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Abstract
In this paper, we consider the convergence of three-step fixed point itera-

tive processes for multivalued nonexpansive mapping with errors, under some
different conditions, the sequences of three-step fixed point iterates strongly or
weakly converge to a fixed point of the multivalued nonexpansive mapping. Our
results extend and improve some recent results.
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1 Introduction

Let X be a Banach space and K a nonempty subset of X. We shall denote by
2X the family of all subsets of X, CB(X) the family of all nonempty closed
bounded subsets of X and denote C(X) by the family of nonempty compact
subsets of X. A multivalued mapping T : K → 2X is said to be nonexpansive
(resp, contractive) if

H(Tx, Ty) ≤ ‖x− y‖, x, y ∈ K,

(resp,H(Tx, Ty) ≤ k‖x− y‖, for some k ∈ (0, 1)).
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where H(·, ·) denotes the Hausdorff metric on CB(X) defined by

H(A,B) := max{sup
x∈A

inf
y∈B
‖x− y‖, sup

y∈B
inf
x∈A
‖x− y‖}, A,B ∈ CB(X).

A point x is called a fixed point of T if x ∈ Tx.
Since Banach’s Contraction Mapping Principle was extended nicely to mul-

tivalued mappings by Nadler in 1969 (see [7]), many authors have studied the
fixed point theory for multivalued mappings (e.g. see[1, 3, 4, 5, 14]). For
single-valued nonexpansive mappings, Mann [6] and Ishikawa [2] respectively
introduced a new iteration procedure for approximating its fixed point in a
Banach space as follows:

xn+1 = (1− αn)xn + αnTxn, (1)

and

xn+1 = (1− αn)xn + αnyn, yn = (1− bn)xn + bnTxn, (2)

where {αn} and {bn}are sequences in [0, 1]. Obviously, Mann iteration is a
special case of Ishikawa iteration. Recently Song in [11] and [12] introduce the
following algorithms for multivalued nonexpansive mapping,

xn+1 = (1− αn)xn + αnsn, (3)

where sn ∈ Txn, such that ‖sn+1 − sn‖ ≤ H(Txn+1, Txn).

xn+1 = (1− αn)xn + αnrn, yn = (1− bn)xn + bnsn, (4)

where ‖sn−rn‖ ≤ H(Txn, T yn) and ‖sn+1−rn‖ ≤ H(Txn+1, T yn) for sn ∈ Txn
and rn ∈ Tyn. He show some strongly or weakly convergence results of the
above iterates for multivalued nonexpansive mapping T under some appropri-
ate conditions. In this paper, we introduced the following algorithm, which
can be generalized as the above algorithms (3), (4):

Algorithm. For a given x0 ∈ K and s0 ∈ Tx0. Let

z0 = (1− a0 − γ0)x0 + a0s0 + γ0u0.

There exists t0 ∈ Tz0 such that ‖t0 − s0‖ ≤ H(Tz0, Tx0). Let

y0 = (1− b0 − c0 − µ0)x0 + b0t0 + c0s0 + µ0v0.

There exists r0 ∈ Ty0 such that ‖r0 − t0‖ ≤ H(Ty0, T z0) and ‖r0 − s0‖ ≤
H(Ty0, Tx0). Let

x1 = (1− α0 − β0 − λ0)x0 + α0r0 + β0t0 + λ0w0.
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There exists s1 ∈ Tx1 such that ‖s1 − r0‖ ≤ H(Tx1, T y0) and ‖s1 − t0‖ ≤
H(Tx1, T z0). Inductively, we can get the sequence {xn} as follows:

zn = (1− an − γn)xn + ansn + γnun
yn = (1− bn − cn − µn)xn + bntn + cnsn + µnvn
xn+1 = (1− αn − βn − λn)xn + αnrn + βntn + λnwn,

