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Abstract
In this paper, we introduce a linear operator for harmonic multivalent func-
tions by using harmonic convolution operator and generalized Saitoh operator.
We investigate some properties of a new subclass of harmonic multivalent func-
tions defined by using this operator.
Keywords: harmonic, multivalent, linear operator, convolution, general-
1zed Saitoh operator.

1 Introduction

A continuous function f = u + v is a complex valued harmonic function in a
domain D C C if both u and v are real harmonic in D. In any simply connected
domain D we can write f = h + g, where h and g are analytic in D. We call
h the analytic part and ¢ the co-analytic part of f. The harmonic function
f = h 47 is sense preserving and locally one to one in D if |h/(z)| > |¢'(2)| in
D. See Clunie and Sheil-Small [6].

For p > 1, n € N, denote by SH™P the class of functions f = h + g that
are sense preserving, harmonic multivalent in the unit disk U = {2 : |z| < 1},
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where h and ¢ defined by

h(z) = 2 + Z A2t gz Z Bi2*, |B,| <1, (1)

k=n+p k=n+p—1

which are analytic and multivalent functions in U.

Note that SH™P reduces to S™P, the class of analytic multivalent functions,
if the co-analytic part of f = h 4 ¢ is identically zero.

For ai,as, c1,co are positive real numbers, A > 0, and f = h 4+ g given by
(1), we define the operator

Lyf(z) : = Ly(ay, cr,a9,¢,N)f(2)
= D,f(z)* <<;S11’(a1, c1, 2) + ¢h(ag, ca, 2))
= H(z)* ¢V (a1, c1,2) + G(2) x ¢h(az, ca, 2),

where

Dyf(z) = (1=X)

VS

h(z) + M) + % (zh’(z) — T(z))

= H(z)+G(2),
M(ar,c1,2) =22 + Z k Pk b (ag, ca, 2) = Z %zk ,
k= n—l—p k=n+p—1 (CQ)kfp

and (z); denotes the Pochhammer symbol given by

= ! if k=0
EZY e+ D).+ k—1) ,ifkeN={1,23,.}.

If f=h+g€eSH", then L,f(z) = Lyh(z) + Lyg(2),

e — Py Z { (— - 1) + 1} EZi;k:pAkz’“,

k=n+p

and

- k _
L,g(z) = — Z {)\ (— + 1) — 1] (a2); LBz~
k=n+p—1 p <C2>k_p

Remark 1. (i) For f(2) € SH", Li(a1,c1,a9,c,0)f(2) = L(f) defined
and studied by Ahuja [2]-[3],

(ii) For f(z) € SH"', Li(n+1,1,n+1,1,0)f(z) reduces to the Ruscheweyh
derivative operator for harmonic functions [9],

(iii) For f(z) € S™P, Ly(ay,c1,az2,c2,N)f(2) = Ly(a,c,\)f(2) defined by
Mahzoon [8],
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(iv) For f(z) € SYF, Ly(ay,c1,az,c2,0)f(2) reduces to the Saitoh operator

[10],

(v) For f(z) € S, Ly(a1,c1, a9, ¢a,0)f(2) reduces to the Carlson-Shaffer
operator [5].

Let SH™P(ay,c1,as,co, A) denote the subclass of SH™P consisting of func-
tions f = h+79 € SH™P that satisfy the condition

2 L) — 2 [y | -
&{ L,h(=) + L,(2) }2 " 2

A>0,0<a<l, peN neN, zeUl)

Denote by SH ™ the subclass of SH™, consist of harmonic functions
f = h+ g where h and g are of the form

- Z At g(z) = — Z BrzF, Ay, By > 0. (3)
k=n-+p k=n+p—1
Define SHa’p(al,cl,QQ,CZ, A) = SH!P(ay, ¢y, az,ca, \) NnSH"
If f=h+geSH ", then L,f(z) = Ly,h(z) + Lyg(2),

where

Lyh(z) = 2 — i [/\ <§ - 1> + 1} (@i y 1

k.:ner (Cl)kfp

and

L,g(z) = Z {)\ (E + 1) - 1} (a2)k7kazk.
k=n-+p—1 p (CQ)k_p

By suitably specializing the parameters, the classes SH™?(aq, c1, ag, Co, N)
reduces to the various subclasses of harmonic univalent functions. Such as,

(i) SHy'(1,1,1,1,0) = SH*(0), is the class of univalent harmonic starlike
functions; [4], [11], [12]

(i) SHUL(1,1,1,1,0)
functions of order «; [7],

(i) SHy ' (1,1,1,1,1)
functions; [4], [11], [12]

(1V)SH1 1(1,1,1,1,1) = KH(«) , is the class of univalent harmonic convex
functions of order «; [7], [11], [12]

(v) SHP(1,1, 1,1,0) SH(p,«), is the class of multivalent harmonic
starlike functions; [1]

SH*(«), is the class of univalent harmonic starlike

[11], [12]

K H(0), is the class of univalent harmonic convex

(vi) SHY (n+1,1,n+1,1,0) = RH(n, a), is the class of univalent Ruscheweyh-

type harmonic functions;[9].
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2 Main Results

Theorem 1. Let f(z) € SH™P be given by (1). If

£ )i

p

k=n+p
2> (B e im0 -0, @
k=n+p—1 ( )kp
p—1
(A20,7§a<1,p€N,nEN)

then f € SHZ’p(al,Cl,CLQ,CQ,)\).

