C\"’M
M
Gen. Math. Notes, Vol. 2, No. 2, February 2011,144.-118
ISSN 2219-7184; Copyright © ICSRS Publication, 2011

WWW.i-CSrs.org
Available free online at http://www.geman.in

New Types of Hardy-Hilbert’s Integral
Inequality

W.T. Sulaiman
Department of Computer Engineering
College of Engineerng,University of Mosul, Iraq
E-mail: waadsulaiman@hotmail.com

(Received: 24-10-10 /Accepted: 11-11-10)

Abstract

- Two new form inequalities similar to Hardy-Hilbextintegral inequality are
given.
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1 Introduction
Let f,g=0 satisfy
0< [ f2()dt<co and O< [g*(t)dt<eo,
0 0

then

o I I il g(y) dxcly< {sza)dti gz(t)dt] |
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where the constant facton is the best possible (cf. Hardy et al. [2]).Inddya
(1) is well known as Hilbert's integral inequalityhis inequality had been
extended by

Hardy [1] as follows

If p>1, 1"‘1_1 f,020 satisty

o<jf °(t)dt<co and [ g (t)dt<eo,
0 0

then

f ; Vp /g, . 1/q
o ” (zlg;y)dxd V<o r{ﬂ 5 U f (t)dtj @ g (t)dtJ ,

where the constant facto% is the best possible. Inequality (2) is called
sin(7z/ p

Hardy-Hilbert's integral inequality and is importan analysis and application

(cf. Mitrinovic et al. [3]).

B. Yang gave the following extension of (2) addwis :

Theorem [4].1f A > 2—min{p,q}, f,g=0, satisfy

0<It“f P(t)dt<oo andjt”gq(t)dkoo,
0

then

Uq

o ”f(x)g(wdxdy%(p) @tmfpa)dq @tl.qu(t)dtj |

—RPHA2 aA2) , .
where the constant factork/](p)— —D’T) is the best possible, B is the

beta function.
The object of this paper is to give some new inétges similar to that of Hardy-
Hilbert's inequality.

2 Lemma

The following lemma is needed for our result

Lemma Let 1<1+a<A<2 Then
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T "= Ba,2-A)+BA-a-12-1)
o4
Proof
00 ta—l 1 ta—l 00 ta—l
t= dt+ dt
. ‘l—t‘/l 1 v([(:I-_t)/l—l -]‘_‘(t _])/1—1
1 ta—l 1 t/l—a—z
= dt+ dt
,([(1_':)/1—1 _([(1 t)/l—l
=Ha,2-/) +§1-a-12-))
3 Main Result

We state and prove the following new results

Theorem 1. L€tf,0,h 20 p,gr>] %+%+71210<0’<l [<A<2
wher@{ahd, andfda+b+] a+c+] b+c+}. Le

O<J.t brc+l-A+(1-a)(p-1) fP (t) dt< o0, O<J't atc+l-A+(1-b)(q-1) gq (t) dt< 00,
0

00

0< J't a+b+1—/1+(1—c)(r—1)hr (t) dit< .

0

Thenwehave

00 00 00

if I (GG I (Itwaaxpl)f p(t)dtj "

A-1
000 _4

1Ur

Va,,,
( J‘ t arcH-A+(1-b)(g-1) gq (t) dtJ [ J' t atbH-A+(1-c)(r-1) h (t) dtJ ’
0 0

where

K,
Ba2-1)+BA-a-12-]"“[Bc A-a—c-q"
Bb2-4) +HA-b-12-A]"[Ha,2+b-1) +BA-a-b-12+b-).