(5)

where {an}, {bn}, {cn}, {αn}, {βn}, {γn}, {µn}, {λn} are appropriate sequence
in [0, 1] and {un}, {vn}, and {wn} are bounded sequence in K, furthermore
sn ∈ Txn, tn ∈ Tzn, rn ∈ Tyn such that ‖tn − sn‖ ≤ H(Tzn, Txn), ‖rn − tn‖ ≤
H(Tyn, T zn), ‖rn − sn‖ ≤ H(Tyn, Txn), ‖sn+1 − rn‖ ≤ H(Txn+1, T yn) and
‖sn+1− tn‖ ≤ H(Txn+1, T zn). The iterative scheme (5) is called the three-step
multivalued iterative scheme with errors. If an = γn = cn = µn = βn = λn ≡ 0,
then iterative scheme (5) reduces to (4). If an = γn = bn = cn = µn = βn =
λn ≡ 0, then iterative scheme (5) reduces to (3). In fact let γn = µn = λn ≡ 0
or cn = βn = γn = µn = λn ≡ 0, we also have the following Algorithms:

zn = (1− an)xn + ansn
yn = (1− bn − cn)xn + bntn + cnsn
xn+1 = (1− αn − βn)xn + αnrn + βntn;

(6)

zn = (1− an)xn + ansn
yn = (1− bn)xn + bntn
xn+1 = (1− αn)xn + αnrn;

(7)

We consider the convergence of iterative scheme (5) for multivalued nonexpan-
sive mapping with errors, under some different conditions, we show that the
sequences of iterative scheme (5) strongly or weakly converge to a fixed point
of the multivalued nonexpansive mapping T . In particular, we extend some
results in [12], and also give some new results are different from the [11]. The
following definition was introduced in [10].

Definition 1.1 A multivalued mapping T : K → CB(K) is said to satisfy
Condition (A) if there is a nondecreasing function f : [0,∞) → [0,∞) with
f(0) = 0, f(x) > 0 for x ∈ (0,∞) such that

d(x, Tx) ≥ f(d(x, F (T )) for all x ∈ K.

Where F (T ) 6= ∅ is the fixed point set of the multivalued mapping T . From
now on, F (T ) stands for the fixed point set of the multivalued mapping T .
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2 Preliminaries

A Banach space X is said to be satisfy Opial’s condition [9] if, for any sequence
{xn} in X, xn ⇀ x(n→∞) implies the following inequality

lim sup
n→∞

‖xn − x‖ < lim sup
n→∞

‖xn − y‖

for all y ∈ X with y 6= x. We know that Hilbert spaces and lp(1 < p < ∞)
have the Opial’s condition.

The following Lemmas will be useful in this paper.

Lemma 2.1 (see [13]) Let {an}, {bn} and {δn} be sequence of nonnegative
real numbers satisfying the inequality

an+1 ≤ (1 + δn)an + bn, ∀n = 0, 1, 2, . . .

If
∑∞

n=0 δn <∞ and
∑∞

n=0 bn <∞, then

(1) limn→∞ an exists.

(2) limn→∞ an = 0 whenever lim infn→∞ an = 0.

Lemma 2.2 (see [8]) Let X be a uniformly convex Banach space and Br =
{x ∈ X : ‖x‖ ≤ r}, r > 0. Then there exists a continuous, strictly increasing,
and convex function g : [0,∞)→ [0,∞), g(0) = 0, such that

‖αx+ βy + µz + λw‖2 ≤ α‖x‖2 + β‖y‖2 + µ‖z‖2 + λ‖w‖2 − αβg(‖x− y‖),

for all x, y, z, w ∈ Br, and all α, β, µ, λ ∈ [0, 1] with α + β + µ+ λ = 1.

