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Abstract

In this paper, a general theorem concerning ‘N’ Pl factors of infinite series has been
proved. The presented result giving improvemenivels as generalization of some known
results.
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1 Introduction

Let (¢n) be a sequence of positive real numbers, E‘tan be an infinite series with the
sequence of partial sunfs,). Let (t,) denote the n-th (C, 1) means of the sequdnag).
The series ) a, is said to be summabl€ ] , k=1, if (see [1])

(1.1) S K <o,
n=1 n
and it is said to be summablg~|C ] , k=1, if (see [5])
o k-1
(1.2) S i <oo.
n=1 N

If we are taking@, =n , ¢ —|C] reduces to|C/|, summability.
Let (p,) be a sequence of positive numbers such that
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P=>p - asn-w (B=R=0).
=1
The sequence-to-sequence transformation
1 n
(1.3) U, == RS
I:)n v=0

defines the sequende,) of the Riesz mean or simply tr(a, pn) mean of the sequence
(s,) generated by the sequence of coefficidpty (se¢2]). The series
> a, is said to be summablgR, p,|, , k=1 if

(1.4) > 0, —u,| <o,
=1
In the special case whep, = fdr all n, then |R, pn|k summability is the same as
ICJ, summability. The seriesy a, is summableg —|N, p,| , k=1, if
Z¢rl1(_l|un - un—1|k <.
n=1

For ¢, =n, ¢-|R p,|, summabilityis the same dR, p,|, summability .
Concerning |C ]|, summability, Mazhar [3] has proved the following

Theorem 1.1. If
(1.5) A, =o@), asm-_ o
(1.6) anogn‘AZAn =0(), asm- o,
n=1
m |t
(1.7) M =0O(logm) as m - o,
v

v=1
then the series) a A, is summable/C] , k=1
Ozarslan [4], on the other hand , generalized pinevious result by giving the following

Theorem 1.2. Let (¢n) be a sequence of positive real numbers and thditons (1.5)-
(1.6) of Theorem (1.1) are satisfied . If

m k-1
(1.8) Z¢vk t,| =0(logm) asm - o,
v=1 \
S NN M
(1.9) 2 e =0 o |

then the series)_a, A, is summableg-|CJ , k=1

It should be mentioned that on takirggy, =n in Theorem (1.2), we get Theorem 1.1.

The aim of this paper is that to give three improeats to Theorem 1.2. Firstly by
weakining the conditions and secondly by generaizhe result replacing log m by,, ,

and thirdly by adding new parameter. In fact, wegant the following
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2 Main Result

Theorem 2.1. Let (d,).(x,) be sequences of positive real numbers such fya} is
nondecreasing and the condition (1.5), is $etis If

(2.1) np,=0(P,), P,=O(np,), asn - o,
(2.2) Bra =0O(B,).
(2.3) 8B,=0(n"3,). asn- «,
(2.4) Z nx, |82, =0 @),
o g s _ w
(2.5) nZ:; T O(x,), asm- o,
m ¢kl ¢\I/<—1
(2.6) zv = O(VHP\J ,

then the seriei a A, B, i1s summableg —‘N, P, k21

Remark 1 On putting p, =1, 8, =1 x, =log n we obtain an improvement to Theorem 1.2

Remark 2 It may be noted thet condition (2.5) is weaker tbhandition

(25)' iw = O(/Ym)'

n=1 n
for we have (25)' = (25), but not conversely. In factif (25nolds, then

k—1 k k -1
m IB S m IB S
5.2 n|k)(|k|1| —0(1)2 | || i _o(r),
while, if (2.5) is satisfied, we have
since by the mean value theorem,

A =00 X P |ax.,
then, we have

m Ak-1 Kla [K m k—l Kla |k
z¢n |,8n| |Sn| :z |,3| |S| it

=1 n* n=1 nk)(:: * "
wfe alB s ) e 3 AN AR
= A L L L BLLL
;{; Vk)(\l; -1 (/Y ) _1 nk)(:: 1 Xm

m-1
=0 D xaBx, + O @) xn
n=1

=0 xa D Ax,| + O xs
v=1

=0 xn +OM Xy

=0o(x<)zolx,). for k>1.
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3 Lemma

The following Lemma is needed

Lemma 3.1. The conditions (1.5) and (2.4) implies

(3.1) D x4, =0,

n=1
(3.2) nY,|A4,|=0@), asn - o,
(3.3) X.[A|=0@, asn- .

