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Abstract

The concept of generalized hypersubstitutions was introduced by S. Leer-
atanavalee and K. Denecke in 2000. We used it as the tool to study strong
hyperidentities and strongly solid varieties. In this paper we characterize all
idempotent generalized hypersubstitutions of type τ = (3) and determine the
order of each generalized hypersubstitution of this type. It turns out that the
order is 1, 2, 3 or infinite.

Keywords: generalized superposition, generalized hypersubstitution, idem-
potent element, cyclic subsemigroup, the order of generalized hypersubstitu-
tions.

1 Introduction

The order of hypersubstitutions, all idempotent elements on the monoid of
all hypersubstitutions of type τ = (2) were studied by K. Denecke and Sh.L.
Wismath [5] and the order of hypersubstitutions of type τ = (3) was studied
by Th. Changphas [1]. In [10], W. Puninagool and S. Leeratanavalee studied
similar problems for the monoid of all generalized hypersubstitutions of type
τ = (2). In this paper we characterize all idempotent generalized hypersub-
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stitutions of type τ = (3) and then determine the order of each generalized
hypersubstitution of type τ = (3). At first, we will give briefly the concept
of generalized hypersubstitutions which was introduced by S. Leeratanavalee
and K. Denecke [8]. A generalized hypersubstitution of type τ = (ni)i∈I , for
simply, a generalized hypersubstitution is a mapping σ which maps each ni-ary
operation symbol of type τ to the set Wτ (X) of all terms of type τ built up
by operation symbols from {fi | i ∈ I} where fi is ni-ary and variables from
a countably infinite alphabet X := {x1, x2, x3, . . .} which does not necessarily
preserve the arity. We denote the set of all generalized hypersubstitutions of
type τ by HypG(τ). To define a binary operation on HypG(τ), we define at first
the concept of generalized superposition of terms Sm : Wτ (X)m+1 → Wτ (X)
by the following steps:

(i) If t = xj, 1 ≤ j ≤ m, then Sm(xj, t1, . . . , tm) := tj.

(ii) If t = xj, j ∈ IN,m < j, then Sm(xj, t1, . . . , tm) := xj.

(iii) If t = fi(s1, . . . , sni
), then

Sm(t, t1, . . . , tm) := fi(S
m(s1, t1, . . . , tm), . . . , Sm(sni

, t1, . . . , tm)).

We extend a generalized hypersubstitution σ to a mapping σ̂ : Wτ (X)→
Wτ (X) inductively defined as follows:

(i) σ̂[x] := x ∈ X,

(ii) σ̂[fi(t1, . . . , tni
)] := Sni(σ(fi), σ̂[t1], . . . , σ̂[tni

]), for any ni-ary operation
symbol fi supposed that σ̂[tj], 1 ≤ j ≤ ni are already defined.

Then we define a binary operation ◦G on HypG(τ) by σ1 ◦Gσ2 := σ̂1 ◦σ2
where ◦ denotes the usual composition of mappings and σ1, σ2 ∈ HypG(τ).
Let σid be the hypersubstitution which maps each ni-ary operation symbol fi
to the term fi(x1, . . . , xni

). It turns out that HypG(τ) = (HypG(τ); ◦G, σid) is
a monoid and σid is the identity element.

For more details on generalized hypersubstitutions see [8].

2 Idempotent Elements in HypG(3)

In this section we characterize idempotent generalized hypersubstitutions
of type τ = (3). We have only one ternary operation symbol, say f . The
generalized hypersubstitution σ which maps f to the term t is denoted by σt.
For any term t ∈ W(3)(X), the set of all variables occurring in t is denoted by
var(t). Firstly, we will recall the definition of an idempotent element.
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Definition 2.1 ([6]) For any semigroup S, an element e ∈ S is called idem-
potent if ee = e. In general, by E(S) we denote the set of all idempotent
elements of S.

Proposition 2.2 An element σt ∈ HypG(3) is idempotent if and only if
σ̂t[t] = t.

Proof. Assume that σt is idempotent, i.e. σ2
t = σt. Then

σ̂t[t] = σ̂t[σt(f)] = σ2
t (f) = σt(f) = t.

Conversely, let σ̂t[t] = t. We have (σt ◦G σt)(f) = σ̂t[σt(f)] = σ̂t[t] = t = σt(f).
Thus σ2

t = σt, i.e. σt is idempotent.

Proposition 2.3 For every xi ∈ X, σxi and σid are idempotent.

Proof. Since for every xi ∈ X, σ̂xi [xi] = xi. By Proposition 2.2 we have σxi
is idempotent. σid is idempotent because it is a neutral element.

Note that for any t ∈ W(3)(X) \X and x1, x2, x3 /∈ var(t), σt is idempo-
tent. Because there has nothing to substitute in the term σ̂t[t]. Thus σ̂t[t] = t.

Theorem 2.4 Let t = f(t1, t2, t3) ∈ W(3)(X) and var(t) ∩ X3 6= ∅. Then
σt is idempotent if and only if ti = xi for all xi ∈ var(t) ∩X3.

Proof. Assume that σt is idempotent. Then
S3(f(t1, t2, t3), σ̂f(t1,t2,t3)[t1], σ̂f(t1,t2,t3)[t2], σ̂f(t1,t2,t3)[t3]) = σ2

f(t1,t2,t3)
(f)

= σf(t1,t2,t3)(f) = f(t1, t2, t3). Suppose that there exists xi ∈ var(t) ∩X3 such
that ti 6= xi. If ti ∈ X, then σ̂f(t1,t2,t3)[ti] = ti 6= xi.
So S3(f(t1, t2, t3), σ̂f(t1,t2,t3)[t1], σ̂f(t1,t2,t3)[t2], σ̂f(t1,t2,t3)[t3]) 6= f(t1, t2, t3) and it
is a contradiction. If ti /∈ X, then σ̂f(t1,t2,t3)[ti] /∈ X. We obtain op(t) =
op(S3(f(t1, t2, t3), σ̂f(t1,t2,t3)[t1], σ̂f(t1,t2,t3)[t2], σ̂f(t1,t2,t3)[t3])) > op(t) where op(t)
denotes the number of all operation symbols occurring in t. This is a contra-
diction. For the converse direction, consider

σ̂t[t] = σ̂f(t1,t2,t3)[f(t1, t2, t3)]

= S3(σf(t1,t2,t3)(f), σ̂f(t1,t2,t3)[t1], σ̂f(t1,t2,t3)[t2], σ̂f(t1,t2,t3)[t3]).

Since var(t) ∩ X3 6= ∅ and ti = xi for all xi ∈ var(t) ∩ X3. Then after
substitution in the term t we get the term t again. Thus σt is idempotent.

