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Abstract

If G is a connected graph with vertex set V', then the eccentric connectivity
index of G, £99(G) is defined as > deg(v).ec(v) where deg(v) is the degree of a
vertex v and ec(v) is its eccentricity. The Wiener index W(G) = 3[> d(u, v)],
the hyper-Wiener index WW(G) = 1[>° d(u,v) + Y d*(u, v)] and the reverse-
Wiener index A(G) = w — W(G), where d(u,v) is the distance of two
vertices u, v in G, d*(u,v) = d(u,v)?, n =|V(G)| and D is the diameter of G.
In this paper, we determine the eccentric connectivity index of the subdivision
graph of the complete graphs, tadpole graphs and the wheel graphs. Also,
derive an expressions for the hyper and reverse-Wiener indices of the same
class of graphs.

Keywords: Fccentric connectivity index, Wiener index, Hyper-Wiener
index, Reverse-Wiener index, Subdivision Graph.

1 Introduction

Critical step in pharmaceutical drug design continues to be the identification
and optimization of compounds in a rapid and cost effective way. An important
tool in this work is the prediction of physico-chemical, pharmacological and
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toxicological properties of a compound directly from its molecular structure.
This analysis is known as the study of the Quantitative Structure Activity rela-
tionship (QSAR). In chemistry, a molecular graph represents the topology of a
molecule, by considering how the atoms are connected. This can be modelled
by a graph, where the points represent the atoms, and the edges symbolize the
covalent bonds. Relevant properties of these graph models are studied, giving
rise to numerical graph invariants. The parameters derived from this graph-
theoretic model of a chemical structure are being used not only in QSAR
studies pertaining to molecular design and pharmaceutical drug design, but
also in the environmental hazard assessment of chemicals.

Many such graph invariant topological indices have been studied. The first,
and most well-known parameter, the Wiener index, was introduced in the late
1940‘s in an attempt to analyze the chemical properties of paraffins (alkanes)
[20]. This is a distance-based index, whose mathematical properties and chem-
ical applications have been widely researched. Numerous other indices have
been defined, and more recently, indices such as the eccentric distance sum,
and the adjacency- cum-distance-based eccentric connectivity index have been
considered [6, 7, 8, 10, 13]. These topological models have been shown to give
a high degree of predictability of pharmaceutical properties, and may provide
leads for the development of safe and potent anti-HIV compounds.

The hyper- Wiener index of acyclic graphs was introduced by Randic in 1993.
Then Klein et al. generalized Randic’s definition for all connected graphs, as
a generalization of the Wiener index [12]. For the mathematical properties of
hyper- Wiener index[9] and its applications in chemistry we refer to [3, 4, 9].
The reverse-Wiener index[2] was proposed by Balaban et al. in 2000 [1]; it
is important for a reverse problem and applications in modelling of structure
property relations. Some mathematical properties of the reverse-Wiener index
may be found in [2].

Consider a simple connected graph G, and let V(G) and E(G) denote its ver-
tex and edge sets, respectively. The distance between v and v in V(G), d(u, v)
is the length of the shortest u— v path in G. The eccentricity, ec(u) of a vertex
u € V(G) is the maximum distance between u and any other vertex in G. The
diameter D of G, is defined as the maximum value of the eccentricities of the
vertices of G. Finally, the degree of a vertex veV (G), deg(v) is the number of
edges incident to v. We recall definitions which are essential to our work.

e The eccentric connectivity index £4(G) = ) deg(v).ec(v).
e The Wiener index W(G) =5[> d(u, v)].
e The hyper Wiener index WW(G) = $[> d(u,v) + Y d?(u, v)].

e The reverse Wiener index A(G) = M - W(G).
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The T, Tadpole graph [5, 18] is the graph obtained by joining a cycle
graph C, to a path of length k. The wheel graph W,,,; [14] is defined as the
graph K; + C,, where K is the singleton graph and C), is the cycle graph.
The subdivision graph [15, 19] S(G) is the graph obtained from G by replacing
each of its edge by a path of length 2, or equivalently, by inserting an additional
vertex into each edge of G [16, 17]. For all terminologies and notations which
are not defined in this paper, we refer to F. H. Harary [11].

2  Eccentric Connectivity Index, Hyper and

Reverse-Wiener Indices of the Subdivision
Graph

In this section, we derived an expression for the eccentric connectivity in-
dex, Wiener index, hyper and reverse- Wiener indices of the subdivision graphs
of the complete graphs, tadpole graphs and the wheel graphs.

