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Abstract 

     The main object of the present work is to derive some general integral       
formulas (single, double and multiple) involving Laguerre polynomials of several 
variables. A number of known and new integral formulas involving Laguerre 
polynomials of two and three variables are obtained as special cases of our 
general formulas.  
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1  Introduction  
              
In 1991, Ragab [7] defined the Laguerre polynomials of two variables 

),(),( yxLn
βα as follows: 

 

     (1.1) 

 
where )()( xLn

α is the Laguerre polynomials of one variable [8]  

 
The definition (1.1) is equivalent to the following explicit representation of

),(),( yxLn
βα , given by Ragab [7]: 
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It may be remarked that (1.2) can be written as  
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where 2Ψ  is the confluent hypergeometric function of two variables [11, p.62] 
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Khan and Shukla [4,p. 163]  defined  the Laguerre polynomials of several 
variables ),,( 1

),,( 1
mn xxL m
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⋯ αα  as follows: 
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where )(
2

mΨ  is the confluent hypergeometric function of m-variables [11, p.62] 
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The object of this paper is to obtain certain integral formulas involving Laguerre 
polynomials of several variables ,these integrals are evaluated in terms of Chandel 
function (c.f.[2, p.90]) and the generalized Kampé de Fériet function of several 
variables [3, p.28 ] which are defined as follows: 
 

[ ]nn
n

C
k xxccbaaE ,,;,;,, 11

)()(
)1( ⋯⋯′   

    

         
∑

∞

=

++++++ +=
0,, 11

1

1 1

1

111

!!)()(

)()'()(

n n

n

nnkk

mm nmnm

m
n

m
mmmmmm

mmcc

xxbaa

⋯

⋯⋯⋯

⋯⋯

⋯

                  (1.9) 

and

      

[ ]nn

n

xx
DDC

BBA
F ,,

;;:

;;:
1)(

)(

⋯

⋯

⋯

′
′










′
′

′
′

= nn

n

n

n

xx
d

b

d

b

c

a

DDC

BBA
F ,,

;

;

)(

)(

;

;

;

;

)(

)(

:

:

)(

)(

;;:

;;:
 1)(

)(

)(

)(

⋯

⋯

⋯

⋯

⋯

 
 

∑
∞

= ++

++

′
′

=
0,, 1

)(

1
)(

1 11

1

11

!!))(())(())((

))(())(())((

n nn

n

nn

mm nm
n

mmm

m
n

m
m

n
mmm

mmddc

xxbba

⋯ ⋯

⋯

⋯⋯

⋯⋯

                            (1.10) 

where ma))((  mean the product mj

A

j
a )(

1=
Π      . 

 

2 Integral Formulas 
 
For Re (λ) > 0; Re (σ) > 0, we have the following integral formulas involving 
Laguerre polynomials of several variables: 
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Following integral can be obtained readily from (2.6) as follows: 
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To obtain the main integral formula (2.1), we consider the left-hand side of (2.1) 
and using (1.2), then expressing )(

2
mΨ

 
in series forms and changing the order of

 
integration and summation to get 
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In (2.8),  using the definition of Gamma function and considering the definition 

(1.4), we get the right- hand side of (2.1). 

 

The integrals (2.2) to (2.6) are similarly established and we using the definition of 

Beta function . 

 
3 Special Cases 
     
It is important to note that the above integrals are capable of yielding a number of 
other integrals formulas, these integral are evaluated in terms of certain 
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hypergeometric function for example the generalized hypergeometric function 
functions qp F  [8,p.42], Appell's function 2F  [8,p. 53] , Lauricella's function )(n

CF

[8,p. 60] , Kampé de Fériet function of two variables  DBA
HGEF ;:

;:  [8,p. 63]  Saran's 

function  EF   [8, p. 66] and Exton's functions 2K and 5K  [2, p.78] . 

On setting  0=r  in (2.1), we get 
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On setting 1== sr , integral (2.1) reduces to a known result [6, p. 94(12)]  see 
also [9,p. 1132] 
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On setting 1,3 == sr  in (2.1), we get 
 

dxxLxxxLxe nm
x

∫
∞

−−

0

)(
321

),2,1(1 )(),,(3 δγγγ βαααλσ

 
 

!)!(
)1()1()1()1()(

3
321

nm
nmmm

λσ
βαααλ ++++Γ=

 
 






 ++++−−−−
σ
δ

σ
γ

σ
γ

σ
γβαααλλλλ ,,,;1,1,1,1;,,,;,,, 321

3212 nmmmK            (3.3)      

     
On setting  2== sr  in (2.1), we get 
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Further, (3.4) for δδδγγγ ==== 2121 and  and use the result [1, p. 64(3.7)] 
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We get 
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On setting 2,1 == sr in (2.1), we get 

dxxxLxLxe nm
x

∫
∞

−−

0

21
),()(1 ),()( 21 δδγ ββαλσ

 
 

2
21

)!(!