Proof. By virtue of (1.5),

2 XalBA =2 X0 2 004
n=1 n=1 =n
<3 x Y8,
n=1 v=n
=Y IeA 1> x,
v=1l n=1

-0 Svx,
= 0().

M),

nx, |AAn| =nx,

S aad,)

<ny, i‘A|MV|

<ny, i‘AZAV

=0@M > vy, |A%A,

=0 (.

XolAo| = 00 2 B0A]
< Xo 2 I8A]

=0 > x[o4,]
=0 () by the first part .

W.T. Sulaiman
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4 Proof of Theorem 2.1

Let T, be the(N, p,)mean of the seriegrzlan)lnﬂn . By definition, we have

_z pvzar/‘ :B = Z(Pn - I:)v—l)av/‘v:gv’

n v=1

and hence

T-T_ = P_a n=1
n n-1 Pnpn_l; 1V lev

Using Abel’s transformation, we have

n-1
Tn _Tn—l = p—F:ZSvA(Pv—l/‘VIBV) + %Anlgnsn

n' n-1 v=1 n
P % Py
= —z (_ p\/]vﬂvsv + I:)vAvAﬂvSv + I:)vﬁv+lAAvSv) + _Anﬂnsn
I:)n I:)n—l v=1 I:)n
= Tnl +Tn2 +Tn3 +Tn4

Since [Ty +T,, + T + T, < 4* QTnl|k +T,| +[Tl +|Tn4|) , in order to complete the
proof, it is sufficient to show that

S, [ <o, r=1234
n=1

Applying Holder's inequality, we have via Lemma 3.1

S =SB,
n=2 n=2 Pn I:)n—l v=l
k 1 KK /n-1
-0 2P jasl)
-1 \v=1

_0(1)z¢ Pp” > A8 |SV|k(zp J

n=2 n n-1 v=1 v=l ' n=

=00 3 n A 1a s 3

¢—1

n“P_,

—oa)valA | Bl sl 2

—mnzp MHﬁHI
o

=0(Q) z S8 s A

=00 3 e s S

n=v

=00 3B 1ali) o,

v=l
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=0 ZIM IZ v kllﬂl s

=0 Y x,/a,
=0(@.

k

Z¢“|Tn2| =Yoo

n=2

-ow S0 Sepiaals) |

n=l n Mh-1 \val

PP ZPAAﬁsV

n'n-1 v=1

=0() Z 2 (Zv‘lpv Iﬁvllﬂvllsvlj

kpk
Pn P n-1 v=1

~om 3PS B et (82

n=l F'n Fp1 v=l
kl k

=003 p A A s 3 0P
¢kl

n-1

=0() valﬁ 18,['[s.|" Z

—0(1)Z¢klp IAIIﬂIII
g

=0(Q) Z
=0 (1)3,3 in the case of,;

Z¢k 1|Tn3| - O(l) Z¢k -1

n=1

P P z P ﬂv+lM

n' n-1 v=1

n-1

-0 340 (Seigiafs|

k pk
PnP_l =

m+1 k l n-1 P

-0 PSR o[ S

P Pk_l v=l Xv

m+1 k -1 k

=00 Y x o |[>’||Nl s 3 2

_1 v n=v+l P Pk—l
m+1 ¢k 1
—l v n=v+1 —1
¢k -1
—o@ Y kllﬁl VIS P
—1 v n=v+1 V n-1

-0 ap Ll s
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=ow S X AL
v=l Xv
=0() mZ::A(v|A/]V|)Zi: %
o, 9718 s/
FOQMAL| D T e
=0() sz L +0() Z|A)I X, + 0@ MAA,| X
=0Q).

k

Sormd =S B o
= 0(1)i¢:_{&j 18, [sa] [ Al

-og 3.t oSl 'k'l i Sea,

k -1
v ﬂ S
-ow S 3 TR
=0 Y x/a
v=1

=0 (1.

This completes the proof of the Theorem.
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