Proof. In view of (2), we need to prove that Re {w} > 0, where

2 (L)) = 2 [Lyg(=)) = ap | Loh(2) + Lg(2)] 42
Loh(z) + Lyg(2) -~ B(z)

Using the fact that Rew > 0 < |1 +w| > |1 — w/, it suffices to show that

|A(2) + B(2)| — [A(2) — B(2)| > 0.
Therefore we obtain

[A(z) + B(2)] - [A(2) B(Z

|
> [1+p(1—a)]|zf — 2 A(S—l) 1((2)):‘:%—@%1) | Akl 2"
_kni;p_l A(I; +1> EZ; 2(k+ap+1) | Byl |2*
Sl 3 (1) ] o )
- ni;p 1 A <§+1> —1 EZ;::;’(kjLOcp— 1) Byl |[*
> -2y [ (__1) +1} Ej;i:w—ap) PHIEL

k=n+p

A(5+1)—1

2 ap) ]

k=n+p—1
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> 2p(1 —a) 2" x {1 - i {A (E - 1) + 1} (a1)y—p (k = ap) | Ayl

p (¢1)k—p (1 — )

k=n+p
ad k (a2)k—p (k+ ap)
2P Gy ’B’“'} '

This last expression is non-negative by (4), and so the proof is complete.

Theorem 2. Let f(z) be of the form (3). f(z) € SH." (a1, c1, a9, ca, \) if
and only if

£ () oo

+k Z 1{" E ) - 1} iig;::j(k +ap)Br < p(1 - ). (5)

1 p—1
(A>§]’T<a<1 pEN, neN)

Proof. The "if” part follows from Theorem 1 upon noting that SH,." (a1, ¢1, az, c2, ) C

SH™(ay, ¢y, as, ¢z, A). For the ”only if” part, we show that f ¢ SH.." (a1, c1,az, ¢z, \)
if the condition (5) does not hold.

Note that a necessary and sufficient condition for f = h+7g given by (3),
to be in SH," (a1, c1, as, ¢z, A) is that the condition (2) to be satisfied. This is
equivalent to

e p(l—a)zp — ¥ [)\ (@ _ 1) + 1] (o, )4,

00 k (a1) k (a2)k—
2= Sy M (E-1) 1) e e e A (B 1) - 1] e

) [)\ (E + 1) - 1} ((“2 = ”(k‘ + ap) Bpz"

Zk; n+p|: (‘_1>+1]E kpAka‘i‘Zk =n+4p— 1[/\(5+1)_1} ((c)): :sz

The above condition must hold for all values of z, |z| = r < 1. Upon choosing

<k

¥4
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the values of z on the positive real axis where 0 < z = r < 1 we must have

pl—a) =% n+p[ (E - 1) + 1} Gt (| — ap) Agrt
1 B Eereers o ey e

_ B ) 0o
TS DG ) ] B D () ] B

(02) k—p

(6)

> 0.

If the condition (5) does not hold then the numerator of (6) is negative for
r sufficiently close to 1. Hence there exists a zp = 79 in (0,1) for which the
quotient in (6) is negative. This contradicts the required condition for f €
SH."(ay,c1,a,c,\) and so the proof is complete.

Next we determine the distortion bounds for the functions in S_HZ’p(al, 1, a9, Coy N).

Theorem 3. Let f € SH. (ay,c1,a2,¢, ). Also, let ajcy < asey. Then
for |z] =r < 1 we have

U@|§(LH%%OM+[“+ﬁT;??%n<>
P n+pll —a)j{a),

A (22 +2) = 1] (@)as(c)aln — 1+ p(1+a)]

_ [%ﬂ + 1} (¢2)n—1(a1)n [0+ p(1 — )] Brypr | 7,
and
) > (= Baya)r? - p(1 = a)(e)n
1] o+ p(1 - )] (@),
B ) R LR R AR N

[%n + 1} (c2)n-1(a1)n [n+p(1 — a)]

Proof. We only prove the right hand inequality. The proof for the left
hand inequality is similar and will be omitted. Let f € SH." (a1, c1,as, ca, \).
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Taking the absolute value of f we have

