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Abstract

Square lattice graphs L2 (n) with the parameters (n2, 2 (n− 1) , n− 2, 2) are
strongly regular and are unique for all n except n=4. however for n=4, we
have two non-isomorphic strongly regular graphs. The non - lattice graph with
parameters (16, 6, 2, 2) is known as Shrikhande graph. In this paper we show
that every minimum total dominating set in Shrikhande graph induces two
K2s. Further we establish that these classes of minimum total dominating sets
of Shrikhade graph form Partially Balanced Incomplete Block Designs with the
parameters (16, 44, 11, 4, λi i = 1or2, λj j = 3or4).

Keywords: Partially Balanced Incomplete Block Designs, Minimum total
dominating set, Total domination number, Strongly Regular Graph.

1 Introduction

In combinatorial mathematics, a block design is a particular kind of set system
which has application to �nite geometry, cryptography and algebric geometry.
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A balanced incomplete block design is one among many variations that have
been studied in the block designs and it is a set of v elements arranged in b
blocks of k elements each in such a way that each element occurs in exactly
r blocks. The combinatorial representation so obtained is called (v, b, r, k, λ)
design. The relation between graph and designs where �rst observed by Berge
[?]. Motivated by the works of Berge, J. W. D. Paola [12]as given a link be-
tween graphs and balanced incomplete block designs (BIBD) whose blocks are
maximum independent sets. As the class of BIBD's do not �t many practical
situations as these designs require large number of applications, to over come
this Bose and Nair [5] introduced a class of binary equireplicate and proper
designs called Partially Balanced Incomplete Block Designs (PBIBD) which is
included as a special case of BIBD's. They established the relation between
PBIBD's and strongly regular graphs with two association scheme having pa-
rameters (v, b, r, k, λ1, λ2) as �rst kind. More about association schemes can
be found in Bannai and Ito [2] Godsil and Royal [8] and Bailey [1]. Harary
et. al [9] considered the relation between isomorphic factorization of regular
graphs and PBIBD with two association scheme. Ioin and M. S. shrikhande
[17] studied certain kind of designs called (v, k, λ, µ)designs over strongly reg-
ular graph. Walikar et. al[16] introduced design called (v, β0, µ) - designs,
whose blocks are maximum independent sets in regular graph on v vertices.
Walikar et. al [15]have also established the relation between dominating sets
of a graph with blocks of PBIBD's. It is possible to construct the strongly
regular graph G with parameters (v, n1, P

1
11, P

2
11) from a given PBIBD with

two association scheme having parameters (v, b, r, k, λ1, λ2) (see Bose [4] and
Rao [14]. In this paper we prove that every Minimum Total Dominating Set
(MTDS) in Shrikhande graph induces twoK2s. Further we establish that the
set of all MTDS form a PBIBD with the parameter (16, 44, 11, 4, 1or2, 3or4).

2 De�nitions and Preliminary Results

Throughout this paper G = (V,E) where V is the vertex set and E is unordered
pair of edges, stands for a �nite, connected, undirected graph with neither loops
nor multiple edges.

Open neighborhood of a vertex v ∈V is N(v)= {u ∈ V/uv ∈ E} and closed
neighborhood is N[v]= N(v)∪{v}.

De�nition 2.1. A set D⊆V is called total dominating set if every vertex
v ∈V, there exists u ∈D, u 6=v such that u is adjacent to v. The minimum
cardinality of a total dominating set of G is a total domination number of G
denoted by γt (G). or γt- set.

De�nition 2.2. A strongly regular graph G with the parameters (n, k, λ, µ)is
a graph on n vertices which is regular with valency k has the following prop-
erties.
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i. any two adjacent vertices have exactly λ common neighbors ;

ii. any two non-adjacent vertices have exactly µ common neighbors.

Lemma 2.3. If G is strongly regular graph with parameters (n, k, λ, µ)then
(n− k − 1)µ= k (k − 1− λ).

De�nition 2.4. Given a set {1, 2, ..., v}a relation satisfying the following
condition is called m-class association (m ≥2)

i. Any two symbols are either �rst associates or second associates ...
mthassociates the relation of association being symmetric.

ii. Each symbol α has ni, i
thassociates, the number ni being independent

of α.

iii. If two symbols α and β are the ithassociates, then the number of symbols
which are jth associates of α and kthassociates of β is P i

jk and is independent
of the pair of ithassociates α and β. Also P i

jk= P i
kj.