Theorem 2.1. The eccentric connectivity index of the subdivision graph of
the complete graph S,, is

m(n—1), forn> 4;
() —_ ) i
§9(5(5n)) { 18, for n=3.
Proof. The cardinality of the vertex set of the S(S,) = w, among

which the n vertices are of valency n — 1 and the remaining @ vertices are

the subdivision vertices. For the case n = 3 5(95,) is the cycle Cg, in which
each vertex of same eccentricity 3. Hence £(¢)(S(S,)) = 18, for the case n = 3.
For n > 4, the vertex with degree n— 1 is of eccentricity 3 and the subdivision
vertices are of eccentricity 4. Hence £(9(S(S,)) = Tn(n — 1).

Theorem 2.2. The eccentric connectivity index of the subdivision graph of
the wheel graph Wi, is
38n, when n > 6.
180, when n=5;
124, when n=/4;
84,  when n=3.

5(6) (S(Wn+1)) =

Proof. The S(W,1) contains the subgraph S(C,) and the hub of the
wheel is of degree n and the n vertices are of degree 3, and the remaining 2n
vertices are the subdivision vertices. For all values of n, n > 3, the hub of
the wheel is of eccentricity 3 and the subdivision vertices on the spokes are of
eccentricity 4. The vertex of degree 3 is of eccentricity 3 for the case n = 3
and is of eccentricity 4 for the case n = 4 and is of eccentricity 5 for the case
n > 5. The subdivision vertices of C,, in S(W,,1) are of eccentricity 4 for the
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case n = 3 and n = 4 and are of eccentricity 5 for the case n = 5 and are of
eccentricity 6 for the case n > 6.

Hence,

5 (S ( Wii1)) =3n+24n+3.3n+ 2.4n =28n =84, for the case n = 3.
EO(S(Wphy1)) = 3n 4240+ 3.4.n 4 2.4.n = 3ln = 124, for the case n = 4.

5(0)( (Whs1)) =3n+2.4.n+3.5.n+25.n=36n =180, for the case n = 5.
EO(S(Wphy1)) = 3.n+ 240+ 3.5.n + 2.6.n = 38n, for the case n > 6.

Theorem 2.3. The eccentric connectivity index of the subdivision graph of
the tadpole graph T, s

12k(k + n), for the case n=2k;
€O (S(Th ) = 12nk + 12k? + 4n + 2n(2n — 4k — 2), for the case n > 2k;
" gnQ + 10nk + 6k2, when n < 2k and n even,
gnQ + 10nk + 6k* + %, when n < 2k and n odd.

Proof. The S(T,,) contains the the subgraph S(C,,) and the path S(F;).
We calculate Y d(u)e(u) along S(C,,) and along S(Py). Let v; be the vertex
in S(C,) with maximum eccentricity n + 2k. Then the two neighbors of v; say
vy and vy are of eccentricity n + 2k — 1, and the neighbors of v, and v, are
of eccentricity n+2k—2, and so on. Let v; be the vertex of degree 3 in S(7,x) -

For the case n > 2k, the 4k + 1 vertices in S(C,,) are of eccentricity n +
2k;n+ 2k —1,n+2k—1,n+2k —2,n+2k—2,....,n,n. Then from the re-
maining 2n — 4k — 1 vertices in S(C,,), the 2n — 4k — 2 vertices of degree 2 and
v, of degree 3 are of eccentricity n.

Hence ) d(u)e(u) in S(C,,) for the case n > 2k is

8nk + 8k* + 5n + 2n(2n — 4k — 2) (1)

For the case n = 2k, the vertex v; of degree 3 is of eccentricity n. Hence

> d(u)e(u) in S(C,,) for the case n = 2k is
8nk + 8k* +n (2)

For the case n < 2k, for any value of n, the vertices in S(C),,) are of eccentricity
n+2k,n+2k—1,n+2k—1,...,2k+1,2k+1 and the vertex v; is of eccentricity
2k. Hence > d(u)e(u) in S(C,,) for the case n < 2k is

2n® + 8nk + 2k (3)

Now, we calculate ) d(u)e(u) along the vertices in the path. Let v, eyu,es...v5,, v
be the path S(P;) in S(7,x). The pendent vertex v, is of maximum eccen-
tricity n + 2k.

