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Abstract
Motivated by the works of L.J. Slater and A. Verma, we have derived some
results on truncated unilateral generalized hypergeometric series of positive unit
argument subject to certain conditions in numerator and denominator param-
eters. The results presented here are presumably new.
Keywords: Pochhammer symbol, Gaussian ordinary hypergeometric func-
tion, Truncated unilateral series.

1 Introduction

Terminating Generalized Hypergeometric Series

—N, ay, a3, ..., ax ; N %
—N ...
Al 5| = E : (=N)(az)x (CLA)kZ" (1.1)
b, by, ..., bp ; = (b1)k(b2)r -~ (bp)x !

where N € {1,2,3,...}, remaining numerator and denominator parameters

a9,0a3," -+ ,a4,b1,be, -+ bp are neither zero nor negative integers and Pochham-
k—1
mer’s symbol (c) is given by (¢)r = [] (¢ + j).

Jj=0
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Similarly
—M, =N, a3, a4, ..., as ; - ININ{M, N} (= M)i(=N)(az)w(as) - - - (ax)s 2*
AFB S Z (b1 (b bg); k!
bl,bg,...,Z)B 3 k=0 l)k( Q)k(B)k )
(1.2)
where M, N € {1,2,3,...} and remaining numerator and denominator param-
eters as, ayq, - ,a4, by, b, -+, bp are neither zero nor negative integers.

Truncated Generalized Hypergeometric Series[3,p.83(2.6.1.1)]

(aq) 3 ay, Az, ..., A7 3
1Fgp z = 4Fp z | to (N + 1) terms
(bg) N bi, by, ..., b
A
N H(aj)k 2
S (1.3)
= 10k

7j=1

where numerator and denominator parameters are neither zero nor negative
integers and A, B are non-negative integers. When N — oo then (1.3) reduces
to a non terminating generalized hypergeometric series.

Suppose M and N are positive integers such that M < N, then

—N,CLQ,...,CLA ’
v z | to (M + 1) terms
b17627"'7bB 5
_ _N7 ag, ..., aa ; _i(_th(aQ)k”'(aA)kzk (1 4)
o T A o Gk
bl, bg, RN bB ; M k=0 )
The symbol S, (¢, ca,¢3,...,cp) represents the sum of all possible combina-
tions of the products of parameters taken “r” at a time from the set of “B”
parameters {c1, co,C3,...,CB}.
For the sake of convenience S, (ag, ai, as,...,as) and S,(by, bs,...,ba) are ab-

breviated by S, (ag, (a4)) and S,((ba)) respectively, in (1.6), (1.7), (1.9), (1.10)
and (1.11).

Summation Theorem of Slater[3,pp.83-84(2.6.1.1, 2.6.1.7); see also 2].

Qg, A1, A2, ..., QA 3
a+1Fa 1

T4by, 14by, oo 1+ba N
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o (1—|—CL0)N (1+CL1)N <1+CL2>N"'(1+CLA>N (1 5)
B N (1+b)y (T+ba)y - (1+ba)n '

subject to “A” number of conditions [3,p.84(2.6.1.4),(2.6.1.5),(2.6.1.8)] in com-
pact notation, given by (1.6)

Sr(ag, (aa)) = Sy ((ba)), A,N €{1,2,3,...} andr=1,2,3,...,4 (1.6)

and
Sai(ao, (as)) #0 (1.7)

Summation Theorem of Verma|l,p.233(3.3)].

* .
aOaalv(ZQa"'va'Aal_a ’

a2 Fat 1
1+bl,1+bg,...71+b14,—06* 3

_ (A tag)y A+ a)y (T+az)n---(1+aa)y (1.8)
provided with “(A — 1)” number of conditions in compact notation, given by

(1.9)

Sy(ag, (aa)) = S ((ba)), A€{2,3,4,...}andr=1,2,3,...,(A—1) (1.9)

and

Salao, (@a)) # Sa((ba)), Sasilao, (@) #0, N € {1,2,3,...}  (1.10)

where

o = SA+1(a0> (aA)) (111)

 {Sa(ao, (aa)) — Sa((ba))}

In next sections motivated by the above works (1.5) of Slater and (1.8) of
Verma, we have established some summation theorems for truncated unilat-
eral generalized hypergeometric series, by using series iteration techniques and
theory of polynomial equations.