Thus there are 2m + 4 parameters of �rst kind and m2(m+1)
2

parameters of
second kind. The numbers (v, b, r, k, λi, i = 1, 2, ...,m)are called parameters of
�rst kind, where as numbers ni's and P i

jk's, (i, j, k = 1, 2, 3, ...,m) are called
parameters of second kind. It can be easily seen that vr = bk and

∑m
i=1niλi=

r (k − 1)

De�nition 2.5. The PBIB design is an arrangement of v symbols in to b
sets (called blocks) of size k, k < v such that

i. Every symbol is contained in exactly r blocks.

ii. Each block contains k distinct symbols.

iii. Any two symbols which are ithassociates occur together in λi blocks.

3 Main Results

3.1 Introduction to Shrikhande Graph

A Cayley graph of a group H with respect to S, where S is a Cayley subset of
H, denoted by Cay (H; S), is the graph with S = {± (0, 1) ,± (1, 1) ,± (1.0)},
Then the graph Cay (H; S) in this case is the Shrikhande graph.
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Figure_1. Shrikhande Graph

A simple family of strongly regular graph are called square lattice graph
L2 (n). These graphs have parameters (n2, 2(n− 1), n− 2, 2). Now strongly
regular graph with these parameters are unique for all n except n=4. How-
ever n=4 we have two non-isomorphic strongly regular graphs with param-
eter (16, 6, 2, 2). The non lattice graph with these parameters is known as
Shrikhande Graph. Shrikhande graph is (0, 2), locally hexagon graph with
girth 3. The independence, chromatic number and total domination number
of this graph is 4 (proved in 3.1). The characteristic polynomial of graph is
(x− 6) (x− 2)6 (x+ 2)8 with -2 as eigen value. There fore it is known as Seidal
graph.

3.2 Minimum Total Dominating Sets in Shrikhande Graph

Theorem 3.1.1. The total domination number of Shrikhande graph is four.

Proof: Let G be a Shrikhande graph.

We show that γt (G) = 4. To prove this we show that γt (G) 6= 3.

for if γt (G) = 3, then D = {u, v, w} be any minimum total dominating set
in G.

Then the possible non-isomorphic subgraphs induced by D are given below.
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Figure_2

Property 3.1.a. Since G is strongly regular graph with the parameters
(16, 6, 2, 2) and K4 free graph, any pair of non-adjacent vertices have two com-
mon neighbors and any two adjacent vertices have two common neighbors. By
this property and regularity of G. We prove the following cases.

Case 1. Let 〈D〉 = G1

Figure_3

Since G is strongly regular graph with the parameters (16, 6, 2, 2)and by
the property 3.1.a, we have ∪z∈DN (z) = 15

There fore there is at least one vertex which is uncovered by D. Which
contradicts the fact that D is a minimum total dominating set. Hence D is not
a MTDS.

Case 2. Let 〈D〉 = G2
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Figure_4

Since G is strongly regular graph with the parameters (16, 6, 2, 2)and by
the property 3.1.a, we have ∪z∈DN (z) = 14

There fore there are at least two vertices which are uncovered by D. Which
contradicts the fact that D is a minimum total dominating set. Hence D is not
a MTDS.

Case 3. 〈D〉 = G3 or 〈D〉 = G4

Figure_5

Since G is strongly regular graph with the parameters (16, 6, 2, 2)and by
the property 3.1.a, we have ∪z∈DN (z) = 12
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There fore there are at least four vertices which are uncovered by D. Which
contradicts the fact that D is a minimum total dominating set. Hence D is not
a MTDS.

Thus in all the cases above, we get the contradiction and ∪z∈DN (z) 6= 16

Which gives γt (G) = 4

This proves the result.

Theorem 3.1.2. If D is a MTDS in Shrikhande graph G, then D induces
twoK2s.

Proof: By the above theorem, we have γt (G) = 4.

Let D = {u1, u2, u3, u4}be MTDS in G.

We prove that the set D induces twoK2s in G.