For the case n > 2k, for all values of n, the vertices of S(Py) starting from v,
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is of eccentricity n+2k,n+2k—1,...,n+1. Hence > d(u)e(u) along the path
for the case n > 2k is
dnk +4k* —n (4)

For the case n < 2k, e(v) in S(Pg) when n odd, starting from v;,, the first
(%2’“} vertices are of eccentricity n+2k, n+2k—1,n+2k—2, ..., ("gi} and the
remaining 2k — [*£25] vertices are of eccentricity [%525], [2428] 41, . 2k — 1.
Hence ) d(u)e(u) along the path for the case n < 2k and n odd is

1 1
§n2 + 2nk + 6k* — 2k + 3 (5)

For the case n < 2k, e(v) in S(FP;) when n even , starting from v, , the vertices

in S(Py) are of eccentricity n+2k, n+2k—1,n+2k—2, ..., ”Jg%, "+22k+1, ey 2k —

1. Hence ) d(u)e(u) along the path S(P;) for the case n < 2k and n even is

1
§n2 + 2nk + 6k% — 2k (6)

Adding equations 1 and 4, the eccentric connectivity index of S(T, ) for the
case n > 2k and n even or odd is

EO(S(T, 1)) = 12nk + 12k% + 4n + 2n(2n — 4k — 2).

Adding equations 2 and 4, the eccentric connectivity index of S(T, ) for the
case n = 2k and n even or odd is

EO(S(Tor)) = 12k(k +n).

Adding equations 3 and 5, the eccentric connectivity index of S(1,, ;) for the
case n < 2k and n odd is

§O(S(Top)) = 3n* + 10nk + 6k* + 3.

Adding equations 3 and 6, eccentric connectivity index of S(T,) for the case
n < 2k and n even is

E(S(Top)) = 2n* + 10nk + 6k

Theorem 2.4. The Wiener index, the hyper Wiener index and the reverse
Wiener index of the subdivision graph of the complete graph S,, is W (S(5,)) =
n3(72l—1); WW(S(Sn)) _ n(n—l)(57212—7n+4) and /\(S(Sn>> _ n(3n+2)(n71) )

2

Proof. The cardinality of the vertex set of S(S,,) is "("; Y among which

1 . e . .
the ”("2 ) vertices are the subdivision vertices and the n vertices are of degree

n — 1. All the vertices in S,, are at a distance 2 in S(S,,). The Y d(u,v) and
>~ d(u,v)* among the vertices of S, in S(S,,) is

n(n—1) (7)

2n(n —1) (8)
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Each vertex of degree n—1 is at a distance 1 with its adjacent n—1 subdivision

vertices and at a distance 3 with the remaining Wl)zﬂ subdivision vertices.

Hence " d(u,v) and > d(u,v)? among the vertices of degree n — 1 and the
subdivision vertices is
n(n —1)(3n —4)

2
n(n —1)(9n — 16)
2

Each subdivision vertex is at a distance 2 with the 2n — 4 subdivision vertices
and at a distance 4 with the remaining w subdivision vertices. Hence,
the > d(u,v) and Y d(u,v)? among the subdivision vertices of S, is

n(n—1)*(n —2)

(9)

(10)

(11)

2
_ _9)2
2n(n —1)(n — 2) (12)
2
Adding equations 7,a1.9 and 11, The Wiener index of S(S,) is
n3(n —1)
w(s(s,) ==Y (13)

Adding equations 8,10 and 12, >_ d(u,v)? among all the vertices of S(S,,) is

n(n —1)(4n* — Tn + 4)
2

(14)

From equation 13 and 14 the hyper wiener index of S(S,) is

WW(S(S,)) = ”(”*1)(5721277n+4) '

The diameter of S(S,) is 4 with which the reverse wiener index is

/\(S(Sn)) _ n(3n+22)(n—1) ‘

Theorem 2.5. The Wiener index, the hyper Wiener index and the reverse
Wiener index of the subdivision graph of the wheel graph W, 1 is
2n(9n — 13), for the case n > 5;

B 188, for the case n=4;
W(S(Wis1)) = 96, for the case n=3.
24n(4n —9), for the case n > 5;
B 716, for the case n=4;
WW(S(Wni1)) = 336, for the case n=3.

and
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n(9n + 35), for the case n > 6;

280, for the case n=>5;
ANSWpiq)) = 124, for the case n=4;
84, for the case n=3.