2 Main Result

Let S,,+1 represent the sum of first (m+1) terms of a series and T, ;1 represent
(m + 1)th term of the same series from the beginning.
Suppose

(2 + C)Qm(Q + 91)2m(2 + gZ)Qm T (2 + gB)?m
(2 + 8)2m(2 4+ h1)om(2 + ha)om -+ (24 hp)om

Sm+1 - (21)
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when m =0, we get S1 =11 =1

Form=1,2,3,..., we have

(24 C)am—2(2+ 91)2m 22+ g2)2m—2" (2 + gB)o2m 2
(2+ 9)2m(2 4+ h1)om(2 + h2)om - - (24 hB)om

X[(c+2m)(14+c+2m)(g1 +2m)(1+ g1 +2m)--- (g5 + 2m)(1 + gp + 2m)—

—(s+2m)(14+s+2m)(hi+2m)(1+hi+2m) - - - (hg+2m)(1+hp+2m)] (2.2)

(24 ¢)om—2(24 91)2m—212 4 92)2m—2-- (2 + gB)2m—2
(24 8)om(2 4 h1)am (2+ h2)om -+ (2+ hB)om

Tm+1 - Serl - Sm -

x[A Polynomial W* in m|
(2.3)

Tm+1 -

where
W* = {(A+K1)—(P+@Q1) }(2m)*P T H{ (Ja+ Ko+ )1 K1 ) — (Po+Qa+ Pr Q1) }(2m)*P +

H{(Js + Ky + LKz + K1) — (P + Qs + PQa + RQu)}2m)*H 4o
H(Jps1+ K+ Kp+ o Kp_1+ - +JpK1)—(Pe1+Qp1+PiQp+PoQp 14+ - - +PpQ1)}(2m)
H(Jps1 K1+ Ko+ Jp 1 Ks++ - -+ J1 Kpi1)—(Ppi1Q1+ PsQa+ Pp_1Qs++ - -+ PiQpi1) }H(2m) P+
+{(Jp1 Kot JpKs+Jp 1 Kyt - +J2Kp1)—(Pp1Qot+PeQs+Pp_1Qu+ - +PoQpy1) }(2m) '+ -

(
(

_|_

{(Jp1Kp-1+JpKp+Jp-1Kp+1)—(Ppi1Qp-1+PeQp+Pp_1Q5+1) H2m)*+

H(Jpr1 Kp+JpKp1)—(Ppt1Q+PeQp+1)} (2m)+{(Jp+1Kpt1)—(Pp41@B+1)}]
(2.4)

For the sake of convenience in W*, J,.(¢, 91,92, ...,98), K.(1+¢, 14+ g1,1 +
92,1+ gp), P(s,hi,ha,...,hp) and Q. (1 4+ s, 1+ hy,1 + ho,..., 1+ hp)
are abbreviated by J,., K., P, and Q, respectively, r € {1,2,3,..., (B +1)}.

The symbol J,(c, g1, g2, - - ., gp) represents the sum of all possible combinations
of the products of parameters taken “r” at a time from the set of (B + 1)
parameters {c, g1, g2, - - . , g } with similar interpretation for others. From (2.1)

we can obtain

N N
(24 C)an(2+ g1)on (24 g2)on - (2 + gB)an
N+1 n;) +1 mz:l +1 (24 8)an (24 h1)an(2+ h2)an -+ (2 + hp)an

(2.5)
where N € {2,3,4,...}, B € {1,2,3,...} Since Pochhammer’s symbol is

associated with Gamma function and Gamma function is undefined for zero
and negative integers therefore numerator and denominator parameters are
adjusted in such a way that each term of following results is completely well
defined and meaningful then without any loss of convergence, we have the
applications of (2.2) and (2.5), in following sections.
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3 When W* is a Polynomial of Degree Zero

Assume that for k =1,2,3,..., (2B + 1), coefficients of (2m)* in W* of (2.4),
are zero and Jp,1Kpy1 # Pgy1@QpB11, then

L, A(250), A(2;01), A(2;92), -- -, A(2;98) ;
2B+3F2B42 1
B
s(1+9) T1(hy)s
_ 7:; %
(24 5)(3+ ) [T(2+ hy)2
j=1
L A2;240¢), A(2;24+ g1), A(2;24 ¢2), ..., A(2;24+gB) ;
Xop+3lopio
A(2;4+58), A(2;44 hy), A(2;4+ hg), ..., , A(2;4+ hp) ;
_ (24 0)on 2+ 91)on (24 92)ay -~ (24 gB)an (3.1)