Let i, j, k ∈ IN. For convenience, we denote:
E0 := {σt | t ∈ X} ∪ {σt | t ∈ W(3)(X) \X and x1, x2, x3 /∈ var(t)},
E1 := {σf(x1,x2,x2), σf(xi,x3,x3), σf(x3,xj ,x3), σf(x2,x2,xk) | i 6= 2, j, k 6= 1},
E2 := {σf(x1,xj ,xk) | j 6= 3, k 6= 2},
E3 := {σf(xi,x2,xk) | i > 3, k 6= 1},
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E4 := {σf(xi,xj ,xk) | i, j > 3, k ≥ 3},
E5 := {σf(x1,xj ,t) | j /∈ {2, 3}, t /∈ X and x2, x3 /∈ var(t)} ∪ {σf(x1,x2,t) |

t /∈ X and x3 /∈ var(t)} ∪ {σf(xi,x2,t) | i /∈ {1, 3}, t /∈ X and x1, x3 /∈ var(t)},
E6 := {σf(x1,t,xk) | t /∈ X, x2, x3 /∈ var(t) and k /∈ {2, 3}} ∪ {σf(x1,t,x3) |

t /∈ X and x2 /∈ var(t)} ∪ {σf(xi,t,x3) | i /∈ {1, 2}, t /∈ X and x1, x2 /∈ var(t)},
E7 := {σf(t,x2,xk) | t /∈ X, x1, x3 /∈ var(t) and k /∈ {1, 3}} ∪ {σf(t,x2,x3) |

t /∈ X and x1 /∈ var(t)} ∪ {σf(t,xj ,x3) | t /∈ X, x1, x2 /∈ var(t) and j /∈ {1, 2}},
E8 := {σf(x1,t1,t2) | t1, t2 /∈ X and x2, x3 /∈ var(t1)∪var(t2)}∪{σf(t1,x2,t2) |

t1, t2 /∈ X and x1, x3 /∈ var(t1) ∪ var(t2)} ∪ {σf(t1,t2,x3) | t1, t2 /∈ X and
x1, x2 /∈ var(t1) ∪ var(t2)}.

By Theorem 2.4, we have

Corollary 2.5 E(HypG(3)) = E0 ∪ E1 ∪ E2 ∪ . . . ∪ E8.

3 Orders of Generalized Hypersubstitutions of

Type τ = (3)

The order of the element a in a semigroup S is defined as the order of the
cyclic subsemigroup 〈a〉. The order of any generalized hypersubstitution of
type τ = (2) was determined in [10]. In this section, we characterize the order
of generalized hypersubstitutions of type τ = (3).

It is clearly that an element a in a semigroup S is idempotent if and
only if the order of a is 1. Then we consider only the order of generalized
hypersubstitutions of type τ = (3) which are not idempotent. We consider the
generalized hypersubstitutions σt where t = f(t1, t2, t3) ∈ W(3)(X) into four
cases.

Case 1: t1, t2, t3 are variables.
Case 2: There exists a unique i ∈ {1, 2, 3} such that ti is not a variable.
Case 3: There exists a unique i ∈ {1, 2, 3} such that ti is a variable.
Case 4: t1, t2, t3 are not variables.
To determine the orders of generalized hypersubstitutions in Case 1 to

Case 4 we need the definition of vbk(t), the xk− variable count of the term t
and the following proposition.

Definition 3.1 ([3]) Let t ∈ Wτ (Xn) be an n-ary term. For each variable
xk, the xk− variable count of t denoted by vbk(t) is defined inductively as
follows :

(i) vbk(xk) = 1;

(ii) if xk /∈ var(t), then vbk(t) = 0;
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(iii) if t = fi(t1, ..., tni
) and xk ∈ var(t), then vbk(t) =

ni∑
j=1

vbk(tj).

Proposition 3.2 ([9]) Let s, t1, ..., tm ∈ Wτ (X). Then

op(Sm(s, t1, ..., tm)) =
m∑
j=1

vbj(s)op(tj) + op(s).

We have the following propositions.

Proposition 3.3 Let t = f(t1, t2, t3) where t1, t2, t3 ∈ X. Let i, j, k ∈
{1, 2, 3} and all are distinct. Then σt has order 2 if one of the following
statements is satisfied.

(i) ti = xi, tj = xk and tk ∈ X \ {xk}.

(ii) ti = xj, tj = xi and tk 6= xk.

(iii) ti = tj = xk and tk = xm where m > 3.

(iv) ti = xm, tj = xn where m,n > 3 and tk = xl for some l ∈ {i, j}.

Proof. (i) Assume that ti = xi, tj = xk and tk ∈ X \{xk}. So tk ∈ {xi, xj, xn |
n > 3}. We consider into two cases.

(a) tk ∈ {xi, xn | n > 3}.

(b) tk = xj.

Case (a): Assume that tk ∈ {xi, xn | n > 3}.
Since σ2

t (f) = S3(f(t1, t2, t3), σ̂t[t1], σ̂t[t2], σ̂t[t3]) and σ̂t[ti] = xi, σ̂t[tk] = tk,
after substitution for the term f(t1, t2, t3) we obtain a new term by replacing
each of the occurrences ti, tj and tk by xi, tk and tk, respectively. Since σ3

t (f) =
σ̂t[σ

2
t (f)] and from the previous substitution, after substitution for the term

f(t1, t2, t3) in σ3
t (f) we obtain a new term by replacing each of the occurrences

ti, tj and tk by xi, tk and tk respectively. Thus σ3
t (f) = σ2

t (f). Hence σt has
order 2.

The proof of Case (b) is the same manner as the proof of Case (a).
(ii) Assume that ti = xj, tj = xi and tk 6= xk, i.e. tk ∈ {xi, xj, xn |

n > 3}. Then after substitution for the term f(t1, t2, t3) in σ2
t (f) we obtain

a new term by replacing ti by xi, tj by xj and tk by xj, xi or xn. Since
σ3
t (f) = σ̂t[σ

2
t (f)] and from the previous substitution, after substitution for

the term f(t1, t2, t3) in σ3
t (f) we obtain a new term by replacing ti by xj, tj

by xi and tk by xi, xj or xn. So σ3
t (f) = σt(f). Hence σt has order 2.

The proofs of (iii), (iv) are the same manner as the proof of (ii).
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Proposition 3.4 Let t = f(t1, t2, t3) where t1, t2, t3 ∈ X and t1 6= t2 6= t3.
Then σt has order 3 if there exist at least two elements i, j ∈ {1, 2, 3} such that
ti, tj ∈ {x1, x2, x3}, ti 6= xj, tj 6= xi and tk 6= xk for all k ∈ {1, 2, 3}.

Proof. Assume that there exist at least two elements i, j ∈ {1, 2, 3} such that
ti, tj ∈ {x1, x2, x3}, ti 6= xj, tj 6= xi and tk 6= xk for all k ∈ {1, 2, 3}. Then
tk ∈ {xi, xj, xm | m > 3}. We consider into two cases.

