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Abstract

The main objective of this paper is to derive ausoh of a generalized
fractional Volterra integral equation involvingg,-function with the help of the
Sumudu transform. Several special cases are alswioned.
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1 I ntroduction and Definitions

Fractional Calculus represents a generalizatioim@fordinary differentiation and
integration to arbitrary order. During the lasteairdecades the subject has been
widely used in the various fields of science angir®ering. Many applications of
Fractional Calculus can be found in Turbulence Bhald Dynamics, Stochastic
Dynamical System, Plasma Physics and Controlledriibeuclear Fusion, Non-
linear Control Theory, Image Processing, Non-lin&wlogical Systems and
Astrophysics. The Mittag-Leffler function has gainenportance and popularity
during the last one decade due mainly to its appbns in the solution of
fractional-order differential, integral and diffeiee equations arising in certain
problems of mathematical, physical, biological amineering sciences. This
function is introduced and studied by Mittag-Leff&9] in terms of the power
series

Ea(X)= ir . (@>0)

n=0

(1.2)

A generalization of this series in the followingrio

Ea,ﬂ( ) Zr(a’n+ﬂ)

n=0

(a.8>0)
(1.2)

has been studied by several authors notably byaltiteffler[8,9],Wiman][3],
Agrawal[20], Humbert and Agrawal[18] and Dzrbaskj&n16,17]. It is shown in
[19] that the function defined by (1.1) and (1.2¢ &oth entire functions of order
p=1and typeo =1.A detailed account of the basic properties of¢heno
functions are given in the third volume of Batermaanuscript project[1] and an
account of their various properties can be foumd.6,21].

The F-function of Robotnov and Hartley [22] is defil by the power series

n _, (n+1)g-1

% ax
Fdla x]—g—r((ml)q),qw (13)

This function effect the direct solution of the dlamental linear fractional order
differential equation.

Recently, the interest in the R- and G-functions@fenzo-Hartley[4,5] and their
popularity have sharply increased in view of theimportant role and

applications in Fractional Calculus and relate@gnal and differential equations
of fractional order.
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The R- and the G-functions (but not the Meijer'sfu@etion) introduced by
Lorenzo-Hartley[4] are defined by the power series

_ a (X C) (n+1)q-1-v 14
Ry [acX = Z F(+Da=v)" (14)
wherex>c=0,g=0,R(q-v) >0,
and
) (n+y)a-p-1
Gapacx = Z & (x=0) (15)

= n' F((n+y)a-p)

where R(ay =) > Oand (y), isthe Pochhammer's symbol given by

| Ln=0
W), = Y(y+1...(/+n-1,nON
Particular cases:

If we putc=0 in above equations (1.4) and (1.5 ), we get

n (n+1)q -1-v

Rl =2 )

and
0 (y) a” X(n+y)a—,8—1
n

Gapila X = Z; nr((n+ya-p)

(17)

The Riemann-Liouville operator of fractional intabof orderv is given by

D F(X)} = ‘W [ (x=t (tyat (18)

provided that the integral exists.

The Riemann-Liouville operator of fractional detive of order v is defined
[2,10,11,12] in the following form

d IX&dt,(n—l<u<n) (19)

U{ ( )}_md_)(] (X_t)u+n—l

provided that the integral exists.
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Watugala[7] introduced a new integral transformljecithe Sumudu transform
defined for the functions of exponential order, e set of the functions,

A={f(t) TM,z,72>0)f () <M "%, if t0(-1)'x [0,00)},

by

(XQzﬂHUﬁﬂjﬂwémsm(un) (110)
For further details of this transform, please %&é&d]).

The K ,-function[13] is defined as

(@.B.y).(a0(pa)

(@.B.y)(a0(pa) : o (al)n___(ap)n (y)n a" (X _ C)(n‘ry)a-ﬁ—l
Ka () =
= (b)n...(g)n NC((N+p)a-p)

(112)

where R(ay-£)> 0 and (a),i=212....,pand (b)n,j=212...,qare the
Pochhammer symbols.

Particularly forc =0, equation(1.11) reduces into the following form

@ By).(a.0):(pa)

(112)

@ By).(@0)(pa) = (a)n...@p)n (¥), a’ y(mna-p
Ka (X) = z by e -
o (Do)n...0c)n NIT((n+ p)a = B)
Further details of this function are given by [13].
In order to prove our main results, we shall reegiithe following lemma stated
below:

Lemma 1.1. The Sumudu transform of the,-function defined by (1.12) is
given by

SK, (1)} = Say—ﬁ—1p+qu (ay, ...,ap, y:b,...,.bg; as") (1_13)

provided thatR(ay - 5) >0.

Pr oof.
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Using (1.10) and (1.12) and evaluating the inngxgral, we arrive at the result
KD} =8""7 L F, (@ B0y, i ad), Ry - ) > 0. (124)
This proves (1.1).

2 Solution of the Generalized Fractional Volterra
Integral Equation

Theorem 2.1. The Volterra type integral equation

@ B.y)(a.0)(pa)

DA D)} =« [ h(&) Ko @ B0 b E)IE + 17 (7) (2)

has its solution given explicitly by

(@ yr).@.0)(pa)

h(r) :qi K [F-9 Ko (3. a0by,....bo &)dE (22)

where0O<r<21«k,a,5,y,n0 Cand R(ay-5)>0.

Proof. Now taking the Sumudu transform on both the sioie$2.1) and then
using the inverse Sumudu transform and Lemmalelghtain

@ @ & ),(@.00( pia)
D) =Y K[ FT-8  Ka @ Boibr.be £)dE (23)
r=0

whereO<7< Lk,a,6,y,n0CandR(ay-£)> Q

If we putr =s=0 in (2.1), we get[23]
Corollary 2.1. The Volterra type integral equation

DA D} = k[ (&) Gapyla E1dE+17t (1) (24)
has its solution given explicitly by

hD)=nY ' [[F(T=6) Gonladlde (25)
whereG, ;,[8, €] is given by (1.7) and

O<r<ik,a,B,y,ndCandR(a),R(S),R(a-p)>0.
If we takey =1 in Cor.(2.1), we get[23]
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Corollary 2.2. The Volterra type integral equation

DA N} =& (&) Rasla E1dE+1f (7) (26)

has its solution given explicitly by
D) =nY K'[[F(r=8) Goalaldé (27)
r=0

where R, 5[ 8, €] is given by (1.6) andR(a), R(5),R(a - B) > 0.
If we setf3 =0,y =1 and replacea by —a in Cor.(2.1), we arrive[23] at

Corollary 2.3. The Volterra type integral equation

DA D)} = K[ (&) Fol-a &1dE +/f (1) (28)

has its solution given explicitly by
hT)=nd k' [ F(r=&) Ganpa.l-a¢ldé (29)
r=0

where F,[-a,¢] is the F-function defined by Robotnov and Har@}[
andR(a) > 0.

Conclusion

In this paper, we have presented a solution oferselized fractional Volterra
integral equation involving ,-function with the help of the Sumudu transform.
It is expected that some of the results deriveithim survey may find applications
in the solution of certain fractional order diffatel and integral equations arising
problems of physical sciences and engineering areas
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