3 Main results

Lemma 3.1 Let X be a real Banach space and K be a nonempty closed,
bounded and convex subset of X. Let T : K → CB(K) be a multivalued
nonexpansive mapping for which F (T ) 6= ∅ and for which T (p) = {p} for any
fixed point p ∈ F (T ). Let {an}, {bn}, {cn}, {αn}, {βn}, {γn}, {µn} and {λn} be
real sequences in [0, 1] such that an + γn, bn + cn + µn and αn + βn + λn are
in [0, 1] for all n ≥ 0, and

∑∞
n=0 γn < ∞,

∑∞
n=0 µn < ∞,

∑∞
n=0 λn < ∞, and

{un}, {vn}, and {wn} be the bounded sequence in K. For a given x0 ∈ K,
let {xn}, {yn}, and {zn} be the sequence defined as in (5), then we have the
following conclusions:

lim
n
‖xn − p‖ exists for any p ∈ F (T )
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Proof. Let p ∈ F (T ), from iterative scheme (5), note that T (p) = {p} for any
fixed point p ∈ F (T ), we have

‖zn − p‖ ≤ (1− an − γn)‖xn − p‖+ an‖sn − p‖+ γn‖un − p‖
= (1− an − γn)‖xn − p‖+ and(sn, Tp) + γn‖un − p‖
≤ (1− an − γn)‖xn − p‖+ anH(Txn, Tp) + γn‖un − p‖
≤ (1− γn)‖xn − p‖+ γn‖un − p‖,

‖yn − p‖ ≤ (1− bn − cn − µn)‖xn − p‖+ bn‖tn − p‖+ cn‖sn − p‖
+µn‖vn − p‖

= (1− bn − cn − µn)‖xn − p‖+ bnd(tn, Tp) + cnd(sn, Tp)

+µn‖vn − p‖
≤ (1− bn − cn − µn)‖xn − p‖+ bnH(Tzn, Tp) + cnH(Txn, Tp)

+µn‖vn − p‖
≤ (1− bn − µn)‖xn − p‖+ bn‖zn − p‖+ µn‖vn − p‖,

and so we have

‖xn+1 − p‖ ≤ (1− αn − βn − λn)‖xn − p‖+ αn‖rn − p‖
+βn‖tn − p‖+ λn‖wn − p‖

≤ (1− αn − βn − λn)‖xn − p‖+ αnH(Tyn, Tp)

+βnH(Tzn, Tp) + λn‖wn − p‖
≤ (1− αn − βn − λn)‖xn − p‖+ αn‖yn − p‖

+βn‖zn − p‖+ λn‖wn − p‖
≤ (1− αn − βn − λn)‖xn − p‖+ αn[(1− bn − µn)‖xn − p‖

+bn‖zn − p‖+ µn‖vn − p‖] + βn‖zn − p‖+ λn‖wn − p‖
≤ (1− αn − βn − λn)‖xn − p‖+ αn(1− bn − µn)‖xn − p‖

+αnbn(1− γn)‖xn − p‖+ αnbnγn‖un − p‖+ αnµn‖vn − p‖
+βn(1− γn)‖xn − p‖+ βnγn‖un − p‖+ λn‖wn − p‖

= ‖xn − p‖ − (βnγn + αnµn + αnbnγn + λn)‖xn − p‖
+(βnγn + αnbnγn)‖un − p‖+ αnµn‖vn − p‖+ λn‖wn − p‖

≤ ‖xn − p‖+ γn(βn + αnbn)‖un − p‖+ αnµn‖vn − p‖+ λn‖wn − p‖
≤ ‖xn − p‖+ 2γn‖un − p‖+ µn‖vn − p‖+ λn‖wn − p‖.

From the assumption we have

‖xn+1 − p‖ ≤ ‖xn − p‖+ Lγn +Mµn +Nλn,
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where L = sup{2‖un − p‖, n ≥ 0}, M = sup{‖vn − p‖, n ≥ 0} and N =
sup{‖wn − p‖, n ≥ 0}. If we let K = max{L,M,N} then we get that

‖xn+1 − p‖ ≤ ‖xn − p‖+K(γn + µn + λn). (8)

It follows from Lemma 2.1 that limn ‖xn − p‖ exists for any p ∈ F (T ).