Case (a): tk 6= xm where m > 3 and k ∈ {1, 2, 3}. We have t
is either f(x2, x3, x1) or f(x3, x1, x2). If t = f(x2, x3, x1), then σ2

t (f) =
S3(f(x2, x3, x1), x2, x3, x1) = f(x3, x1, x2), σ

3
t (f) = S3(f(x2, x3, x1), x3, x1, x2) =

f(x1, x2, x3) and σ4
t (f) = S3(f(x2, x3, x1), x1, x2, x3) = f(x2, x3, x1). For t =

f(x3, x1, x2), we can show in the same manner. Hence σt has order 3.
Case (b): There exists a unique k ∈ {1, 2, 3} such that tk = xm where

m > 3. Then t must be one of the following forms f(xm, xi, xj), f(xi, xm, xj)
or f(xi, xj, xm). If t = f(xm, xi, xj), then

σ2
t (f) = S3(f(xm, xi, xj), xm, xi, xj) =

{
f(xm, xm, xi) ; i = 1, j = 2
f(xm, xj, xm) ; i = 3, j = 1,

σ3
t (f) =

{
S3(f(xm, xi, xj), xm, xm, xi) ; i = 1, j = 2
S3(f(xm, xi, xj), xm, xj, xm) ; i = 3, j = 1

= f(xm, xm, xm)

and σ4
t (f) = S3(f(xm, xi, xj), xm, xm, xm) = f(xm, xm, xm) = σ3

t (f). For the
other forms, we can show in the same manner. Hence σt has order 3.

Proposition 3.5 Let t = f(t1, t2, t3) and there exists a unique i ∈ {1, 2, 3}
such that ti /∈ X. Let j, k ∈ {1, 2, 3} and i, j, k are distinct. Then σt has order
2 if one of the following statements is satisfied.

(i) xj ∈ var(ti) ⊆ {xj, xm | m > 3} and one of the following conditions is
satisfied.

(a) tj = xm and tk 6= xi.

(b) tj = tk = xk.

(c) tj = xk and tk = xj.

(d) tj = xj and tk = xi.

(ii) xj, xk ∈ var(ti) ⊆ {xj, xk, xm | m > 3} and one of the following condi-
tions is satisfied.

(a) tj = xj and tk = xj or xm.
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(b) tj = xk and tk = xj.

(c) tj, tk /∈ X3.

(iii) ∅ 6= var(ti) ⊆ {xm | m > 3} and one of the following conditions is
satisfied.

(a) tj = xi and tk 6= xj.

(b) tj = xk and tk = xj.

(c) tj = xk and tk = xm.

Proof. (i) Let xj ∈ var(ti) ⊆ {xj, xm | m > 3}.
(a) Assume that tj = xm and tk 6= xi. So tk ∈ {xj, xk, xn | n > 3}.

Then after substitution for the term f(t1, t2, t3) in σ2
t (f) we obtain a new term

by replacing xj ∈ var(ti) by xm, tj by xm and tk by xm, σ̂t[tk] or xn. Notice
that each of variable which occurs in the term which obtained from the term
ti after substitution is only xm. So after substitution for the term f(t1, t2, t3)
in σ3

t (f) we obtain a new term by replacing xj ∈ var(ti) by xm, tj by xm and
tk by xm, σ̂t[tk] or xn. Hence σ3

t (f) = σ2
t (f). Therefore σt has order 2.

The proofs of (b),(c) and (d) are the same manner as the proof of (a).

The proof of (ii) is also the same manner as the proof of (i).

(iii) Let ∅ 6= var(ti) ⊆ {xm|m > 3}.
(a) Assume that tj = xi and tk 6= xj, i.e. tk ∈ {xi, xk, xn|n > 3}. Then

after substitution for the term f(t1, t2, t3) in σ2
t (f) we obtain a new term by

replacing tj by σ̂t[ti], ti is untouched, tk by

{
σ̂t[ti] if tk = xi ,
σ̂t[tk] if tk = xk ,

and if tk = xn where n > 3, tk is untouched. Since σ3
t (f) = σ̂t[σ

2
t (f)] and

from the previous substitution, after substitution for the term t = f(t1, t2, t3)
in σ3

t (f) we obtain a new term by replacing tj by σ̂t[ti], ti is untouched, and
for tk we have the same conclusion as in σ2

t (f). So σ3
t (f) = σ2

t (f). Hence σt
has order 2.

(b) Assume that tj = xk and tk = xj. Then after substitution for
the term f(t1, t2, t3) in σ2

t (f) we obtain a new term by replacing tj by xj, ti
is untouched , and tk by xk. Since σ3

t (f) = σ̂t[σ
2
t (f)] and from the previous

substitution, after substitution for the term t = f(t1, t2, t3) in σ3
t (f) we obtain a

new term by replacing tj by xk, ti is untouched, and tk by xj. So σ3
t (f) = σt(f).

Hence σt has order 2.

The proof of (c) is the same manner as the proof of (b).
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Proposition 3.6 Let t = f(t1, t2, t3) and there exists a unique i ∈ {1, 2, 3}
such that ti /∈ X. Let j, k ∈ {1, 2, 3} and i 6= j 6= k. Then σt has order 3 if
one of the following statements is satisfied.

(i) xj ∈ var(ti) ⊆ {xj, xm | m > 3} and either

(a) tj = xk and tk = xm, or

(b) tj = xm and tk = xi.

(ii) xj, xk ∈ var(ti) ⊆ {xj, xk, xm | m > 3} and tj = xk, tk = xm.

(iii) ∅ 6= var(ti) ⊆ {xm | m > 3} and tj = xi, tk = xj.

Proof. (i) Let xj ∈ var(ti) ⊆ {xj, xm|m > 3}.
(a) Assume that tj = xk and tk = xm. Then after substitution for the

term f(t1, t2, t3) in σ2
t (f) we obtain a new term by replacing xj ∈ var(ti) by

xk, xm ∈ var(ti) is untouched, tj by xm and tk is untouched. Since σ3
t (f) =

σ̂t[σ
2
t (f)] and from the previous substitution, after substitution for the term

t = f(t1, t2, t3) in σ3
t (f) we obtain a new term by replacing xj ∈ var(ti) by

xm, xm ∈ var(ti) is untouched, tj by xm and tk is untouched. Since σ4
t (f) =

σ̂t[σ
3
t (f)] and from the previous substitution, after substitution for the term

t = f(t1, t2, t3) in σ4
t (f) we obtain a new term by replacing xj ∈ var(ti) by

xm, xm ∈ var(ti) is untouched, tj by xm and tk is untouched. So σ4
t (f) = σ3

t (f).
Hence σt has order 3.

The proof of (b) is the same manner as the proof of (a).
The proofs of (ii) and (iii) are the same manner as the proof of (i).

Proposition 3.7 Let t = f(t1, t2, t3) and there exists a unique i ∈ {1, 2, 3}
such that ti /∈ X. Let j, k ∈ {1, 2, 3} and i, j, k are distinct. Let xj ∈ var(ti) ⊆
{xj, xm | m > 3}, tj = xi and tk ∈ X. Then σt has order 3 if t satisfies each
of the following

(i) xm where m > 3 is in the ith, jth coordinates for all subterms of the term
ti.

(ii) tk 6= xk.

Otherwise, σt has infinite order.