1f(2)] < (14 Buyp-1)”+ Y (Ax+Bi)r*
k=n-+p

< (14 By )"+ Y (A +By)r"™
k=n+p

p(l — a)(ci)n
2241 [+ p(1 = )] (@)

% S An (a1)nn +p(1l —a) D
2 [p “} @) pl—a) At

= (1+ Busp1)r’ +

k=n+p

p(1 —a)(c1)n
[% + 1} n+p(1—a)] (a1)n

Rl BV (c1)k—p p(1 — @)

N f: P (g . 1) - 1] (w2)iy (b +0P) oy

k=n-+p (c2)k—p p(1 — )

S (]- ‘l’ Bn—l—p—l) Tp +

X

Using Theorem 2, we obtain

p(1 = a)(er)
22 1] I+ p(1 = )] (@),

P2 -y etenp-tesra)

2 1] (o) b0+ 90— )

[f) = (14 Buypa)r? +

n+p

The following covering result follows from the left hand inequality in Theorem
3.

Corollary 1. Let f of the form (3) be so that f € SH." (a1, c1,az, ¢z, \).
Also, let ajcy < aseq. Then

. [22 1] [ntp(1—-a))(@1)n—p(1—a)(c1)n
{w ol < { [22+1][n+p(1-a)](a1)n

_ [Br(c)ns(@)an+p(i-a)l- (25 +2) -1](a2)u-1(er)nln—1+p(1+a)]
[ +1](e)n-1(@)alntp(1-0)]

Byt | < 50
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Theorem 4. Let f be given by (3). Then f € SH.." (a1, ¢y, az, ¢3, \) if and
only if

FE =) (whe(2) + ungi(2))
k=n+p—1
where
hn+p 1(Z> - va
1—
hi(z) = 2P — : o («?2 Fok=n4+pn+p+1,..
[)\ (5 . ) v 1} s (), — ap)
p(l — a) —k

5, (k=n+p—1,n+p,..

gu(z) = ¥ —
M

k (a2)k—
b T 1) — 1} P (k + ap)

o0 oo
Tptp—1 = Sszl—(Zﬂ?k-ir Z yk);%ZO, yr > 0.

k=n-+p k=n+p—1

In particular, the extreme points of SH." (a1, ¢y, ag, ¢z, \) are {hy} and {g;}.

Proof.
flz) = Z (rphp(2) + yrgr(2))
k=n+p—1

p(1 — «) .
- - Tp2

k;p [ (p 1) + 1} s (), — ap) ‘
N p(1—a) _k
- YpZ .

k:;“ M) -] et an

Then

S k (a1)k—p (kK — ap) (1-a)
k; {A<5_1>+1} (C)kpp(l—ﬁ) [A(%—l)il](al)—k:(k—ap)xk

(a2)k—p (k + ap) (I-a)
+k%1{ ( )_1} (cg)kpp(l—z) [A(§+1>p—1} %(k’ﬂtap)

Z T + i Yp =1 —xp < 1,

k=n+p k=n—+p—1

and so f € SH." (a1, c1, ag, ca, ).
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Conversely, if f € S_HZ’p(al, 1, a9, Co, N), then

(c1)k—p [P(1 — a)]

il FY (Y T
nd (c2)imy [P0 — )]
C2)k—p [P\1L — &
PETDE ) 1] (@t )
Set
oy = [/\ (g - 1) + 1} ((Cc‘i;:_ig‘zl_ O‘S;Ak, (k=n+p nt+p+l,..)
Y = [)\ (S + 1) - 1} EZ;:Z gz;r_o‘ﬁ; By, (k=n+p—1,n+p,..)
and

k=n-+p k=n+p—1

where z,, > 0. Then, as required, we obtain

f(2) = x,2" + Z xrhi(z) + Z Yrgr(2).
k=n+p k=n+p—1

=) o
Theorem 5. The class SH " (ay, ¢1, as, ¢, A) is closed under convex com-
binations.

Proof. Let f; € SH, " (a1, 1, a2, ¢, \) for i = 1,2, ..., where f; is given by
fi(z) =2 — Z Ay 2" — Z By, Z".
k=n+p k=n+p—1

Then by (5),

S (L) e ey S () ] Gty

k=n+p k=n+p—1 p (CQ)k—p p(]' - OZ)
(7)
For > 2 t; =1, 0 <t; <1, the convex combination of f; may be written

=1 1

k=n+p \i= k=n+p—1 \i=1
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Then by (7),
kgp [A <§_1> +11 ((C ))k p D 1—a <ZtAk>
" _OO B {A (EH) - 1] Ec ;: ipk1+_a§ (ZtBk>
- S S P e
+ _i {A (g + 1) - 1] EZ;:; ;lzltag Bki}
<

i=1

This is the condition required by (5) and so 32 ¢, fi(2) € SH.." (a1, c1, az, ca, A).
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