The following are the possible non-isomorphic graphs induced by D as
shown in �gure - 2.

Figure_6

Case 1. If 〈D〉 = G1or 〈D〉 = G2 or 〈D〉 = G3

If D induces any of the graphs G1or G2or G3. By the necessary condition
of minimum TDS induced subgraph of D should not leave any isolate vertex
and also ∪z∈DN (z) 6= 16 = |V | . Hence D is not a MTDS.

Case 2. If 〈D〉 = G4
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Figure_11

By the property 3.1.a, we have ∪z∈DN (z) = 12. There fore there are four
vertices, which are still uncovered by D. Which contradicts the fact that D is
a minimum total dominating set. Hence D is not a MTDS. Hence D is not a
MTDS.

Case 3. If 〈D〉 = G5

Figure_7

By the property 3.1.a, we have ∪z∈DN (z) = 13. There fore there are three
vertices, which are still uncovered by D. Which contradicts the fact that D is
a minimum total dominating set. Hence D is not a MTDS. Hence D is not a
MTDS.

Case 4. If 〈D〉 = G6
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Figure_8

By the property 3.1.a, We have ∪z∈DN (z) = 15. There fore there is at
least one vertex, which is still uncovered by D. Which contradicts the fact that
D is a minimum total dominating set. Hence D is not a MTDS. Hence D is
not a MTDS.

Case 5. If 〈D〉 = G8 or 〈D〉 = G9

Figure_9

By the property 3.1.a, We have ∪z∈DN (z) = 14. There fore there is atleast
two vertices, which is still uncovered by D. Which contradicts the fact that D
is a minimum total dominating set. Hence D is not a MTDS. Hence D is not
a MTDS.

Case 6. If 〈D〉 = G7
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Figure_10

By the property 3.1.a, We have ∪z∈DN (z) = 16 = |V |. Thus D covers
every vertex of G. Hence 〈D〉 = G7 is the only MTDS which induces 2−K ′

2s.
This completes the proof.
The following is the list of MTDS which induces two K2s in Shrikhande

graph G.
{1, 2, 5, 6}, {2, 3, 6, 7}, {3, 4, 7, 8}, {4, 5, 8, 1}, {1, 5, 9, 13}, {2, 6, 10, 14}, {3, 7, 11, 15},

{4, 8, 12, 16}, {9, 10, 13, 14}, {10, 11, 14, 15}, {11, 12, 15, 16}, {12, 13, 16, 9}, {1, 7, 12, 14},
{2, 8, 13, 15}, {3, 1, 14, 16}, {4, 2, 15, 9}, {5, 3, 16, 10}, {6, 4, 9, 11}, {7, 5, 10, 12},
{8, 6, 11, 13}, {1, 2, 11, 14}, {2, 3, 12, 15}, {3, 4, 13, 16}, {4, 5, 14, 9}, {5, 6, 15, 10},
{6, 7, 16, 11}, {7, 8, 9, 12}, {8, 1, 10, 13}, {1, 3, 10, 12}, {2, 4, 11, 13}, {3, 5, 12, 14},
{4, 6, 13, 15}, {5, 7, 14, 16}, {6, 8, 15, 9}, {7, 1, 16, 10}, {8, 2, 9, 11}, {1, 4, 9, 10},
{2, 5, 10, 11}, {3, 6, 11, 12}, {4, 7, 12, 13}, {5, 8, 13, 14}, {6, 1, 14, 15}, {7, 2, 15, 16},
{8, 3, 16, 9}.

4 PBIBDs Associated with MTDS's of Shrikhande

Graph

Let us de�ne 2 - class association scheme of Shrikhande graph by using the
de�nition 2.5 as follows,

Let D be the MTDS's of Shrikhande graph which induces twoK2s. Then D
is the set of blocks of PBIBD with parameters of �rst kind as (16, 44, 11, 4, 1or2, 3or4)
and parameters of second kind as ,

P1 =

(
P 1
11 P 1

12

P 1
21 P 1

22

)
=

(
8 3
3 0

)
n1 = 12

P2 =

(
P 2
11 P 2

12

P 2
21 P 2

22

)
=

(
12 0
0 2

)
n2 = 3
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