Bc.2-d+BA-c-12-A"’[Hb,2+c-A) +BA-b-c-12+c-A)|"°
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TTT f(X)g(y) h(Z) dxdydz
000 ‘X y_Zl
b1 e el ad
:f” fgyP*zP g(y)z " x*
N 4 INER 4
oooX( 1)[0I rj\x—y—zﬂ y(b 1)[p rj\x—y—zlAq
al b
NAXTY" dydz
11 y
(c—1)(+) A-1
z "YIx-y-7r
g'(WZ X

{2 o0us [T

(b_l)(q_l) ‘X_ y_ j/]_l

0000 00 hr (Z)Xa—l yb—l o
(A2 e
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d)d)dzJ

_PPGIR
“We first consider P. A#x— y| —z‘ <|x-y-74, we have
TP Py
P < .U.[ ) x@(p) HX y‘ Z‘/H dxdydz

7 )
Txmcl) 1a)p1fp(x)dXJ' XdyT |X_y| |X
. 1 XA—cl < . A

1_
X [x=y

J‘ b+o+1 - +(1-a)( p-) f p(X) dXJ‘
0

- t\“‘l e

=[B(c,2-A)+B(A-c-12-1)|[B(b,2+c-A)+B(A -b-c-12+c- 1)
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% ]be+0+1-/1+(1-a)( PY P (XY dx

by an application of the lemma.

cl a-1

Q= III 9'(y)2 - dxdydz

y(bl)q1|x y— Z|
c1 a-1
0 b + +
Y gp[WTE VT2,

ya+c+1—/1+(1—b)(q—1) gq (y) dy J. 1ol A-1
0 (1 + Z] ° ‘1— X
y y+z

= B(c,A-a-c-1)[B(a,2-1)+B(} —a-12-)] x

O3

X arcHA+H1h)

j y ¥ Jg‘*(wdy

Finally

e 1O

Z(C_l) r-1) ‘X y jﬁ -1

AL A
7 dxdydz
III Z(c-l) (r-1) H 4 %

NH—\

y

dxf{ y Jb_l 14cl

y
x-

a-1
‘ Z H0+1-, +1_C _1 ‘ Xj

0 01 1-

z

=[B(b,2-1)+B(A-b-12-1)|[B(a,2+b-A)+B(A-a-b-12+hb-A)]
0 athHl-A+(1-)

j z

(p CJhr (2)dz
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This completes the proof of the theorem.

Theorem 2. Letf’gthQ p’qar>l l+;+%:l %<A<;1 yD{p,q,r},

0<ﬂ1 g ! (t)dt< 0<ﬂ1 t\”“g O gt ﬂl i " (t)dt<

Then

00 00 00

_[_[_[dedydz< ZB(A/ZI A)KﬂpKﬂqK”r”px
000 ‘1—ka

[ﬂl M’f 4 ] [ﬂl t\‘qg(t) ] U\l t\“‘“) J ,

= B(y(1-172),1- Ay)+B(/(381 /2-11-Ay)).

where

Proof. Applying the lemma, withA -1 replaced byl ,we have

00 00 00

f(¥)a(y)h(@)
-([IO.C[ ;gxi’/ %) dxdydz

A2 Alz
fyx P z P

A A=l A2

ay)y * x ¢

_ A
1-y 1-7

.([.!.[) y (A 129(+1/ p) ‘1_ Xyiw p Z(A 12-1)(1-1/q) ‘1_ Xyiwq

00 00 00

A2 A1),

1 A
hgz "y’ 1_j
X X(/i/z—])(l—lfr) ‘1_Xylz/1/r d)dydz
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(TTT FP() X 2 7 A/Zl‘ )4 dXddeJl/px

29 y/]/21 p-1) ‘1_y‘/\p‘1_ *

0 o o0 A121 21211 _ (|2 Ya
{J"”g()’)y ‘ 34 dXddeJ 9

A12-1)(q-1) ‘1 Aq ‘1_ ny

{TTT h (2 2% /1/21‘ Zl dXddeJllr

/\/21 —l ‘1 ‘1 y*

= L/PMYINYT,
Observe that

p(-172)-1 )/\/2—1

? (xyz
v

—ZB(/]/2,1 )I)[B( (1 /1/2),1 p) + B(34/2-11- Ap)]

xm _ /\pfp(X)
ﬂl X . dx

Xydz

L-ﬂl ”"f (X)d j

fP (X)
= ZB‘/] /2,1 /] 1- /lp dx
‘” X

Similarly, we can show that

28(} 121~ 1) ﬂl YRLACRY
y

a R (Z) dz

N =2B(1/21-1) K, ﬂl—zl .

The proof is complete.
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