Lemma 3.2 Let X be a uniformly convex Banach space and K be a nonempty
closed, bounded and convex subset of X. Let T : K → CB(K) be a multivalued
nonexpansive mapping for which F (T ) 6= ∅ and for which T (p) = {p} for any
fixed point p ∈ F (T ). Let {an}, {bn}, {cn}, {αn}, {βn}, {γn}, {µn} and {λn}
be real sequences in [0, 1] such that an + γn, bn + cn + µn and αn + βn + λn
are in [0, 1] for all n ≥ 0, and

∑∞
n=0 γn < ∞,∑∞

n=0 µn < ∞,∑∞
n=0 λn < ∞,

and {un}, {vn}, {wn} be the bounded sequence in K. For a given x0 ∈ K, let
{xn}, {yn}, and {zn} be the sequence defined as in (5).

(i) If lim infn αn > 0 and 0 < lim infn bn ≤ lim supn(bn + cn + µn) < 1, then
limn d(xn, T zn) = 0.

(ii) If 0 < lim infn αn ≤ lim supn(αn+βn+λn) < 1, then limn d(xn, T yn) = 0.

(iii) If 0 < lim infn bn ≤ lim supn(bn + cn + µn) < 1 and 0 < lim infn αn ≤
lim supn(αn + βn + λn) < 1, then limn d(xn, Txn) = 0.

Proof. (i) It is well known that T has a fixed point p ∈ K (see [5]). By lemma
3.1, we know that limn ‖xn − p‖ exists for any p ∈ F (T ), then it follows that
{sn − p}, {tn − p}, and{rn − p} are all bounded and from the assumption we
known that {un−p}, {vn−p}, {wn−p} are all bounded. We may assume that
these sequences belong to Br where r > 0. Note that T (p) = {p} for any fixed
point p ∈ F (T ). By Lemma 2.2, we get

‖zn − p‖2 ≤ (1− an − γn)‖xn − p‖2 + an‖sn − p‖2 + γn‖un − p‖2

−an(1− an − γn)g(‖xn − sn‖)
= (1− an − γn)‖xn − p‖2 + and(sn, Tp)

2 + γn‖un − p‖2

−an(1− an − γn)g(‖xn − sn‖)
≤ (1− an − γn)‖xn − p‖2 + anH(Txn, Tp)

2 + γn‖un − p‖2

−an(1− an − γn)g(‖xn − sn‖)
≤ (1− γn)‖xn − p‖2 + γn‖un − p‖2 − an(1− an − γn)g(‖xn − sn‖),
≤ (1− γn)‖xn − p‖2 + γn‖un − p‖2,

‖yn − p‖2 ≤ (1− bn − cn − µn)‖xn − p‖2 + bn‖tn − p‖2 + cn‖sn − p‖2

+µn‖vn − p‖2 − bn(1− bn − cn − µn)g(‖xn − tn‖)
≤ (1− bn − cn − µn)‖xn − p‖2 + bnH(Tzn, Tp)

2 + cnH(Txn, Tp)
2
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+µn‖vn − p‖2 − bn(1− bn − cn − µn)g(‖xn − tn‖)
≤ (1− bn − µn)‖xn − p‖2 + bn‖zn − p‖2

+µn‖vn − p‖2 − bn(1− bn − cn − µn)g(‖xn − tn‖),

and therefore we have

‖xn+1 − p‖2 ≤ (1− αn − βn − λn)‖xn − p‖2 + αn‖rn − p‖2 + βn‖tn − p‖2

+λn‖wn − p‖2 − αn(1− αn − βn − λn)g(‖xn − rn‖)
≤ (1− αn − βn − λn)‖xn − p‖2 + αnH(Tyn, Tp)

2 + βnH(Tzn, Tp)
2

+λn‖wn − p‖2 − αn(1− αn − βn − λn)g(‖xn − rn‖)
≤ (1− αn − βn − λn)‖xn − p‖2 + αn‖yn − p‖2 + βn‖zn − p‖2

+λn‖wn − p‖2 − αn(1− αn − βn − λn)g(‖xn − rn‖)

≤ (1− αn − βn − λn)‖xn − p‖2 + αn

[
(1− bn − µn)‖xn − p‖2

+bn‖zn − p‖2 + µn‖vn − p‖2 − bn(1− bn − cn − µn)g(‖xn − tn‖)
]