Proof. Assume that xm where m > 3 is in the ith, jth coordinates for all
subterms of the term ti and tk 6= xk. Then after substitution for the term
f(t1, t2, t3) in σ2

t (f) we obtain a new term by replacing xj ∈ var(ti) by xi and
xm ∈ var(ti) is untouched. This means after substitution for the term ti we
obtain a term, say s where var(s) = {xi, xm|m > 3}. tj is substituted by σ̂t[ti]
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and var(σ̂t[ti]) = {xm|m > 3}. Since tk 6= xk, i.e. tk ∈ {xi, xj, xn|n > 3}, tk is
substituted by {

σ̂t[ti] if tk = xi ,
σ̂t[tj] = xi if tk = xj ,

and if tk = xn where n > 3, tk is untouched. Since σ3
t (f) = σ̂t[σ

2
t (f)] and

from the previous substitution, after substitution for the term t = f(t1, t2, t3)
in σ3

t (f) we obtain a new term by replacing xj ∈ var(ti) by σ̂t[σ̂t[ti]] and
xm ∈ var(ti) is untouched. This means after substitution for the term ti
we obtain a term, say s′ where var(s′) = {xm|m > 3}. tj is substituted by
σ̂t[s] = σ̂t[ti] (since var(t) = {xi, xj, xm|m > 3} and the ith, jth coordinates of
the subterms of the terms s and ti are xm where m > 3, so σ̂t[s] = σ̂t[ti]) and
tk is substituted by {

σ̂t[s] = σ̂t[ti] if tk = xi ,
σ̂t[σ̂t[ti]] if tk = xj ,

and if tk = xn where n > 3, tk is untouched. Since σ4
t (f) = σ̂t[σ

3
t (f)] and

from the previous substitution, after substitution for the term t = f(t1, t2, t3)
in σ4

t (f) we obtain a new term by replacing xj ∈ var(ti) by σ̂t[σ̂t[ti]] and
xm ∈ var(ti) is untouched, i.e. ti is substituted by the term s′. tj is substituted
by σ̂t[s

′] = σ̂t[s] = σ̂t[ti] (since var(t) = {xi, xj, xm|m > 3} and the ith, jth

coordinates of the subterms of the terms s′, s, ti are xm where m > 3, so
σ̂t[s

′] = σ̂t[s] = σ̂t[ti]) and tk is substituted by{
σ̂t[s

′] = σ̂t[s] = σ̂t[ti] if tk = xi ,
σ̂t[σ̂t[ti]] if tk = xj ,

and if tk = xn where n > 3, tk is untouched. So σ4
t (f) = σ3

t (f). Hence σt has
order 3.

Now, let a ∈ IN. Since xj ∈ var(ti) ⊆ {xj, xm | m > 3}, tj = xi and
tk = xk. So vbi(t) ≥ 1, vbj(t) ≥ 1, vbk(t) = 1. Consider

op(σa+1
t (f)) = op(σ̂t[σ

a
t (f)]) where σat (f) = f(si, sj, sk)

=
(
vbi(t) op(σ̂t[si])

)
+
(
vbj(t) op(σ̂t[sj])

)
+
(
vbk(t) op(σ̂t[sk])

)
+op(t)

≥ op(σ̂t[si]) + op(σ̂t[sj]) + op(σ̂t[sk]) + op(t)

≥ op(si) + op(sj) + op(sk) + op(t)

> op(si) + op(sj) + op(sk) + 1 (since op(t) > 1)

= op(σat (f)).

So op(σa+1
t (f)) > op(σat (f)) for all a ∈ IN. Hence σt has infinite order.
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Proposition 3.8 Let t = f(t1, t2, t3) and there exists a unique i ∈ {1, 2, 3}
such that ti /∈ X. Let j, k ∈ {1, 2, 3} and i, j, k are distinct. Then σt has
infinite order if one of the following statements is satisfied.

(i) xj ∈ var(ti) ⊆ {xj, xm | m > 3}, tj = xk and tk = xi.

(ii) xj, xk ∈ var(ti) ⊆ {xj, xk, xm | m > 3} and tj = xi, tk ∈ X.

The proofs of (i), (ii) are the same manner as the proof of Proposition 3.7 in
case of infinite order.

Proposition 3.9 Let t = f(t1, t2, t3) and there exists a unique k ∈ {1, 2, 3}
such that tk ∈ X. Let tk = xk and i, j ∈ {1, 2, 3} where i, j, k are distinct.
Then

(i) σt has order 2 if ∅ 6= var(ti) ⊆ {xk, xm | m > 3} and xi ∈ var(tj) ⊆
{xi, xk, xm | m > 3},

(ii) σt has infinite order if xj ∈ var(ti) ⊆ {xj, xk, xm | m > 3} and xi ∈
var(tj) ⊆ {xi, xk, xm | m > 3}.

Proof. (i) Assume that ∅ 6= var(ti) ⊆ {xk, xm|m > 3} and xi ∈ var(tj) ⊆
{xi, xk, xm|m > 3}. Then after substitution for the term f(t1, t2, t3) in σ2

t (f)
we obtain a new term by replacing xk ∈ var(ti) by xk and xm ∈ var(ti) is
untouched. xi, xk ∈ var(tj) are substituted by σ̂t[ti], xk and xm ∈ var(ti) is
untouched. tk is substituted by xk. Since σ3

t (f) = σ̂t[σ
2
t (f)] and from the

previous substitution, after substitution for the term t = f(t1, t2, t3) in σ3
t (f)

we obtain a new term by replacing xk ∈ var(ti) by xk and xm ∈ var(ti) is
untouched. xi, xk ∈ var(tj) are substituted by σ̂t[ti], xk and xm ∈ var(ti) is
untouched. tk is substituted by xk. So σ3

t (f) = σ2
t (f). Hence σt has order 2.

The proof of (ii) is the same manner as the proof of Proposition 3.7 in case
of infinite order.

Proposition 3.10 Let t = f(t1, t2, t3) and there exists a unique k ∈ {1, 2, 3}
such that tk ∈ X. Let tk = xm where m > 3 and i, j ∈ {1, 2, 3} where i, j, k are
distinct. Then σt has order 2 if one of the following statements is satisfied.

(i) ∅ 6= var(ti) ⊆ {xm | m > 3} and

(a) xi ∈ var(tj) ⊆ {xi, xm | m > 3} or

(b) xk ∈ var(tj) ⊆ {xk, xm | m > 3}.

(ii) xk ∈ var(ti) ⊆ {xk, xm | m > 3} and xk ∈ var(tj) ⊆ {xk, xm | m > 3}.
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Proposition 3.11 Let t = f(t1, t2, t3) and there exists a unique k ∈ {1, 2, 3}
such that tk ∈ X. Let tk = xm where m > 3 and i, j ∈ {1, 2, 3} where i, j, k are
distinct. Then σt has order 3 if xk ∈ var(tj) ⊆ {xk, xm | m > 3} and either

(i) xj ∈ var(ti) ⊆ {xj, xm | m > 3}, or

(ii) xj, xk ∈ var(ti) ⊆ {xj, xk, xm | m > 3}.

The proofs of Proposition 3.10 and Proposition 3.11 are the same manner as
the proof of Proposition 3.9(i).

Proposition 3.12 Let t = f(t1, t2, t3) and there exists a unique k ∈ {1, 2, 3}
such that tk ∈ X. Let xj ∈ var(ti) ⊆ {xj, xm | m > 3}, xi ∈ var(tj) ⊆ {xi, xm |
m > 3} and tk = xm where m > 3 and i, j ∈ {1, 2, 3} where i, j, k are distinct.
Then σt has order 2 if xm where m > 3 is in the ith, jth coordinates for all
subterms of the terms ti and tj. And σt has order 3 if one of the following
statements is satisfied:

(i) xm where m > 3 is in the ith, jth coordinates for all subterms of the term
ti.