(24 5)oany 24+ h1)an (24 ho)on -+ (2+ hp)an

where the symbol A(2;b) denote the array of 2 parameters given by g, I’J“Tl

4 When W* is a Linear Polynomial in m

Suppose that for k = 2,3,4,...,(2B + 1), coefficients of (2m)* in W* of
(2.4), are zero; (Jp11Kp+ JpKpi1) # (P11Qp + PpQp+1) and Jp1Kpi #
Ppi1Qpi1, then

1, A(25¢), A(2;501), A(2;92), -- ., A(2;98), 1 — « ;

2B+4FoBy3
A(2;245), A(2;24+ hy), A(2;24 hy), ..., A(2;2+ hp), —a 3
B
s(L+s)(a—1) [T(hy)s
j=1
a2+ s)(3+s) [T(24+ hy)2
j=1
1, A2;2+¢), A2+ g1), A(2;2+g2), -, A(2;2+gB), 2 -

Xoptalopis

A(2;4+58), A(2;44 hy), A(2;4+ hy), ..., A(2;4+ hp), | —«

)
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_ (240)on 2+ g1)an 2+ g2)an -+ (24 gp)on (4.1)

(24 5)ony (24 h1)an (24 ho)oy -+ (2+ hp)an

where « is given by

Y {(Jp+1KpB+1) — (Pp41QpB+1)} (4.2)
{2Jp41 K5 +2JKp41) — (2Pp11Qp +2PpQp41)} .

5 When W* is a Quadratic Polynomial in m
Let for k = 3,4,5,...,(2B + 1), coefficients of (2m)* in W* of (2.4), are zero;

(Jp+1Kp-1 + JgKp + Jp_1Kpt1) # (Ppy1@B-1 + PpQp + Pp_1Qp11) and
Jp1Kp1 # Ppr1@py1, then

L, A(25¢), A(2;591), A(2592), -, A(2598), 1 =, 1 — 7 ;
25+5F2B14 1 _

—w

s(L+s)(8—1)(y—1) [T(hy)2
_ J X
B2+ s)(3+s) [T(2+ hy)2

Il
i

w

j=1

L A2;240¢), A(2;24g1), A(2;24¢g2), ..., A(2;24¢95),2—05,2—7 ;

Xop+5FoB 44
A(2;4+5), A(2;4+ hy), A(2;4+ hs), ..., A(2;4+hp), 1 =, 1—7 ;

_ (24 c)ov 2+ g1)on (24 g2)ov - (2+ gB)an (5.1)

(24 8)an (24 h1)an (2+ ha)an -+ (24 hp)an
where [ and ~ are given by

(—2Jp1Kp —2J5Kpi1 + 2Pp1Qp + 2PpQpt1) + VD*

8(Jpt1Kp-1+ JpKp+ Jp-1Kpy1 — Pp1Qp-1 — PeQp — PB—lQB(—H))
5.2

b=

(—2Jp1Kp —2J5Kpi1 + 2Pp1Qp + 2PpQp41) — VD*

e 8(Jp+1Kp-1+ JpKp + Jp-1Kpy1 — Pp11Qp-1 — PpQp — PB—lQB(—i—l) )
5.3

and
D* = (2Jp1Kp +2JpKp i1 — 2Pp1Qp — 2PpQp11)*—

—16(Jp+1 Kp1+JpKp+Jp_1Kpi1—Pp11Qp-1—PpQp—Pp-1Qp+1)(J+1Kp+1—Pp+1QB+1)
(5.4)
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6 When WW* is a Polynomial of Highest Degree
“2B+1)” inm
When (Jl +K1) 7£ (Pl +Q1) and JB+1KB+1 7& PB—I—IQB—I—I in W* of (24), then
L, A(2;¢), A2;01), - A(2598), L= B1, ..., 1 = Papia ; ]
1
N

A(22+8), A2+ h), ..., A(2;2+ hg), =B, .o, —Bapr1 3

aB+alFupys

2B+1

s(+s) 1 (3 — 1) TT (hy)s

j=1 1
2B+1

@+ 9B +s) 11 5) 12+ h),

j: ]:1

1,A(2,2+C)7A(2,2+91),,A(2,2+gB),2—B17,2—52B+1 ; ]
1
N-—1

X4pt+alipis

A(2;4+s), A4+ ), .o, A254+hp), 1 =B, ooy 1= Bapir 3
(24 c)on 24 g1)on 2+ g2)on - (24 gB)an
T (24 8)an 2+ h)aw 2+ ha)an - (2+ hp)an

where 31, fa, ..., Bapy1 are the roots(neither zero nor positive integers) of the
equation W* = 0 and W* is given by (2.4).