+βn‖zn − p‖2 + λn‖wn − p‖2 − αn(1− αn − βn − λn)g(‖xn − rn‖)
≤ ‖xn − p‖2 + [αn(1− bn − µn)− αn − βn − λn]‖xn − p‖2

(αnbn + βn)[(1− γn)‖xn − p‖2 + γn‖un − p‖2] + αnµn‖vn − p‖2

+λn‖wn − p‖2 − αnbn(1− bn − cn − µn)g(‖xn − tn‖)
−αn(1− αn − βn − λn)g(‖xn − rn‖)

= ‖xn − p‖2 − (αnµn + λn + αnbnγn + βnγn)‖xn − p‖2

+(αnbn + βn)γn‖un − p‖2 + αnµn‖vn − p‖2 + λn‖wn − p‖2

−αnbn(1− bn − cn − µn)g(‖xn − tn‖)
−αn(1− αn − βn − λn)g(‖xn − rn‖)

≤ ‖xn − p‖2 + (αnbn + βn)γn‖un − p‖2 + αnµn‖vn − p‖2 + λn‖wn − p‖2

−αnbn(1− bn − cn − µn)g(‖xn − tn‖)
−αn(1− αn − βn − λn)g(‖xn − rn‖)

≤ ‖xn − p‖2 + 2γn‖un − p‖2 + µn‖vn − p‖2 + λn‖wn − p‖2

−αnbn(1− bn − cn − µn)g(‖xn − tn‖)
−αn(1− αn − βn − λn)g(‖xn − rn‖).

From the assumption we have

αnbn(1− bn − cn − µn)g(‖xn − tn‖) ≤ ‖xn − p‖2 − ‖xn+1 − p‖2
+ S(γn + µn + λn),

(9)
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αn(1− αn − βn − λn)g(||xn − rn||) ≤ ||xn − p||2 − ||xn+1 − p||2
+ S(γn + µn + λn),

(10)

where S = max{sup{2‖un − p‖2, n ≥ 0}, sup{‖vn − p‖2, n ≥ 0}, sup{‖wn −
p‖2, n ≥ 0}}. In the sequence we prove the (i). If lim infn αn > 0 and 0 <
lim infn bn ≤ lim supn(bn + cn + µn) < 1, then there exist a positive integer n0

and ν, η, θ ∈ (0, 1) such that

0 < ν < αn and 0 < η < bn and bn + cn + µn < θ < 1, for all n ≥ n0.

From (9)we get that

νη(1− θ)g(‖xn − tn‖) ≤ ‖xn − p‖2 − ‖xn+1 − p‖2
+ S(γn + µn + λn)

(11)

for all n ≥ n0. It follows from (11) that for m ≥ n0,

m∑
n=n0

g(‖xn − tn‖) ≤
1

νη(1− θ)

( m∑
n=n0

(‖xn − p‖2 − ‖xn+1 − p‖2)

S
m∑

n=n0

(γn + µn + λn)
)

≤ 1

νη(1− θ)

(
‖xn0 − p‖2 + S

m∑
n=n0

(γn + µn + λn)
)
.

Let m → ∞ in above inequality we get that
∑∞

n=n0
g(‖xn − tn‖) < ∞ and

hence limn→∞ g(‖xn − tn‖) = 0. Since g is strictly increasing and continuous
at 0 with g(0) = 0, it follows that limn→∞ ‖xn − tn‖ = 0, therefore we have
0 ≤ limn→∞ d(xn, T zn) ≤ limn→∞ ‖xn − tn‖ = 0.
(ii) If 0 < lim infn αn ≤ lim supn(αn+βn+λn) < 1, then using a similar method,
together with inequality (10), it can be shown that limn d(xn, T yn) = 0.
(iii) If 0 < lim infn bn ≤ lim supn(bn + cn + µn) < 1 and 0 < lim infn αn ≤
lim supn(αn + βn + λn) < 1, by (i) and (ii) we have

lim
n→∞

‖xn − tn‖ = 0 and lim
n→∞

‖xn − rn‖ = 0. (12)

From (5) we have

‖yn − xn‖ ≤ bn‖xn − tn‖+ cn‖xn − sn‖+ µn‖xn − vn‖.