(ii) xi ∈ var(tj) ⊆ {xi, xm | m > 3} and xm where m > 3 is not in the ith, jth

coordinates for all subterms of the term tj.

Otherwise, σt has infinite order.

Proof. Assume that xm where m > 3 is in the ith, jth coordinates for all sub-
terms of the terms ti and tj. Then after substitution for the term f(t1, t2, t3)
in σ2

t (f) we obtain a new term by replacing xj ∈ var(ti) by σ̂t[tj] where
var(σ̂t[tj]) = {xm|m > 3} and xm ∈ var(ti) is untouched. This means after
substitution for the term ti we obtain a term, say s where var(s) = {xm|m >
3}. xi ∈ var(tj) is substituted by σ̂t[ti] where var(σ̂t[ti]) = {xm|m > 3} and
xm ∈ var(tj) is untouched. This means after substitution for the term tj we
obtain a term, say s′ where var(s′) = {xm|m > 3} and tk is substituted by
σ̂t[tk] = σ̂t[xm] = xm. Since σ3

t (f) = σ̂t[σ
2
t (f)] and from the previous substitu-

tion, after substitution for the term t = f(t1, t2, t3) in σ3
t (f) we obtain a new

term by replacing xj ∈ var(ti) by σ̂t[s
′]=σ̂t[tj] (since var(t) = {xi, xj, xm|m >

3} and the ith, jth coordinates of the subterms of the terms s′ and tj are xm
where m > 3, so σ̂t[s

′] = σ̂t[tj]) and xm ∈ var(ti) is untouched, i.e. ti is
substituted by the term s. xi ∈ var(tj) is substituted by σ̂t[s]=σ̂t[ti] (since
var(t) = {xi, xj, xm|m > 3} and the ith, jth coordinates of the subterms of
the terms s and ti are xm where m > 3, so σ̂t[s] = σ̂t[ti]) and xm ∈ var(tj)
is untouched, i.e. tj is substituted by the term s′ and tk is substituted by
σ̂t[tk] = σ̂t[xm] = xm. So σ3

t (f) = σ2
t (f). Hence σt has order 2.
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Now, suppose that xm where m > 3 is in the ith, jth coordinates for
all subterms of the term ti, xi ∈ var(tj) ⊆ {xi, xm | m > 3} and xm where
m > 3 is not in the ith, jth coordinates for all subterms of the term tj. Then
after substitution for the term f(t1, t2, t3) in σ2

t (f) we obtain a new term by
replacing xj ∈ var(ti) by σ̂t[tj] and xm ∈ var(ti) is untouched. This means
after substitution for the term ti we obtain a term, say s. xi ∈ var(tj) is
substituted by σ̂t[ti] where var(σ̂t[ti]) = {xm|m > 3} and xm ∈ var(tj) is
untouched. This means after substitution for the term tj we obtain a term, say
s′ where var(s′) = {xm|m > 3} and tk is substituted by σ̂t[tk] = σ̂t[xm] = xm.
Since σ3

t (f) = σ̂t[σ
2
t (f)] and from the previous substitution, after substitution

for the term t = f(t1, t2, t3) in σ3
t (f) we obtain a new term by replacing xj ∈

var(ti) by σ̂t[s
′] and xm ∈ var(ti) is untouched. This means after substitution

for the term ti we obtain a term, say s1 where var(s1) = {xm|m > 3}. xi ∈
var(tj) is substituted by σ̂t[s]=σ̂t[ti] (since var(t) = {xi, xj, xm|m > 3} and the
ith, jth coordinates of the subterms of the terms s and ti are xm where m > 3, so
σ̂t[s] = σ̂t[ti]) and xm ∈ var(tj) is untouched, i.e. tj is substituted by the term
s′ and tk is substituted by σ̂t[tk] = σ̂t[xm] = xm. Since σ4

t (f) = σ̂t[σ
3
t (f)] and

from the previous substitution, after substitution for the term t = f(t1, t2, t3)
in σ4

t (f) we obtain a new term by replacing xj ∈ var(ti) by σ̂t[s
′] and xm ∈

var(ti) is untouched, i.e. ti is substituted by the term s1. xi ∈ var(tj) is
substituted by σ̂t[s1]=σ̂t[s]=σ̂t[ti] (since var(t) = {xi, xj, xm|m > 3} and the
ith, jth coordinates of the subterms of the terms s1, s and ti are xm wherem > 3,
so σ̂t[s1]=σ̂t[s]=σ̂t[ti]) and xm ∈ var(tj) is untouched, i.e. tj is substituted by
the term s′ and tk is substituted by σ̂t[tk] = σ̂t[xm] = xm. So σ4

t (f) = σ3
t (f).

Hence σt has order 3.

Now, let a ∈ IN. Since xj ∈ var(ti) ⊆ {xj, xm | m > 3}, xi ∈ var(tj) ⊆
{xi, xm | m > 3} and tk = xm where m > 3. So vbi(t) ≥ 1, vbj(t) ≥ 1, vbk(t) =
0. Consider

op(σa+1
t (f)) = op(σ̂t[σ

a
t (f)]) where σat (f) = f(si, sj, sk)

=
(
vbi(t) op(σ̂t[si])

)
+
(
vbj(t) op(σ̂t[sj])

)
+
(
vbk(t) op(σ̂t[sk])

)
+op(t)

=
(
vbi(t) op(σ̂t[si])

)
+
(
vbj(t) op(σ̂t[sj])

)
+ op(t)

(since vbk(t) = 0)

≥ op(σ̂t[si]) + op(σ̂t[sj]) + op(t) (since vbi(t) ≥ 1, vbj(t) ≥ 1)

≥ op(si) + op(sj) + op(t)

= op(si) + op(sj) + op(sk) + op(t)

(since sk = xm, so op(sk) = 0)

> op(si) + op(sj) + op(sk) + 1 (since op(t) > 1)

= op(σat (f)).
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So op(σa+1
t (f)) > op(σat (f)) for all a ∈ IN. Hence σt has infinite order.

Proposition 3.13 Let t = f(t1, t2, t3) and there exists a unique k ∈ {1, 2, 3}
such that tk ∈ X. Let tk = xm where m > 3 and i, j ∈ {1, 2, 3} where i, j, k
are distinct. Then σt has infinite order if one of the following statements is
satisfied.

(i) xj ∈ var(ti) ⊆ {xj, xm | m > 3} and xi, xk ∈ var(tj) ⊆ {xi, xk, xm | m >
3}.

(ii) xj, xk ∈ var(ti) ⊆ {xj, xk, xm | m > 3} and xi, xk ∈ var(tj) ⊆ {xi, xk, xm |
m > 3}.

The proofs of (i), (ii) are the same manner as the proof of Proposition 3.12 in
case of infinite order.

Proposition 3.14 Let t = f(t1, t2, t3) and there exists a unique k ∈ {1, 2, 3}
such that tk ∈ X. Let tk = xi for some i ∈ {1, 2, 3} \ {k} and let j ∈
{1, 2, 3} \ {i, k}. Then σt has order 2 if ∅ 6= var(ti) ⊆ {xm | m > 3} and one
of the following conditions is satisfied.