(6.1)

7 When W* is a Polynomial of Degree “A” in
m (where B+ 1< A<2B, Be€{2,3,4,...})

Assume that for k= A+ 1, A+2,A+3,...,2B,2B + 1, coefficients of (2m)*
in W* of (2.4), are zero; (Jop_aso+ Kop_aro+ J1Kop_ar1+ JoKop_a+---+
Jop—a41K1) # (Pep—ate+Qap—aro+ PiQop_at1+PoQap_at- - -+ Pop_at1Q1)
and Jpy1Kpy1 # Ppy1Qpy1, then

1, A(2;¢), A2;91), -+, A(2598), 1 =01, ..., 1 =64 ;
2B+A+3F2B1 A2 1 -
A(2;245), A(2;2+ ), ..., A(2;24 hp), =01, ..., =04 3 N
B
s(1+s) H(5 — 1) [T(Ry)2
. J=1 J=1 %
A B
2498+ 116 >H1(2+h)
j=1 = j=
1, A(2;2 +¢), A(2; g1), -, A(2;2495),2—01, ...,2—04
Xopt+A+3Fopt+At2 1
A(2;4+58), A(2;44hy), ..., A(24+hp), 1 =61, ..., 1 =384 N1
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2+ c)ov 2+ g1)on (2+g2)on - (2+ gB)an

(24 5)an (2+h1)on (24 ho)on -+ (2+ hp)on

where 1, da, ..., d4 are the roots(neither zero nor positive integers) of the
equation

{(Jop—at2 + Kop—ayo + J1Kop_as1 + JoKop_a + -+ + Jop_ a1 K1) —
—(Pap-asotQ2p-asotPiQop a1+ P2Qap_at- - +Pap a1 Qr)}(2m) 4+
H(Jps1+Kp+hKpthKp a1+ +JpK1)—(Ppi1+Qpi1+PiQp+PaQp-1+- - -+ PpQ1)}(2m)
H{(Jpr1 K1+ Jp Kot Jp_1 Kyt -+ J1 Kpir)— (Ppia @i+ PeQa+Pp_1Qs+ - -+ P1Qpi1) }(2m) P+
H(Jps1 Ko+ Jp K3+ Jp_1 Kyt -+ o Kpi1)—(Ppi1Qa+ PeQs+Pp_1Qa+- - -+ PoQpi1) }(2m) "'+

{(
{(

(7.1)

Jpi1Kp 1+JpKp+Jp-1Kpi1)—(Ppi1Qp-1+PsQp+Ps_1Qp41) H(2m)*+

Jp11Kp+JpKpy1)—(Pp1Qp+PeQp 1)} (2m)+{(J11Kp1)—(Ppr1Q@pi1)}] =0
(7.2)

+
+

8 When W* is a Polynomial of Degree “R” in
m (where 0 < R< B, B€{2,3,4,...})
Suppose that for k = R+ 1,R+ 2, R+ 3,...,2B,2B + 1, coefficients of

(Qm)k in W* of (24), are zero, (JQB_R+1K1 + JQB_RKQ + -+ JlKQB_R+1> 75
(Pop—p+1Q1 + Pop_pQ2+- - -+ PiQap_p+1) and Jp1 Kpi1 # Ppi1Q@p41, then

17 A(Q,C), A(Qagl)v R A(2ug3)7 1 _Ch SRR 1 _CR 5

2B+ R+3F2B 1 R12 1 -
A(2;2+s), A(2;2+hy), ..., A(2;2+ hg), —C1, ...y, —Cr N
B
8(1+S)1;[( : )1;[1( i)2
_ - = X
(2+5)(3+s) H( )H1(2+h)
j=1

L A2;24¢), A2;24+¢1), ..., A(2249B),2—C1, ..., 2—Cr

Xopyry3F2B1R12 1

A24+s), A4+ ), .., A@d+hs), 1-Cy o 1=Cr

(24 )ov 24+ g1)on (2+g2)an - (2+ gB)an

(2 —+ 8)2]\[ (2 —+ hl)gN (2 + h2)2N s (2 + hB)gN

where (1, (o, ..., (g are the roots(neither zero nor positive integers) of the
equation

{(Jap—pi1 K+ Jop_ Ko+ -+ J1 Kop_pi1)— (Pop_pi1Q1+Pop_pQa+- - '+P1Q2B—R+1)}(2m)R+' Tt

+{(JB+1KB+JBKB+1)_(PB+1QB+PBQB+1)}(2m)+{(JB-HKB-H)_(PB-&-l(QB;-l)}] =0
8.2

N-1

(8.1)
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