)1()1()1()(

nm
nnm

λσ
ββαλ +++Γ=

 
 

EF 




 +++−−−
σ
δ

σ
δ

σ
γββαλλλ 21

21 ,,;1,1,1;,,,,, nnm                                       (3.7) 

         
Now, on putting 1,,1 11 +==== ασββαα andr , integral (2.2) reduces to 
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On setting  βββ === 21,2r  and using the result [7, p. 28(33)] 
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integral (2.2) reduces to 
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On setting  γανβγµαβλ −=−=−== ,,,3m  in (2.4), we get 
 

dzdydxxyzxyzxyzLztzysyxrx
t s r

n∫ ∫ ∫
−−−−−− −−−

0 0 0

321

)3,,1(111 ),,()()()( 2 σσσδδδγαγβγβαβα

 

),,(),1(),1(),1( 321

)3,,1( 2 rstrstrstLsrtBBB n σσσγαγβγβαβα δδδγβα−+−+−+=
            

(3.11)
 

       
Finally, setting  rjjj ,,2,1, ⋯== αµ  in (2.5) and considering the definition (1.2), 

we get a known result of Khan and Shukla [5, p. 115(4.1)]. 
 

r

t t

r
r

nrr dxdxxxLxtxxtx
r

rr
⋯⋯⋯⋯⋯⋯⋯

⋯

1

0 0

1

),,1(1
1

1
111

1

11 ),,()()(∫ ∫
−− −− ααλαλα

 
 

nrrn

rrrnrn
rrttBB

)1()1(

),1(),1()1()1(

11

1111
11

++++
++++=

++

λαλα
λαλααα λαλα

⋯

⋯⋯⋯

 
 

                ),,( 1

),,1( 1

r
r

n ttL r
⋯⋯

⋯⋯ λαλα ++× .                                                            (3.12) 

 

4 Conclusion 
 
The results established in this paper are useful in deriving certain new integral 
formulas involving Laguerre polynomials of several variables. Further, certain 
class of known integral formulas involving the product of two Laguerre 
polynomials )()( xLm

α  can also be obtained in terms of hypergeometric functions 

2312 FandF  see for example Mavromatis [6], Shawagfeh [9] and Srivastava et al. 

[12]. 



On Some Integrals Involving Laguerre…                                                              29 

 

 

References 
 
[1] A.A. Atash and A.M. Obad, Generating functions for products of two 

Lauricella's functions )(n
AF and )(n

CF , H U.J. of  Nat. & Appl. Sci., 11(1) 

(2014), 61-67. 
[2] H. Exton, Multiple Hypergeometric Functions and Applications, Halsted 

Press, New York, (1976). 
[3] H. Exton, Handbook of Hypergeometric Integrals, Theory, Applications, 

Tables, Computer Programs, Halsted Press, New York, (1978). 
[4] M.A. Khan and A.K. Shukla, On Laguerre polynomials of several 

variables, Bull. Cal. Math. Soc., 89(1997), 155-164. 
[5] M.A. Khan and A.K. Shukla, On Laguerre polynomials of m-variables, 

Bull. of the Greek Math. Soc., 40(1998), 113-117. 
[6] H.A. Mavromatis, An interesting new result involving associated Laguerre 

polynomials, Inter. J. Comput. Math., 36(1990), 257-261. 
[7] S.F. Ragab, On Laguerre polynomials of two variables ),(),( yxLn

βα , Bull. 

Cal. Math. Soc., 83(1991), 252-262. 
[8] E.D. Rainville, Special Functions, Macmillan Company, New York, 

(1960). 
[9] N.T. Shawagfeh, A note on some integrals involving two associated 

Laguerre polynomials, Revista Tec. Ing. Univ. Zulia., 19(2) (1996), 93-95. 
[10] H.M. Srivastava and P.W. Karlsson, Multiple Gaussian Hypergeom-Etric 

Series, Halsted Press (Ellis Horwood Ltd., Chichester), New York, (1985). 
[11] H.M. Srivastava and H.L. Manocha, A Treatise on Generating Functions, 

Hasted Press Ellis Harwood, Chichester, New York, (1984). 
[12] H.M. Srivastava, H.A. Mavromatis and R.S. Alassar, Remarks on some 

associated Laguerre integral results, Applied Mathematics Letters, 
16(2003), 1131-1136.  

 

 
 