(i) ∅ 6= var(tj) ⊆ {xm | m > 3}.

(ii) xi ∈ var(tj) ⊆ {xi, xm | m > 3}.

Proof. (i) Assume that ∅ 6= var(tj) ⊆ {xm|m > 3}. Then after substitution
for the term f(t1, t2, t3) in σ2

t (f) we obtain a new term by replacing tk by
σ̂t[ti], ti and tj are untouched. Since σ3

t (f) = σ̂t[σ
2
t (f)] and from the previous

substitution, after substitution for the term t = f(t1, t2, t3) in σ3
t (f) we obtain

a new term by replacing tk by σ̂t[ti], ti and tj are untouched. So σ3
t (f) = σ2

t (f).
Hence σt has order 2.

The proof of (ii) is the same manner as the proof of (i).

Proposition 3.15 Let t = f(t1, t2, t3) and there exists a unique k ∈ {1, 2, 3}
such that tk ∈ X. Let tk = xi for some i ∈ {1, 2, 3} \ {k} and let j ∈
{1, 2, 3} \ {i, k}. Then σt has order 3 if one of the following statements is
satisfied.

(i) ∅ 6= var(ti) ⊆ {xm | m > 3} and either xk ∈ var(tj) ⊆ {xk, xm | m > 3}
or xk, xi ∈ var(tj) ⊆ {xk, xi, xm | m > 3}.

(ii) xj ∈ var(ti) ⊆ {xj, xm | m > 3} and ∅ 6= var(tj) ⊆ {xm | m > 3}.
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Proof. (i) Let ∅ 6= var(ti) ⊆ {xm|m > 3}. We consider into two cases.
Case (a): xk ∈ var(tj) ⊆ {xk, xm|m > 3}. We have that after sub-

stitution for the term f(t1, t2, t3) in σ2
t (f) we obtain a new term by replacing

xk ∈ var(tj) by σ̂t[tk] = xi, ti and xm ∈ var(tj) are untouched. This means
after substitution for the term tj we get a new term, say s. tk is substituted
by σ̂t[ti]. Since σ3

t (f) = σ̂t[σ
2
t (f)] and from the previous substitution, after

substitution for the term t = f(t1, t2, t3) in σ3
t (f) we obtain a new term by

replacing xk ∈ var(tj) by σ̂t[σ̂t[ti]], ti and xm ∈ var(tj) are untouched. This
means after substitution for the term tj we obtain a term, say s′. tk is sub-
stituted by σ̂t[ti]. Since σ4

t (f) = σ̂t[σ
3
t (f)] and from the previous substitution,

after substitution for the term t = f(t1, t2, t3) in σ4
t (f) we obtain a new term

by replacing xk ∈ var(tj) by σ̂t[σ̂t[ti]], ti and xm ∈ var(tj) are untouched, i.e.
tj is substituted by term s′ and tk is substituted by σ̂t[ti]. So σ4

t (f) = σ3
t (f).

Hence σt has order 3.
Case (b): xk, xi ∈ var(tj) ⊆ {xk, xi, xm|m > 3}. We can prove the same

as (a) that σt has order 3.
The proof of (ii) is the same manner as the proof of (i) (a).

Proposition 3.16 Let t = f(t1, t2, t3) and there exists a unique k ∈ {1, 2, 3}
such that tk ∈ X. Let tk = xi for some i ∈ {1, 2, 3} \ {k} and let j ∈ {1, 2, 3} \
{i, k}. Let xj ∈ var(ti) ⊆ {xj, xm | m > 3}, xi ∈ var(tj) ⊆ {xi, xm | m > 3}.
Then σt has order 2 if xm where m > 3 is in the ith, jth coordinates for all
subterms of the term ti and xm where m > 3 is in the ith, jth coordinates for all
subterms of the term tj. And σt has order 3 if one of the following statements
is satisfied.

(i) xm where m > 3 is in the ith, jth coordinates for all subterms of the term
ti and xm where m > 3 is not in the ith, jth coordinates for all subterms
of the term tj.

(ii) xm where m > 3 is in the ith, jth coordinates for all subterms of the term
tj and xm where m > 3 is not in the ith, jth coordinates for all subterms
of the term ti.

Otherwise, σt has infinite order.

Proposition 3.17 Let t = f(t1, t2, t3) and there exists a unique k ∈ {1, 2, 3}
such that tk ∈ X. Let tk = xi for some i ∈ {1, 2, 3} \ {k} and let j ∈
{1, 2, 3} \ {i, k}. Let xk ∈ var(ti) ⊆ {xk, xm | m > 3}. Then σt has order 3 if
one of the following statements is satisfied.

(i) xm where m > 3 is in the ith, kth coordinates for all subterms of the term
ti, xi ∈ var(tj) ⊆ {xi, xm | m > 3}.
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(ii) xm where m > 3 is in the ith, kth coordinates for all subterms of the term
ti, xk ∈ var(tj) ⊆ {xk, xm | m > 3}.

(iii) xm where m > 3 is in the ith, kth coordinates for all subterms of the term
ti, xi, xk ∈ var(tj) ⊆ {xi, xk, xm | m > 3}.

Otherwise, σt has infinite order.

The proofs of Proposition 3.16 and Proposition 3.17 are the same manner as
the proof of Proposition 3.12.

Proposition 3.18 Let t = f(t1, t2, t3) and there exists a unique k ∈ {1, 2, 3}
such that tk ∈ X. Let tk = xi for some i ∈ {1, 2, 3} \ {k} and let j ∈
{1, 2, 3} \ {i, k}. Then σt has infinite order if one of the following statements
is satisfied.

(i) xj ∈ var(ti) ⊆ {xj, xm | m > 3}, xk ∈ var(tj) ⊆ {xk, xm | m > 3}.

(ii) xj ∈ var(ti) ⊆ {xj, xm | m > 3}, xi, xk ∈ var(tj) ⊆ {xi, xk, xm | m > 3}.

(iii) xj, xk ∈ var(ti) ⊆ {xj, xk, xm | m > 3}, xk ∈ var(tj) ⊆ {xk, xm | m >
3}.

(iv) xj, xk ∈ var(ti) ⊆ {xj, xk, xm | m > 3}, xi, xk ∈ var(tj) ⊆ {xi, xk, xm |
m > 3}.

(v) xj, xk ∈ var(ti) ⊆ {xj, xk, xm | m > 3}, xi ∈ var(tj) ⊆ {xi, xm | m > 3}.

The proofs of (i)-(v) are the same manner as the proof of Proposition 3.12 in
case of infinite order.

Proposition 3.19 Let t = f(t1, t2, t3) and there exists a unique k ∈ {1, 2, 3}
such that tk ∈ X. Let xk ∈ var(ti) ⊆ {xk, xm | m > 3}, ∅ 6= var(tj) ⊆ {xm |
m > 3}, tk = xi for some i ∈ {1, 2, 3} \ {k} and let j ∈ {1, 2, 3} \ {i, k}. Then
σt has order 3 if xm where m > 3 is in the ith, kth coordinates for all subterms
of the term ti. Otherwise, σt has infinite order.

The proof of Proposition 3.19 is the same manner as the proof of Proposition
3.12.

