<r<1.Let D=BnN{z:|b-(y—x)| <er} be the intersection of B with a
chosen band.

Then at most (2r)"ler/(er)® = 2"~1e!=" cubes of side er cover D. If one
of these cubes intersects T', then it is contained in a ball of radius y/ner and
center v/ € I'. Then we have

u(B) = u(B(y,7)) = c1h(r)
and
p(D) < 2" u(B(y, Vner)) < e T h(re),
where ¢; and ¢y are positive constants depending only on h.
Since p(B) — (D) > h(r)(cy — cae'™"h(er)/h(r)), by assumption we can
choose ¢ so that u(B) — u(D) > 0. But this means that B NI is not entirely
contained in the chosen band. [
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Now we discuss another purely geometric property of a set, which is helpful in
some problems concerning traces of Besov spaces B, (R") and Triebel-Lizorkin
spaces F, (R") on h-sets.

Definition 8.18. A non-empty Borel set I satisfies the ball condition if there
exists a number 0 < n < 1 with the following property:

for any ball B(~,r) centered at v € I and of radius 0 < r < 1 there is a ball
B(x,nr) centered at some = € R™, such that

B(v,r) D B(xz,nr) and B(x,nr)NT = @.

This definition coincides essentially with [11, Definition 18.10, p. 142].

Any set satisfying the ball condition has Lebesgue measure zero, and we
might intuitively imagine that it is “self-similarly porous”.

Here, we are interested in the interplay between finite Radon measures p and
their support. More precisely, let us suppose that p is a finite Radon measure
with compact support I' such that

u(B(y,r)) ~@(r), yel, re(01), (8.7)

for some suitable continuous function @ in [0, 1).
In [12, Proposition 9.18, p. 139] one finds a necessary and sufficient condition
on ® under which I' = supp p satisfies the ball condition:

Theorem 8.19. Let i be a finite Radon measure in R"™, with compact sup-
port I, satisfying (8.7), where ® is supposed to be a continuous monotonically
increasing function on [0,1) with ®(r) > 0 if 0 <r <1 and ®(0) =0. Then I’
satisfies the ball condition if and only if there are two positive numbers ¢ and A
such that

d(27") < 2o ) for all v, 2 € Ny, (8.8)
Here is the main assertion concerning h-sets and the ball condition.
Theorem 8.20. Any h-set satisfies the ball condition.

Proof. We shall prove that any admissible h satisfies the conditions required in
the above Theorem 8.19. Of course, the only assumption to be checked is (8.8).
Let m and {\;} be, respectively, the number and the sequence from Def-
inition 6.1. Let ¢ > 0 be small so that \y < m™'=¢ for k = 1,2... (by
Condition (Dj) it is possible to find such ¢). It is not difficult to realise that

(27 < em™<h(27Y), v, x €N, (8.9)
where c is a positive constant depending only on h and
pg = min{k € N:m~79% < o=t}
With this refined doubling condition we immediately get
h(277) < emPErh (2700 < dmpebnp 27t
< c’mW%h(Z_”_{) = 2= p 271,
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with A=n(l—-1/(1+¢)) > 0.

10.
11.
12.
13.

14

This is what we claimed and the proof is concluded. O

REFERENCES

. M. BriccHI, On some properties of (d, ¥)-sets and related Besov spaces. Jenaer Schriften
zur Mathematik und Informatik, 99/31, 1999.

M. BriccHi, On the relationship between Besov spaces and L, spaces on (d, ¥)-set.
Jenaer Schriften zur Mathematik und Informatik, 00/13, 2000.

S. DOMINGUES DE MOURA, Function spaces of generalised smoothness. Dissertationes
Math. (to appear).

D. EpmunDs and H. TRIEBEL, Spectral theory for isotropic fractal drums. C. R. Acad.
Sci. Paris Sér. I Math. 326(1998), 1269-1274.

D. EpmunDs and H. TRIEBEL, Eigenfrequencies of isotropic fractal drums. Operator
Theory: Advances and Applications, 110(1999), 81-102.

G. FoLLo, Some remarks on fractals generated by a sequence of finite systems of con-
tractions. Georgian Math. J. 8(2001), No. 4, 733-752.

J. E. HUuTCHINSON, Fractals and self similarity. Indiana Univ. Math. J. 30(1981), 713~
747.

A. JonssoN and H. WALLIN, Function spaces on subsets of R™. Math. Rep. 2 (1984),
No. 1, Harwood Acad. Publ.

J. KiGAMI, Analysis on fractals. Cambridge University Press, Cambridge tracts in Math-
ematics 143, Cambridge, 2001.

C. A. ROGERS, Hausdorff measure. Cambridge University Press, London, 1970.
H. TRIEBEL, Fractals and spectra. Birkhduser, Basel, 1997.
H. TrRIEBEL, The structure of functions. Birkhduser, Basel, 2001.

H. WALLIN, The trace to the boundary of Sobolev spaces on a snowflake. Manuscr. Math.
73(1991), No. 2, 117-125.

. M. ZAHLE, Lectures on fractal geometry. Springer, Berlin (to appear).

(Received 12.04.2001)

Author’s address:

Friedrich-Schiller Universitat Jena
Mathematisches Institut
Ernst-Abbe-Platz 1-4, D-07743 Jena
Germany