Proof. In S(W,.1), a vertex of degree 3 is at a distance 1, 2, 3 with the
neighboring subdivision vertices on a spoke, to the hub and to the remaining
n — 1 subdivision vertices on the remaining spokes. Hence the ) d(u,v) and
> d(u,v)? from the vertices of degree 3 to the subdivision vertices on the
spokes and to the hub is respectively as

3n? (15)
n(9n — 4) (16)

Also the vertex of degree 3 is at a distance 2 with the two neighboring vertices
of degree 3 and at a distance 4 with the remaining n — 3 vertices of degree 3.
So > d(u,v) and > d(u,v)?* among the vertices of degree 3 is

2n(n —2) (17)

4n(2n — 5) (18)

Also Y d(u,v) and > d(u,v)? from the vertex of degree 3 to the subdivision
vertices of C,, for the case n = 3 is

5n (19)
11n (20)

For the case n > 4, the vertex of degree 3 is at a distance 1 with the two neigh-
boring subdivision vertices vertices of C),, and at a distance 3 with two more
neighboring subdivision vertices of C,, and at a distance 5 with the remaining
n — 4 subdivision vertices of C,,. So Y. d(u,v) and Y d(u,v)? from the vertex
of degree 3 to the subdivision vertices of C,, for the case n > 4 is

n(bn — 12) (21)
n(bn — 16) (22)

The subdivision vertices of C,, are at a distance 2 with the 2 neighboring
subdivision vertices on the spoke and at a distance 3 with the hub and a
distance 4 with the remaining n — 2 subdivision vertices on the spoke. Hence
S d(u,v) and >~ d(u,v)? from the subdivision vertices of C,, to the vertices on
the spoke and to the hub for all values of n > 3 is

n(4n — 1) (23)
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n(16n — 15) (24)

For the case n = 3, the subdivision vertices of (), are at a distance 2 with each
other. Hence > d(u,v) and > d(u,v)? among the subdivision vertices of C,
for the case n = 3 is

2n (25)

4n (26)

For the case n = 4, the the subdivision vertices of C,, are at a distance 2, 2,
4 with each other. Hence the Y d(u,v) and > d(u,v)? among the subdivision
vertices of C,, for the case n =4 is

4n (27)

12n (28)

For the case n > 5, a subdivision vertex of C), are at a distance 2, 2, 4, 4
and 6 respectively with the four adjacent subdivision vertices and remaining
n — 5 subdivision vertices of C,,. Hence > d(u,v) and >_ d(u,v)? among the
subdivision vertices of C,, for the case n > 5 is

3n(n — 3) (29)

2n(9n — 35) (30)

Now to calculate the Y d(u,v) and > d(u,v)? among the subdivision vertices
on the spoke and to the hub, the distance between a pair of subdivision vertices
on the spoke is 2 and with the hub is 1. Hence the Y d(u,v) and >_ d(u, v)?
among the subdivision vertices on the spoke and to the hub is

n’ (31)

n(2n —1) (32)

Hence adding equations 16, 18, 20, 24, 26 and 32, the Wiener index of the
subdivision graph of the wheel graph is

W(S(Wys1)) = 2n(bn + 1) = 96, for the case n = 8 (33)

Adding the equations 16, 18, 22, 24, 28 and 32, the Wiener index of the
subdivision graph of the wheel graph is

W(S(Wyi1)) = n(15n — 13) = 188, for the case n = 4 (34)

Adding the equations 16, 18, 22, 24, 30 and 32, the Wiener index of the
subdivision graph of the wheel graph is

W(S(Wps1)) = 2n(9n — 13), for the case n > 5 (35)
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Adding the equations 17, 19, 21, 25, 27 and 32, >_ d(u, v)? when n = 3 is
5n(7n —5), for the case n =3 (36)
Adding the equations 17, 19, 23, ( 25, 29 and 33, >_ d(u,v)? when n = 4 is
12n(5n —9), for the case n =/ (37)
Adding equations 17, 19, 23, ( 25, 31 and 33, >_ d(u,v)? when n = 4 is
2n(39n — 95) for the case n > 5 (38)

From equations 34 and 38, the hyper wiener index of S(W, 1) for the case
n=3Is

WW(S(Wyy1)) = n(45n — 23) = 336.

From equations 35 and 38, the hyper wiener index of S(W,41) for the case
n=41is

WW(S(Wy,11)) =n(75n — 121) = 716.

From equations 36 and 38, the hyper wiener index of S(W,11)) for the case
n>>51is

WW(S(Wyi1)) = 24n(4n — 9).

When n = 3,4, 5 the diameter of S(W,,11) is 4, 4 and 5 respectively and for all
values of n > 6 the diameter is 6. The cardinality of the vertex set of S(W,,41)
is 3n + 1 for all n > 3. Hence from equation (2.33),

ANS(Wyi1)) =4n(2n + 1) = 84, for the case n = 3.

From equation 35,

AS(Wpi1)) =n(3n+19) = 124, for the case n = 4.

From equation 36,

ANS(Wpi1)) = M =280, for the case n =5.

From equation 36, Wlth the additional concept the diameter of S(W, 1) is 6
forn > 6

A(S(Wpi1)) =n(9In+ 35), for the case n > 6.