Proposition 3.20 Let t = f(t1, t2, t3) and there exists a unique k ∈ {1, 2, 3}
such that tk ∈ X. Let xj, xk ∈ var(ti) ⊆ {xj, xk, xm | m > 3}, ∅ 6= var(tj) ⊆
{xm | m > 3}, tk = xi for some i ∈ {1, 2, 3} \ {k} and let j ∈ {1, 2, 3} \ {i, k}.
Then σt has infinite order.
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The proof of Proposition 3.20 is the same manner as the proof of Proposition
3.12 in case of infinite order.

Proposition 3.21 Let t = f(t1, t2, t3) where t1, t2, t3 /∈ X. Let i, j, k ∈
{1, 2, 3} and all are distinct. Then σt has order 2 if one of the following
statements is satisfied.

(i) xj ∈ var(ti) ⊆ {xj, xm | m > 3}, ∅ 6= var(tj) ⊆ {xm | m > 3} and either
xj ∈ var(tk) ⊆ {xj, xm | m > 3} or ∅ 6= var(tk) ⊆ {xm | m > 3}.

(ii) ∅ 6= var(ti) ⊆ {xm | m > 3}, ∅ 6= var(tj) ⊆ {xm | m > 3} and xi, xj ∈
var(tk) ⊆ {xi, xj, xm | m > 3}.

Proof. (i) Let xj ∈ var(ti) ⊆ {xj, xm|m > 3}, ∅ 6= var(tj) ⊆ {xm|m > 3}.
We consider into two cases.

Case (a): xj ∈ var(tk) ⊆ {xj, xm|m > 3}. We have that after sub-
stitution for the term f(t1, t2, t3) in σ2

t (f) we obtain a new term by replac-
ing xj ∈ var(ti) by σ̂t[tj] and xm ∈ var(ti) is untouched. This means after
substitution for the term ti we obtain a term, say s1. tj of the term t is un-
touched. xj ∈ var(tk) is substituted by σ̂t[tj] and xm ∈ var(tk) is untouched.
This means after substitution for the term tk we obtain a term, say s2. Since
σ3
t (f) = σ̂t[σ

2
t (f)] and from the previous substitution, after substitution for the

term t = f(t1, t2, t3) in σ3
t (f) we obtain a new term by replacing xj ∈ var(ti)

by σ̂t[tj] and xm ∈ var(ti) is untouched, i.e. ti is substituted by the term s1
and tj is untouched. xj ∈ var(tk) is substituted by σ̂t[tj] and xm ∈ var(tk) is
untouched, i.e. tk is substituted by the term s2. So σ3

t (f) = σ2
t (f). Hence σt

has order 2.
Case (b): ∅ 6= var(tk) ⊆ {xm|m > 3}. We have that after substitution

for the term f(t1, t2, t3) in σ2
t (f) we obtain a new term by replacing xj ∈ var(ti)

by σ̂t[tj] and xm ∈ var(ti) is untouched. This means after substitution for the
term ti we obtain a term, say s. tj and tk are untouched. Since σ3

t (f) =
σ̂t[σ

2
t (f)] and from the previous substitution, after substitution for the term

t = f(t1, t2, t3) in σ3
t (f) we obtain a new term by replacing xj ∈ var(ti) by

σ̂t[tj] and xm ∈ var(ti) is untouched, i.e. ti is substituted by the term s and
tj, tk are untouched. So σ3

t (f) = σ2
t (f). Hence σt has order 2.

(ii) Assume that ∅ 6= var(ti) ⊆ {xm|m > 3}, ∅ 6= var(tj) ⊆ {xm|m > 3}
and xi, xj ∈ var(tk) ⊆ {xi, xj, xm|m > 3}. Then after substitution for the
term f(t1, t2, t3) in σ2

t (f) we obtain a new term by replacing xi, xj ∈ var(tk) by
σ̂t[ti], σ̂t[tj] and xm ∈ var(tk) is untouched. ti, tj are untouched. This means
after substitution for the term tk we obtain a term, say s. Since σ3

t (f) =
σ̂t[σ

2
t (f)] and from the previous substitution, after substitution for the term

t = f(t1, t2, t3) in σ3
t (f) we obtain a new term by replacing xi, xj ∈ var(tk) by

σ̂t[ti], σ̂t[tj] and xm ∈ var(tk) is untouched, i.e. tk is substituted by the term
s. ti, tj are untouched. So σ3

t (f) = σ2
t (f). Hence σt has order 2.
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Proposition 3.22 Let t = f(t1, t2, t3) where t1, t2, t3 /∈ X. Let i, j, k ∈
{1, 2, 3} and all are distinct. Then σt has order 3 if xj ∈ var(ti) ⊆ {xj, xm |
m > 3} and ∅ 6= var(tj) ⊆ {xm | m > 3} and either xi ∈ var(tk) ⊆ {xi, xm |
m > 3} or xi, xj ∈ var(tk) ⊆ {xi, xj, xm | m > 3}.

The proof of Proposition 3.22 is the same manner as the proof of Proposition
3.21.

Proposition 3.23 Let t = f(t1, t2, t3) where t1, t2, t3 /∈ X. Let i, j, k ∈
{1, 2, 3} and all are distinct. If xj, xk ∈ var(ti) ⊆ {xj, xk, xm | m > 3} and
xi ∈ var(tj) ⊆ {xi, xm | m > 3} and ∅ 6= var(tk) ⊆ {xi, xj, xm | m > 3}, then
σt has infinite order.

The proof of Proposition 3.23 is the same manner as the proof of Proposition
3.12 in case of infinite order.

Proposition 3.24 Let t = f(t1, t2, t3) where t1, t2, t3 /∈ X. Let i, j, k ∈
{1, 2, 3} and all are distinct. Let xj ∈ var(ti) ⊆ {xj, xm | m > 3}, xi ∈
var(tj) ⊆ {xi, xm | m > 3} and ∅ 6= var(tk) ⊆ {xi, xj, xm | m > 3}. Then σt
has order 2 if xm where m > 3 is in the ith, jth coordinates for all subterms of
the terms ti and tj. And σt has order 3 if one of the following statements is
satisfied.

(i) xm where m > 3 is in the ith, jth coordinates for all subterms of the term
ti and xm where m > 3 is not in the ith, jth coordinates for all subterms
of the term tj.

(ii) xm where m > 3 is in the ith, jth coordinates for all subterms of the term
tj and xm where m > 3 is not in the ith, jth coordinates for all subterms
of the term ti.

Otherwise, σt has infinite order.