Hence we have that

‖sn − xn‖ ≤ ‖sn − rn‖+ ‖rn − xn‖
≤ H(Txn, T yn) + ‖rn − xn‖
≤ ‖xn − yn‖+ ‖rn − xn‖
≤ bn‖xn − tn‖+ cn‖xn − sn‖+ µn‖xn − vn‖+ ‖rn − xn‖.



Three-step Fixed Point Iteration... 55

It follows that

(1− cn)‖sn − xn‖ ≤ bn‖xn − tn‖+ µn‖xn − vn‖+ ‖rn − xn‖ (13)

from (12) and lim supn cn < 1 we get limn ‖sn−xn‖ = 0, hence 0 ≤ limn→∞ d(xn, Txn) ≤
limn→∞ ‖xn − sn‖ = 0.

Theorem 3.3 Let X,T and {xn}, {yn}, {zn} be the same as in Lemma 3.2,
if K be a nonempty compact convex subset of a Banach space X and

(i) If 0 < lim infn bn ≤ lim supn(bn + cn + µn) < 1, and

(ii) 0 < lim infn αn ≤ lim supn(αn + βn + λn) < 1,

then {xn}, {yn}, {zn} converges strongly to a fixed point of T .

Proof. By Lemma 3.2, we have limn d(xn, Txn) = 0. Since K be a nonempty
compact convex subset, then there exist a subsequence {xnk

} of {xn} such that
limk→∞ ‖xnk

− q‖ = 0 for some q ∈ K. Thus,

d(q, T q) ≤ ‖q − xnk
‖+ d(xnk

, Txnk
) +H(Txnk

, T q)

≤ 2‖q − xnk
‖+ d(xnk

, Txnk
)→ 0.

Hence q is a fixed point of T . From Lemma 3.1, now on take on q in place of
p, we get that limn→∞ ‖xn − q‖ = 0. From Lemma 3.2 we get that

‖yn − xn‖ ≤ bn‖tn − xn‖+ cn‖sn − xn‖+ µn‖vn − xn‖ → 0 as n→∞,

and
‖zn − xn‖ ≤ an‖xn − sn‖+ γn‖xn − un‖ → 0 as n→∞,

it follows that limn→∞ ‖yn − q‖ = 0 and limn→∞ ‖zn − q‖ = 0. So the desired
conclusion follows.

Theorem 3.4 Let X,T,K and {xn}, {yn}, {zn} be the same as in Lemma
3.2, if T satisfies Condition (A) with respect to the sequence {xn},

(i) If 0 < lim infn bn ≤ lim supn(bn + cn + µn) < 1, and

(ii) 0 < lim infn αn ≤ lim supn(αn + βn + λn) < 1,

then {xn}, {yn}, {zn} converges strongly to a fixed point of T .

Proof. By Lemma 3.2, we have

lim
n
d(xn, Txn) = 0.
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Since T satisfies Condition (A) with respect to {xn}. Then

f(d(xn, F (T ))) ≤ d(xn, Txn)→ 0.

Thus we get limn d(xn, F (T )) = 0. The remainder of the proof is the same as
Theorem 2.4 in [12] and Theorem 3.3, we omit it.

Theorem 3.5 Let X,T and {xn}, {yn}, {zn} be the same as in Lemma 3.2
and T : K → C(K). If K be a nonempty weakly compact convex subset of a
Banach space X and X satisfies Opial’s condition,

(i) If 0 < lim infn bn ≤ lim supn(bn + cn + µn) < 1, and

(ii) 0 < lim infn αn ≤ lim supn(αn + βn + λn) < 1,

then {xn} converges weakly to a fixed point of T .

Proof. The proof of the Theorem is the same as Theorem 2.5 in [12], we
omit it.

Remark. From iterative scheme (5), Theorem 3.3, Theorem 3.4 and The-
orem 3.5 which generalized the results obtained by Song [12] and also give
some new results are different from the results in [11]. Furthermore the above
conclusions hold for iterative scheme (6), (7).
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