Theorem 2.6. The Wiener index, the hyper Wiener index and the reverse
Wiener index of the subdivision graph of the tadpole graph Tk 18

W(S(Tk)) = (4k R4 2kn + netl) "*1 ) 4 2kn(2k +n) + n3
WW (S(Tr) = (49— 10mk 21443 43 -4 165 k21

. (n2 + 8k*n + 4n*k +
An?k?) and N(S(Top)) = nP(k —1— 2) +2k*(n — 1+ %) + (—4nk + £ — 2).

Proof. The S(7,, ) contains a path S(P) of length 2k and a cycle S(C,,).
Let v, be the unique vertex of degree 3 in S(7), ) and let v, e, vy, ey, .. €l Vlg 1
be the path S(P;) of length 2k. Starting from wv;,, the vertices in S(Fy) are
at a distance 1,2, 3, ...,2k . From v;,, the remaining vertices in S(P;) are at a
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distance 1,2, 3, ...,2k — 1. Proceeding like this the vertex v, is at a distance
1 with vy,,,,. Hence Y d(u,v) and Y d(u,v)? along the path S(P) is

2h(k + 1

~—

(2k + 1) 39)

k(k+1)(2k +1)?

(40)

Wl W

Let Pi = vi€1v2€2...Un_1€,0, €1, Ul €1, -..€1,, Uy, ., bE the largest path in S(T, )
of length n + 2k. Then P, = vasey...05 16,0, €, V1, €1, ...€1,, U, ., and

Py = ey ...0, 1€,/ €1, U}, €1, ...€1,, Uy, ., be the two paths in S(T5, ;) of length
n+ 2k —1. Py = v3€3...0p_1€,U1, €1, V1, €1, ..€15, Vi, ., ANd

Py = wvseq..v, yre,v,€,0,6,. be the paths in S(7},x) of length
n+ 2k — 2.

Continuing like this P, = v,_1e,v;, e, v,€y,...€1,, V1, ., and

P, = vp_1€,v;, €, 01,€0,...€1,, U, ., be the paths in S(T, ) of length 2k + 1.
Hence Y d(u,v) and Y d(u,v)? along P is

€l Vlgp g

(2k +n)(2k +n + 1)

41
2k+n+1)* Q2k+n+1)2 k n 1
- I 42
3 2 3 * 6 * 6 (42)
d(u,v) and > d(u,v)? along P, and P,
2
(2k+n)(2k+n—1) (13)
2
(2k+n)*  (2k+n)*> k n
. L 44
3 2 + 3 + 6 (44)
Proceeding like this > d(u,v) and > d(u,v)? along P, and P,
2 1)(2 2
(2k +1)(2k + 2) (45)
2
2k +2°  (2k+2? k 1
- Yic 4
3 2 * 3 * 3 (46)

Adding equations 41, al.43,..., al.45, > d(u,v) along Py, Py, Py...P,, P/ is

2 6 3
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Adding equations 42, 2...., 46, > d(u,v)? along Py, Py, Py...P,, P/ is

(4nk — 2k + n + n?)(8k* + 6k + 1 + 4nk + n + n?)
6

(48)

For an even cycle with cardinality n of the vertex set V' the Wiener index
2(n2
W(C,) == and 3 d(u,v)? = %. Hence for S(C,) in S(T,, ) Wiener

8

index and Y d(u,v)? is

n? (49)
n?(4n? + 2)
s (50)
S"d(u,v) and Y d(u,v)? from vy to vy, vz t0 Vi,V _1 tO vy S
n(n?*—1)
T 2
nt  n?
L 52

Adding equations 39,a1.47, al.49 and subtracting equation 51, the Wiener
index

W(S(T,) = S

Adding equations 40, 48, 50 and subtracting equation 52, > d(u,v)? in S(T,, )

n(n+1)

+ 2kn + + 2kn(2k + n) + n? (53)

4kt K?

16k3 4k 4kn3 5n2  nd
D d(u,v)? = =t LY PR L ) Y P i R R

3 3 3 3 3 6 6 3
(54)

Adding equations 53 and 7?7, the hyper wiener index

3 3 4 2 3 3 4
WW(S(Tn’k) _ (4k° —k+10nk+2n+4n +4§ —k*+16k°n+4kn°+2n*) + (n2+8k2n+4n2k+
4n2k?).
The cardinality of the vertex set of S(7),x) is 2(n + k) and the diameter is
n + 2k. Hence from equation 53, the reverse wiener index of S(T,, ) is

ANS(Top)) = n?(k —1—2) 4 2k2(n — 1+ %) 4 (—dnk + £ — 2y,
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