Proof. Assume that xm where m > 3 is in the ith, jth coordinates for all
subterms of the terms ti and tj. Then after substitution for the term f(t1, t2, t3)
in σ2

t (f) we obtain a new term by replacing xj ∈ var(ti) by σ̂t[tj] where
var(σ̂t[tj]) = {xm|m > 3} and xm ∈ var(ti) is untouched. This means after
substitution for the term ti we obtain a term, say s where var(s) = {xm|m >
3}. xi ∈ var(tj) is substituted by σ̂t[ti] where var(σ̂t[ti]) = {xm|m > 3} and
xm ∈ var(tj) is untouched. This means after substitution for the term tj
we obtain a term, say s′ where var(s′) = {xm|m > 3} and xi, xj ∈ var(tk)
are substituted by σ̂t[ti], σ̂t[tj] where var(σ̂t[ti]) = var(σ̂t[tj]) = {xm|m > 3}
and xm ∈ var(tk) is untouched. This means after substitution for the term
tk we obtain a term, say s′′ where var(s′′) = {xm|m > 3}. Since σ3

t (f) =
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σ̂t[σ
2
t (f)] and from the previous substitution, after substitution for the term

t = f(t1, t2, t3) in σ3
t (f) we obtain a new term by replacing xj ∈ var(ti) by

σ̂t[s
′]=σ̂t[tj] (since var(t) = {xi, xj, xm|m > 3} and the ith, jth coordinates of

the subterms of the terms s′ and tj are xm where m > 3, so σ̂t[s
′] = σ̂t[tj]) and

xm ∈ var(ti) is untouched, i.e. ti is substituted by the term s. xi ∈ var(tj) is
substituted by σ̂t[s]=σ̂t[ti] (since var(t) = {xi, xj, xm|m > 3} and the ith, jth

coordinates of the subterms of the terms s and ti are xm where m > 3, so
σ̂t[s] = σ̂t[ti]) and xm ∈ var(tj) is untouched, i.e. tj is substituted by the
term s′ and xi, xj ∈ var(tk) are substituted by σ̂t[s] = σ̂t[ti], σ̂t[s

′] = σ̂t[tj]
and xm ∈ var(tk) is untouched, i.e. tk is substituted by the term s′′. So
σ3
t (f) = σ2

t (f). Hence σt has order 2.

(i) Assume that xm where m > 3 is in the ith, jth coordinates for all
subterms of the term ti and xm where m > 3 is not in the ith, jth coordinate for
all subterms of the term tj. Then after substitution for the term f(t1, t2, t3) in
σ2
t (f) we obtain a new term by replacing xj ∈ var(ti) by σ̂t[tj] and xm ∈ var(ti)

is untouched. This means after substitution for the term ti we obtain a term,
say s. xi ∈ var(tj) is substituted by σ̂t[ti] where var(σ̂t[ti]) = {xm|m > 3}
and xm ∈ var(tj) is untouched. This means after substitution for the term
tj we obtain a term, say s′ where var(s′) = {xm|m > 3} and xi, xj ∈ var(tk)
are substituted by σ̂t[ti], σ̂t[tj] and xm ∈ var(tk) is untouched. This means
after substitution for the term tk we obtain a term, say s′′. Since σ3

t (f) =
σ̂t[σ

2
t (f)] and from the previous substitution, after substitution for the term

t = f(t1, t2, t3) in σ3
t (f) we obtain a new term by replacing xj ∈ var(ti) by

σ̂t[s
′] and xm ∈ var(ti) is untouched. This means after substitution for the

term ti we obtain a term, say s1. xi ∈ var(tj) is substituted by σ̂t[s]=σ̂t[ti]
(since var(t) = {xi, xj, xm|m > 3} and the ith, jth coordinates of the subterms
of the terms s and ti are xm where m > 3, so σ̂t[s] = σ̂t[ti]) and xm ∈ var(tj)
is untouched, i.e. tj is substituted by the term s′ and xi, xj ∈ var(tk) are
substituted by σ̂t[s] = σ̂t[ti], σ̂t[s

′] and xm ∈ var(tk) is untouched. This means
after substitution for the term tk we obtain a term, say s′′1. Since σ4

t (f) =
σ̂t[σ

3
t (f)] and from the previous substitution, after substitution for the term

t = f(t1, t2, t3) in σ4
t (f) we obtain a new term by replacing xj ∈ var(ti) by σ̂t[s

′]
and xm ∈ var(ti) is untouched, i.e. ti is substituted by the term s1. xi ∈ var(tj)
is substituted by σ̂t[s1]=σ̂t[s]=σ̂t[ti] (since var(t) = {xi, xj, xm|m > 3} and the
ith, jth coordinates of the subterms of the terms s1, s and ti are xm wherem > 3,
so σ̂t[s1]=σ̂t[s]=σ̂t[ti]) and xm ∈ var(tj) is untouched, i.e. tj is substituted by
the term s′ and xi, xj ∈ var(tk) are substituted by σ̂t[s1] = σ̂t[s] = σ̂t[ti], σ̂t[s

′]
and xm ∈ var(tk) is untouched. This means after substitution for the term tk
we obtain a term, say s′′1. So σ4

t (f) = σ3
t (f). Hence σt has order 3.

The proof of (ii) is the same manner as the proof of (i).

Now, let a ∈ IN. Since xj ∈ var(ti) ⊆ {xj, xm | m > 3}, xi ∈ var(tj) ⊆
{xi, xm | m > 3} and ∅ 6= var(tk) ⊆ {xi, xj, xm | m > 3}. So vbi(t) ≥
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1, vbj(t) ≥ 1, vbk(t) = 0. Consider

op(σa+1
t (f)) = op(σ̂t[σ

a
t (f)]) where σat (f) = f(si, sj, sk)

=
(
vbi(t) op(σ̂t[si])

)
+
(
vbj(t) op(σ̂t[sj])

)
+
(
vbk(t) op(σ̂t[sk])

)
+op(t)

=
(
vbi(t) op(σ̂t[si])

)
+
(
vbj(t) op(σ̂t[sj])

)
+ op(t)

(since vbk(t) = 0)

≥ op(σ̂t[si]) + op(σ̂t[sj]) + op(t) (since vbi(t) ≥ 1, vbj(t) ≥ 1)

= 1 +
(
op(ti) + op(σ̂t[sj])

)
+
(
op(tj) + op(σ̂t[si])

)
+ op(tk)(

since op(t) = 1 + op(ti) + op(tj) + op(tk)
)

> 1 + op(si) + op(sj) + op(sk)

= op(σat (f)).

So op(σa+1
t (f)) > op(σat (f)) for all a ∈ IN. Hence σt has infinite order.

Proposition 3.25 Let t = f(t1, t2, t3) where t1, t2, t3 /∈ X. If for all i ∈
{1, 2, 3} there exists at least xj or xk is in var(ti) where j, k ∈ {1, 2, 3}, i, j, k
are distinct and xi /∈ var(ti), then σt has infinite order.

Proposition 3.26 Let t = f(t1, t2, t3) where t1, t2, t3 /∈ X and there exists
a unique i ∈ {1, 2, 3} such that ∅ 6= var(ti) ⊆ {xm | m > 3}. Let j, k ∈
{1, 2, 3} and i, j, k are distinct. If xi, xj ∈ var(tk), xi, xk ∈ var(tj) and xj /∈
var(tj), xk /∈ var(tk), then σt has infinite order.

Proposition 3.27 Let t = f(t1, t2, t3) and there exists at least one element
i ∈ {1, 2, 3} such that ti /∈ X and xi ∈ var(ti). Then σt has infinite order.

The proofs of Proposition 3.25, 3.26 and 3.27 are the same manner as the proof
of Proposition 3.24 in case of infinite order.

Theorem 3.28 The order of any generalized hypersubstitutions of type τ =
(3) is 1, 2, 3 or infinite.
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